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Preface

This volume is a revised and extended version of the lecture notes
concerning a one-year course on infinite dimensional analysis delivered
at Scuola Normale Superiore in recent years, see [6]. The lectures were
designed for an audience having basic knowledge of functional analysis
and measure theory but not familiar with probability theory.

The main aim was to give an introduction to the analysis in a sep-
arable Hilbert space H of infinite dimensions. It is well known that
there is no natural analogue of the Lebesgue measure on an infinite di-
mensional Hilbert space. A natural substitute is provided by Gaussian
measures which are introduced in Chapter 1. They are first defined
on a finite dimensional space and then, through an infinite product of
measures, on the infinite dimensional Hilbert space H. Moreover, given
a Gaussian measure, the useful concepts of Cameron–Martin space and
white noise mapping are presented.

Chapter 2 is devoted to the Cameron–Martin formula. This is a basic
tool in discussing absolute continuity and singularity of a Gaussian
measure and its translates.

In Chapter 3 we introduce in a simple way, using the white noise
mapping, Brownian motion and the Wiener integral. Using these con-
cepts, in Chapter 4 we consider dynamical systems (governed by or-
dinary differential equations) perturbed by white noise and introduce
the corresponding transition semigroups. It is the first example of a
Markov semigroup we meet in this course. General Markov semigroups
are presented in Chapter 5 where their asymptotic behaviour as t → ∞
is studied introducing concepts such as: invariant measures, ergodicity,
mixing. Chapter 6 is devoted to the Prokhorov theorem about weak
convergence of measures, and Chapter 7 to existence and uniqueness of
invariant measures including theorems due to Krylov–Bogoliubov and
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Khas’minskii. These results are illustrated in Chapter 8, through a
discussion of the infinite dimensional Heat equation and the Ornstein–
Uhlenbeck semigroup.

In Chapter 9, we consider the space L2(H, µ) where µ is a nondegen-
erate Gaussian measure on H, proving the Itô–Wiener decomposition
in terms of generalized Hermite polynomials. Then in Chapter 10 we
define the Sobolev spaces W 1,2(H, µ) and W 2,2(H, µ); we prove that the
embedding L2(H, µ) ⊂ W 1,2(H, µ) is compact and that the Poincaré
and log-Sobolev inequalities hold. Finally, Chapter 11 is devoted to an
introduction to gradient systems. Here we start from a nondegenerate
Gaussian measure µ on H and define a probability measure of the form

ν(dx) = Z−1e−U(x)ν(dx), x ∈ H,

where U is a potential and Z a normalization constant. A typical ex-
ample of such a measure is provided by the Gibbs measures, see e.g.
[25].

We show that there exists a transition semigroup Pt for which
the measure ν is invariant and extend to Pt several properties of the
Ornstein–Uhlenbeck semigroup.

An appendix about linear operators, including closed and clos-
able operators, cores, strongly continuous semigroups, Hille–Yosida and
Lumer–Phillips theorems, has been added in order to make the book
as self-contained as possible.

The text [6] has been completely revised, in particular some proofs
have been simplified and several misprints and mistakes have been cor-
rected. Moreover, several details have been added as well as some new
material: Dynamical systems with dissipative nonlinearities in Chap-
ter 7 and the asymptotic behaviour (including ergodicity, mixing and
spectral gap) for gradient systems.

Several concepts and results contained in the book are taken from
the monographs [9], [10] and [11].

Pisa, 1 January 2006 Giuseppe Da Prato
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1

Gaussian measures in Hilbert spaces

1.1 Notations and preliminaries

We assume that the reader is familiar with the basic notions of prob-
ability theory and functional analysis; some of them will be recalled
when needed. One can look for instance at the books by P. Billingsley
[1], L. Breiman [2] and M. Métivier [21].

Let (Ω, F , P) be a probability space. For any A ∈ F we shall denote
by Ac the complement of A and by 1A the function

1A(ω) =
{

1 if ω ∈ A
0 if ω ∈ Ac.

Moreover, given any complete metric space E, we shall denote by B(E)
the σ-algebra generated by all closed (or equivalently open) subsets of
E.

By a random variable in (Ω, F , P) with values in E we mean a
mapping X : Ω → E such that

I ∈ B(E) ⇒ X−1(I) ∈ F .

The law of X is the probability measure X#P on (E, B(E)) defined as

X#P(I) = P(X−1(I)) = P(X ∈ I), I ∈ B(E).

We recall the basic change of variables formula,

Proposition 1.1 Let X be a random variable in (Ω, F , P) with values
in E. Let moreover ϕ : E → R be a bounded Borel mapping. Then we
have ∫

Ω
ϕ(X(ω))P(dω) =

∫
E

ϕ(x)X#P(dx). (1.1)
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Proof. It is enough to prove (1.1) when ϕ = 1I and I ∈ B(E). In this
case we have

ϕ(X(ω)) = 1X−1(I)(ω), ω ∈ Ω.

So,
∫
Ω

ϕ(X(ω))P(dω) = P(X−1(I)) = X#P(I) =
∫

E
ϕ(x)X#P(dx).

�
This chapter is devoted to the concept of Gaussian measure on

(H, B(H)), where H is a real separable Hilbert space with inner prod-
uct 〈·, ·〉 and norm | · |. We denote by L(H) the Banach algebra of
all continuous linear operators from H into H, by L+(H) the set of
all T ∈ L(H) which are symmetric (〈Tx, y〉 = 〈x, Ty〉, x, y ∈ H) and
positive (〈Tx, x〉 ≥ 0, x ∈ H).

Finally, we denote by L+
1 (H) the set of all operators Q ∈ L+(H) of

trace class that is such that Tr Q :=
∑∞

k=1〈Qek, ek〉 < +∞ for one (and
consequently for all) complete orthonormal system (ek) in H. If Q is
of trace class then it is compact and Tr Q is the sum of its eigenvalues
repeated according to their multiplicity, see e.g. [15].

A Gaussian measure will be defined in section 1.2 when H is one-
dimensional and in section 1.3 when it is finite dimensional. Section
1.4 is devoted to some general properties of Borel measures in Hilbert
spaces and section 1.5 to the definition of Gaussian measure in a in-
finite dimensional Hilbert space. Finally, section 1.6 is devoted to the
concept of Gaussian random variable and section 1.7 to the definition
of Cameron–Martin space and white noise mapping.

1.2 One-dimensional Hilbert spaces

For any couple of real numbers (a, λ) with a ∈ R and λ ≥ 0 we define
a probability measure Na,λ in (R, B(R)) as follows. If λ = 0 we set

Na,0 = δa,

where δa is the Dirac measure at a,

δa(B) =
{

1 if a ∈ B,
0 if a /∈ B,

B ∈ B(R).
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If λ > 0 we set

Na,λ(B) =
1√
2πλ

∫
B

e−
(x−a)2

2λ dx, B ∈ B(R).

Na,λ is a probability measure in (R, B(R)) since

Na,λ(R) =
1√
2πλ

∫ +∞

−∞
e−

(x−a)2

2λ dx =
1√
2π

∫ +∞

−∞
e−

x2

2 dx = 1.

If λ > 0, Na,λ is absolutely continuous with respect to the Lebesgue
measure. In this case we shall write

Na,λ(dx) =
1√
2πλ

e−
(x−a)2

2λ dx.

When a = 0 we shall write Nλ instead of Na,λ for short.

In the following proposition we list some basic properties of the
probability Na,λ; the simple proofs are left to the reader as an exercise.

Proposition 1.2 Let a ∈ R and λ > 0. Then we have∫
R

xNa,λ(dx) = a,

∫
R

(x − a)2Na,λ(dx) = λ,

N̂a,λ(h) :=
∫

R

eihxNa,λ(dx) = eiah− 1
2
λh2

, h ∈ R.

a is called the mean, λ the variance, and N̂a,λ the Fourier transform
(or the characteristic function) of Na,λ.

1.3 Finite dimensional Hilbert spaces

We assume here that H has finite dimension equal to d ∈ N. Before
defining Gaussian measures on (H, B(H)) we recall some concepts on
product probabilities.

1.3.1 Product probabilities

Let d ∈ N and (Ωi, Fi, Pi), i = 1, . . . , d, be probability spaces. Denote
by Ω the product space Ω: = Ω1 × Ω2 × · · · × Ωd. A subset R of Ω is
said to be a measurable rectangle if it is of the form



4 Gaussian measures in Hilbert spaces

R = B1 × B2 × · · · × Bd, Bi ∈ Fi, i = 1, . . . , d.

The σ-algebra F generated by the set of all measurable rectangles is
called the product σ-algebra of Fi, i = 1, . . . , d. For any measurable
rectangle R = B1 × B2 × . . . × Bd, we define

P(R) = P1(B1) × P2(B2) × · · · × Pd(Bd).

Then P can be uniquely extended to a probability measure on (Ω, F ),
denoted by P1 × · · · × Pd, see e.g. [18].

1.3.2 Definition of Gaussian measures

We are going to define a Gaussian measure Na,Q for any a ∈ H and
any Q ∈ L+(H).

Let Q ∈ L+(H) and let (e1, . . . , ed) be an orthonormal basis on H
such that Qek = λkek, k = 1, . . . , d, for some λk ≥ 0. We set

xk = 〈x, ek〉, x ∈ H, k = 1, . . . , d,

and we identify H with R
d through the isomorphism γ,

γ : H → R
d, x 
→ γ(x) = (x1, . . . , xd).

Now we define a probability measure Na,Q on (Rd, B(Rd)) by setting

Na,Q =
d×

k=1
Nak,λk

.

When a = 0 we shall write NQ instead of Na,Q for short.
The proof of the following proposition is easy; it is left to the reader.

Proposition 1.3 Let a ∈ H, Q ∈ L+(H) and µ = Na,Q. Then we have∫
H

xNa,Q(dx) = a,

∫
H
〈y, x − a〉〈z, x − a〉Na,Q(dx) = 〈Qy, z〉, y, z ∈ H.

Moreover the Fourier tranform of Na,Q is given by

N̂a,Q(h) :=
∫

H
ei〈h,x〉Na,Q(dx) = ei〈a,h〉− 1

2
〈Qh,h〉, h ∈ H.

Finally, if the determinant of Q is positive, Na,Q is absolutely contin-
uous with respect to the Lebesgue measure in R

d and we have

Na,Q(dx) =
1√

(2π)d det Q
e−

1
2
〈Q−1(x−a),x−a〉dx.

a is called the mean and Q the covariance operator of Na,Q.
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The following result is a consequence of the uniqueness of the Fourier
transform, see for instance [21, page 154].

Proposition 1.4 Let H be a finite dimensional Hilbert space. Let a ∈
H, Q ∈ L+(H) and let µ be a probability measure on (H, B(H)) such
that ∫

H
ei〈h,x〉µ(dx) = ei〈a,h〉− 1

2
〈Qh,h〉, h ∈ H.

Then µ = Na,Q.

1.4 Measures in Hilbert spaces

In this section H represents an infinite dimensional separable Hilbert
space and (ek) a complete orthonormal system in H. For any n ∈ N we
consider the projection mapping Pn : H → Pn(H) defined as

Pnx =
n∑

k=1

〈x, ek〉ek, x ∈ H. (1.2)

Obviously we have limn→∞ Pnx = x for all x ∈ H.

Proposition 1.5 Let µ, ν ∈ M(H) be such that
∫

H
ϕ(x)µ(dx) =

∫
H

ϕ(x)ν(dx), (1.3)

for all continuous and bounded functions ϕ : H → R in H. Then µ = ν.

Proof. Let C ⊂ H be closed and let (ϕn) be a sequence of continuous
and bounded functions in H such that

⎧⎪⎨
⎪⎩

ϕn(x) → 1C(x), x ∈ H,

sup
x∈H

|ϕn(x)| ≤ 1,
(1.4)

where 1C is the characteristic function of C. A sequence (ϕn) ⊂ Cb(H)
such that (1.4) holds is provided by,

ϕn(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 if x ∈ C,

1 − n d(x, C) if d(x, C) ≤ 1
n

0 if d(x, C) ≥ 1
n .
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Now, by the dominated convergence theorem it follows that
∫

H
ϕndµ =

∫
H

ϕndν → µ(C) = ν(C).

Since closed sets generate the Borel σ-algebra of H this implies that
µ = ν. �

Proposition 1.6 Let µ and ν be probability measures on (H, B(H)).
If (Pn)#µ = (Pn)#ν for any n ∈ N we have µ = ν.

Proof. Let ϕ : H → R be continuous and bounded. Then, by the dom-
inated convergence theorem, we have

∫
H

ϕ(x)µ(dx) = lim
n→∞

∫
H

ϕ(Pnx)µ(dx).

Therefore, by the change of variables formula (1.1), it follows that
∫

H
ϕ(x)µ(dx) = lim

n→∞

∫
H

ϕ(Pnx)µ(dx) = lim
n→∞

∫
Pn(H)

ϕ(ξ)(Pn)#µ(dξ)

= lim
n→∞

∫
Pn(H)

ϕ(ξ)(Pn)#ν(dξ) = lim
n→∞

∫
H

ϕ(Pnx)ν(dx) =
∫

H
ϕ(x)ν(dx).

So, by the arbitrariness of ϕ, we have µ = ν thanks to Proposition 1.5.
�

Let us consider now the Fourier transform of µ,

µ̂(h) : =
∫

H
ei〈x,h〉µ(dx), h ∈ H.

Proposition 1.7 Let µ and ν be probability measures on (H, B(H)).
Then if µ̂(h) = ν̂(h) for all h ∈ H, we have µ = ν.

Proof. For any n ∈ N, we have by (1.1),

µ̂(Pnh) =
∫

H
ei〈x,Pnh〉µ(dx) =

∫
Pn(H)

ei〈Pnξ,Pnh〉(Pn)#µ(dξ)

and

ν̂(Pnh) =
∫

H
ei〈x,Pnh〉ν(dx) =

∫
Pn(H)

ei〈Pnξ,Pnh〉(Pn)#ν(dξ).

Since µ̂(Pnh) = ν̂(Pnh) by assumption, the measures (Pn)#µ and
(Pn)#ν have the same Fourier transforms and so they coincide from
Proposition 1.4. The conclusion follows now from Proposition 1.6. �
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Let us now fix a probability measure µ on (H, B(H)). We are going
to define the mean and the covariance of µ.

Assume that ∫
H
|x|µ(dx) < +∞.

Then for any h ∈ H the linear functional F : H → R defined as

F (h) =
∫

H
〈x, h〉µ(dx), h ∈ H,

is continuous since

|F (h)| ≤
∫

H
|x|µ(dx) |h|, h ∈ H.

By the Riesz representation theorem there exists m ∈ H such that

〈m, h〉 =
∫

H
〈x, h〉µ(dx), h ∈ H.

m is called the mean of µ. We shall write

m =
∫

H
xµ(dx).

Assume now that ∫
H
|x|2µ(dx) < +∞.

Thus we can consider the bilinear form G : H × H → R defined as

G(h, k) =
∫

H
〈h, x − m〉〈k, x − m〉µ(dx), h, k ∈ H.

G is continuous since

|G(h, k)| ≤
∫

H
|x − m|2µ(dx) |h| |k|, h, k ∈ H.

Therefore, again by the Riesz theorem, there is a unique linear bounded
operator Q ∈ L(H) such that

〈Qh, k〉 =
∫

H
〈h, x − m〉〈k, x − m〉µ(dx), h, k ∈ H.

Q is called the covariance of µ.

Proposition 1.8 Let µ be a probability measure on (H, B(H)) with
mean m and covariance Q. Then Q ∈ L+

1 (H), i.e. Q is symmetric,
positive and of trace class.
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Proof. Symmetry and positivity of Q are clear. To prove that Q is of
trace class, write

〈Qek, ek〉 =
∫

H
|〈x − m, ek〉|2µ(dx), k ∈ N.

By the monotone convergence theorem and the Parseval identity, we
find that

Tr Q =
∞∑

k=1

∫
H
|〈x − m, ek〉|2µ(dx) =

∫
H
|x − m|2µ(dx) < ∞.

�

1.5 Gaussian measures

Let a ∈ H and Q ∈ L+
1 (H). A Gaussian measure µ := Na,Q on

(H, B(H)) is a measure µ having mean a, covariance operator Q and
Fourier transform given by

N̂a,Q(h) = exp
{

i〈a, h〉 − 1
2
〈Qh, h〉

}
, h ∈ H. (1.5)

The Gaussian measure Na,Q is said to be nondegenerate if Ker (Q) =
{x ∈ H : Qx = 0} = {0}.

We are going to show that for arbitrary a ∈ H and Q ∈ L+
1 (H)

there exists a unique Gaussian measure µ = Na,Q in (H, B(H)).
First notice that, since Q ∈ L+

1 (H), there exists a complete ortho-
normal basis (ek) on H and a sequence of non-negative numbers (λk)
such that

Qek = λkek, k ∈ N.

For any x ∈ H we set xk = 〈x, ek〉, k ∈ N.
Let us consider the natural isomorphism γ between H and the

Hilbert space 
2 of all sequences (xk) of real numbers such that

∞∑
k=1

|xk|2 < ∞,

defined by
H → 
2, x 
→ γ(x) = (xk).

In this section we shall identify H with 
2. Then we shall consider the
product measure
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µ :=
∞×

k=1
Nak,λk

.

Though µ is defined on the space R
∞ : =×∞

k=1 R (instead on 
2), we
shall show that it is concentrated on 
2. Finally, we shall prove that µ
is a Gaussian measure Na,Q.

We need some results on countable product of measures which we
recall in the next subsection.

1.5.1 Some results on countable product of measures

Let (µk) be a sequence of probability measures on (R, B(R)). We want
to define a product measure on the space R

∞ =×∞
k=1 R, consisting of

all sequences x = (xk) of real numbers. We shall endow R
∞ with the

distance

d(x, y) =
∞∑

n=1

2−n max{|xk − yk| : 1 ≤ k ≤ n}
1 + max{|xk − yk| : 1 ≤ k ≤ n} .

It is easy to see that R
∞, with this distance, is a complete metric

space and that the topology corresponding to its metric is precisely the
product topology.

We are going to define µ = ×∞
k=1 µk on the family C of all cylin-

drical subsets In,A of R
∞, where n ∈ N and A ∈ B(Rn),

In,A = {x = (xk) ∈ R
∞ : (x1, . . . , xn) ∈ A} .

Notice that

In,A = In+k,A×Xn+1×···×Xn+k
, k, n ∈ N.

Using this identity one can easily see that C is an algebra. In fact, if
In,A and Im,B are two cylindrical sets we have

In,A ∪ Im,B = Im+n,A×Xn+1×···×Xn+m ∪ Im+n,B×Xm+1×···×Xm+n

= Im+n,A×Xn+1×···×Xn+m∪B×Xm+1×···×Xm+n ,
(1.6)

and Ic
n,A = In,Ac .

Moreover, the σ-algebra generated by C coincides with B(R∞) since
any ball (with respect to the metric of R

∞) is a countable intersection
of cylindrical sets.
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Finally, we define the product measure

µ(In,A) = (µ1 × · · · × µn)(A), In,A ∈ C .

Using (1.6) we see that µ is additive. We want now to show that µ is σ-
additive on C . This will imply by the Caratheodory extension theorem,
see e.g. [18], that µ can be uniquely extended to a probability measure
on the product σ-algebra B(R∞).

Theorem 1.9 µ is σ-additive on C and it possesses a unique extension
to a probability measure on (R∞, B(R∞)).

Proof. To prove σ-additivity of µ it is enough to show continuity of µ
at ∅. This is equivalent to prove that if (Ej) is a decreasing sequence
on C such that

µ(Ej) ≥ ε, j ∈ N,

for some ε > 0, we have
∞⋂

j=1

Ej 
= ∅.

To prove this fact, let us consider the following sections of Ej ,

Ej(α) = {x ∈ R
∞
1 : (α, x) ∈ Ej} , α ∈ R,

where we have used the notation R
∞
n =×∞

k=n+1 R, n ∈ N. Set

F
(1)
j =

{
α ∈ R : µ(1)(Ej(α)) ≥ ε

2

}
, j ∈ N,

where µ(n) =×∞
k=n+1 µk, n ∈ N. Then by the Fubini theorem we have

µ(Ej) =
∫

R

µ(1)(Ej(α))µ1(dα)

=
∫

F
(1)
j

µ(1)(Ej(α))µ1(dα) +
∫
[F

(1)
j ]c

µ(1)(Ej(α))µ1(dα)

≤ µ1(F
(1)
j ) +

ε

2
.

Therefore
µ1(F

(1)
j ) ≥ ε

2
.

Since µ1 is a probability measure on (R, B(R)), it is continuous at ∅.

Therefore, since the sequence (F (1)
j ) is decreasing, there exists α1 ∈ R

such that
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µ1(Ej(α1)) ≥
ε

2
, j ∈ N,

and consequently we have

Ej(α1) 
= ∅. (1.7)

Now set

Ej(α1, α2) = {x2 ∈ R
∞
2 : (α1, α2, x) ∈ Ej} , j ∈ N, α2 ∈ R,

and
F

(2)
j =

{
α2 ∈ R : µ(2)(Ej(α)) ≥ ε

2

}
, j ∈ N.

Then, again by the Fubini theorem, we have

µ1(Ej(α1)) =
∫

R

µ(2)(Ej(α1, α2))µ2(dα2)

=
∫

F
(2)
j

µ(2)(Ej(α1, α2))µ2(dα2)

+
∫
[F

(2)
j ]c

µ(2)(Ej(α1, α2))µ2(dα2)

≤ µ2(F
(2)
j ) +

ε

4
.

Therefore
µ2(F

(2)
j ) ≥ ε

4
.

Since (F (2)
j ) is decreasing, there exists α2 ∈ R such that

µ2(Ej(α1, α2)) ≥
ε

4
, j ∈ N,

and consequently we have

Ej(α1, α2) 
= ∅. (1.8)

Arguing in a similar way as before we see that there exists a sequence
(αk) ∈ R

∞ such that

Ej(α1, . . . , αn) 
= ∅, (1.9)

where

Ej(α1, . . . , αn) = {x ∈ R
∞
n : (α1, . . . , αn, x) ∈ Ej} , n ∈ N.
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This implies, as easily seen,

(αn) ∈
∞⋂

j=1

Ej .

Therefore
⋂∞

j=1 Ej is not empty as required. Thus we have proved that
µ is σ-additive on C and consequently on B(R∞). �

1.5.2 Definition of Gaussian measures

We are going to show that

µ =
∞×

k=1
Nak,λk

(1.10)

is a Gaussian measure on H = 
2 with mean a and covariance Q.
We first show that µ is concentrated in 
2.

Exercise 1.10 Prove that 
2 is a Borel subset of R
∞.

Proposition 1.11 We have µ(
2) = 1.

Proof. From the monotone convergence theorem we have in fact
∫

R∞

∞∑
k=1

x2
kµ(dx) =

∞∑
k=1

∫
R

x2
kNak,λk

(dxk) =
∞∑

k=1

(λk + a2
k). (1.11)

Therefore
µ
({

x ∈ R
∞ : |x|2�2 < ∞

})
= 1.

�

Theorem 1.12 There exists a unique probability measure µ on (H,
B(H)) with mean a, covariance Q and Fourier transform

µ̂(h) = exp
{

i〈a, h〉 − 1
2
〈Qh, h〉

}
, h ∈ H. (1.12)

µ will be denoted by Na,Q. If a = 0 we shall write NQ instead of N0,Q.

Proof. We check that the restriction to 
2 of the product measure µ,
defined by (1.10), fulfills the required properties.

First notice that by (1.11) we have
∫

H
|x|2µ(dx) = Tr Q + |a|2. (1.13)
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From now on we assume, for the sake of simplicity, that Ker (Q) = {0}
and (this is not a restriction) that

λ1 ≥ λ2 ≥ · · · ≥ λn ≥ · · ·
Let (Pn) be the sequence of projectors defined by (1.2) and let h ∈ H.
Since |〈x, h〉| ≤ |x| |h| and

∫
H |x|µ(dx) is finite by (1.13), we have, by

the dominated convergence theorem,∫
H
〈x, h〉µ(dx) = lim

n→∞

∫
H
〈Pnx, h〉µ(dx).

But ∫
H
〈Pnx, h〉µ(dx) =

n∑
k=1

∫
H

xkhkµ(dx)

=
n∑

k=1

hk

∫
R

xkNak,λk
(dxk) =

n∑
k=1

hkak = 〈Pna, h〉 → 〈a, h〉,

as n → ∞. Thus the mean of µ is a.
In a similar way, to determine the covariance of µ we fix y, z ∈ H

and write∫
H
〈x−a, y〉〈x−a, z〉µ(dx) = lim

n→∞

∫
H
〈Pn(x−a), y〉〈Pn(x−a), z〉µ(dx).

Moreover ∫
H
〈Pn(x − a), y〉〈Pn(x − a), z〉µ(dx)

=
n∑

k=1

∫
H

(xk − ak)2ykzkµ(dx)

=
n∑

k=1

ykzk

∫
R

(xk − ak)2Nak,λk
(dxk)

=
n∑

k=1

ykzkλk = 〈PnQy, z〉 → 〈Qy, z〉,

as n → ∞. So, the covariance of µ is equal to Q.
Finally, for any h ∈ H we have∫
H

ei〈x,h〉µ(dx) = lim
n→∞

∫
H

ei〈Pnx,h〉µ(dx)

= lim
n→∞

n∏
k=1

∫
R

eixkhkNak,λk
(dxk)

= lim
n→∞

n∏
k=1

eiakhk− 1
2

λkh2
k = lim

n→∞
ei〈Pna,h〉e−

1
2
〈PnQh,h〉

= ei〈a,h〉e−
1
2
〈Qh,h〉.
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So, the Fourier transform of µ is given by (1.12). The proof is complete. �
We conclude this section by computing some Gaussian integrals

which will be useful later. We still assume that λ1 ≥ λ2 ≥ · · · ≥
λn ≥ · · · .

To formulate the next result, notice that for any ε < 1
λ1

, the linear
operator 1 − εQ is invertible and (1 − εQ)−1 is bounded. We have in
fact, as easily checked,

(1 − εQ)−1x =
∞∑

k=1

1
1 − ελk

〈x, ek〉ek, x ∈ H.

In this case we can define the determinant of (1 − εQ) by setting

det(1 − εQ) := lim
n→∞

n∏
k=1

(1 − ελk) :=
∞∏

k=1

(1 − ελk).

It is easy to see that, in view of the assumption
∑∞

k=1 λk < +∞, the
infinite product above is finite and positive.

Proposition 1.13 Let ε ∈ R. Then we have

∫
H

e
ε
2
|x|2µ(dx) =

⎧⎪⎨
⎪⎩

[det(1 − εQ)]−1/2e−
ε
2
〈(1−εQ)−1a,a〉, if ε < 1

λ1
,

+∞, otherwise.
(1.14)

Proof. For any n ∈ N we have
∫

H
e

ε
2
|Pnx|2µ(dx) =

n∏
k=1

∫
R

e
ε
2
x2

kNak,λk
(dxk).

Since |Pnx|2 ↑ |x|2 as n → ∞ and, by an elementary computation,
∫

R

e
ε
2
x2

kNak,λk
(dxk) =

1√
1 − ελk

e
− ε

2

a2
k

1−ελk ,

the conclusion follows from the monotone convergence theorem. �
Exercise 1.14 Compute the integral

Jm =
∫

H
|x|2mµ(dx), m ∈ N.

Hint. Notice that Jm = 2mF (m)(0), where

F (ε) =
∫

H
e

ε
2
|x|2µ(dx), ε > 0.
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Proposition 1.15 We have
∫

H
e〈h,x〉µ(dx) = e〈a,h〉e

1
2
〈Qh,h〉, h ∈ H. (1.15)

Proof. For any ε > 0 we have

e〈h,x〉 ≤ e|x| |h| ≤ eε|x|2 e
1
ε
|h|2 .

Choosing ε < 1
λ1

, we have, by the dominated convergence theorem,

∫
H

e〈h,x〉µ(dx) = lim
n→∞

∫
H

e〈h,Pnx〉µ(dx) = lim
n→∞

∫
H

e〈h,Pnx〉
n×

j=1
Najλj (dx)

= lim
n→∞

e
1
2
〈PnQh,h〉 = e

1
2
〈Qh,h〉.

�

1.6 Gaussian random variables

Let (Ω, F , P) be a probability space, K a separable Hilbert space and
X a random variable in (Ω, F , P) with values in K. If the law of X
is Gaussian we say that X is a Gaussian random variable with values
in K.

For any p ≥ 1 we shall denote by Lp(Ω, F , P; K) the space of all
(equivalence class of) random variables X : Ω → K such that

∫
Ω
|X(ω)|pP(dω) < +∞.

Lp(H, B(H), µ; K), endowed with the norm

‖X‖Lp(Ω,F ,P;K) =
(∫

Ω
|X(ω)|pµ(dω)

)1/p

,

is a Banach space.
Let X ∈ L2(Ω, F , P; K). Let us compute the mean mX , the covari-

ance QX and the Fourier transform µ̂X of the law X#P of X.
For any h ∈ K we have, by (1.1)

〈mX , h〉 =
∫

K
〈y, h〉X#P(dy) =

∫
Ω
〈X(ω), h〉P(dω). (1.16)

In a similar way, for any h, k ∈ K, we have
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〈QXh, k〉 =
∫

K
〈y − mX , h〉 〈y − mX , k〉X#P(dy)

=
∫
Ω
〈X(ω) − mX , h〉 〈X(ω) − mX , k〉Pd(ω).

(1.17)

Finally,

µ̂X(k) =
∫

K
ei〈y,k〉X#P(dy) =

∫
Ω

ei〈X(ω),k〉
Pd(ω).

Assume now that X ∈ L2(Ω, F , P; R) is a real Gaussian random
variable with law Nλ. Then for any m ∈ N we have

∫
Ω
|X(ω)|2m

P(dω) = (2πλ)−1/2
∫ +∞

−∞
ξ2me−

ξ2

2λ dξ =
(2m)!
2m m!

λm.

Therefore X ∈ L2m(Ω, F , P; R) for all m ∈ N.

Proposition 1.16 Let (Xn) be a sequence of Gaussian random vari-
ables in a probability space (Ω, F , P) with values in the separable Hilbert
space K. Assume that for any n ∈ N, Xn has mean an and covari-
ance operators Qn and that Xn → X in L2(Ω, F , P; K). Then X is a
Gaussian random variable with law Na,Q where

〈a, h〉 = lim
n→∞

〈an, h〉, h ∈ K,

and
〈Qh, k〉 = lim

n→∞
〈Qnh, k〉, h, k ∈ K.

Proof. Denote by an (resp. a) the mean and by Qn (resp. Q) the co-
variance of (Xn)#P (resp. X#P). We first notice that by the dominated
convergence theorem we have for each h, k ∈ K,

lim
n→∞

〈an, h〉 = lim
n→∞

∫
Ω
〈Xn(ω), h〉P(dω) =

∫
Ω
〈X(ω), h〉P(dω) = 〈a, h〉

and

lim
n→∞

〈Qnh, k〉 = lim
n→∞

∫
Ω
〈Xn(ω) − an, h〉 〈Xn(ω) − an, k〉P(dω)

=
∫
Ω
〈X(ω) − a, h〉 〈X(ω) − a, k〉P(dω) = 〈Qh, k〉,

for all h, k ∈ K.



Chapter 1 17

Now, to show that X is Gaussian it is enough to prove (thanks to
the uniqueness of Fourier transform) that∫

H
ei〈y,k〉X#P(dx) = ei〈a,k〉e−

1
2
〈Qk,k〉, k ∈ K.

We have in fact∫
K

ei〈y,k〉X#P(dy) =
∫
Ω

ei〈X(ω),k〉
P(dω) = lim

n→∞

∫
Ω

ei〈Xn(ω),k〉
P(dω)

= lim
n→∞

ei〈an,k〉e−
1
2
〈Qnk,k〉 = ei〈a,k〉e−

1
2
〈Qk,k〉.

Therefore X is Gaussian and X#P = Na,Q as claimed. �

1.6.1 Changes of variables involving Gaussian measures

Proposition 1.17 Let µ = Na,Q be a Gaussian measure on (H, B(H)).
Let X(x) = x + b, x ∈ H, where b is a fixed element of H. Then X is
a Gaussian random variable and X#µ = Na+b,Q.

Proof. We have in fact by (1.1)∫
H

ei〈k,y〉X#µ(dy) =
∫

H
ei〈x+b,k〉µ(dx) = ei〈a+b,k〉e−

1
2
〈Qk,k〉, k ∈ H.

�
Proposition 1.18 Let µ = Na,Q be a Gaussian measure on (H, B(H))
and let T ∈ L(H, K) where K is another Hilbert space. Then T is
a Gaussian random variable and T#µ = NTa,TQT ∗ , where T ∗ is the
transpose of T.

Proof. We have in fact by (1.1)∫
K

ei〈k,y〉T#µ(dy) =
∫

H
ei〈k,Tx〉µ(dx)

=
∫

H
ei〈T ∗k,x〉µ(dx) = ei〈T ∗k,a〉e−

1
2
〈TQT ∗k,k〉, k ∈ K.

�
Corollary 1.19 Let µ = NQ be a Gaussian measure on (H, B(H))
and let z1, . . . , zk ∈ H. Let T : H → R

n defined as

T (x) = (〈x, z1〉, . . . , 〈x, zn〉) , x ∈ H.

Then T is a Gaussian random variable NQ′ with values in R
n where

Q′
i,j = 〈Qzi, zj〉, i, j = 1, . . . , n.
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Proof. By a direct computation we see that the transpose T ∗ : R
n → H

of T is given by

T ∗(ξ) =
n∑

i=1

ξizi, ξ = (ξ1, . . . , ξn) ∈ R
n.

Consequently we have

TQT ∗(ξ) = T
k∑

i=1

ξi(Qzi) =
k∑

i=1

ξi (〈Qzi, z1〉, . . . , 〈Qzi, zk〉) ,

and the conclusion follows. �

1.6.2 Independence

Let (Ω, F , P) be a probability space and let X1, . . . , Xn be real random
variables in H. Consider the random variable X with values in R

n,

X(ω) = (X1(ω), . . . , Xn(ω)), ω ∈ H.

We say that X1, . . . , Xn are independent if

X#P =
n×

j=1
(Xj)#P.

Proposition 1.20 Let X1, . . . , Xk be real independent random vari-
ables in (Ω, F , P), k ∈ N. Let moreover ϕ1, . . . , ϕk be Borel real positive
functions. Then we have

∫
Ω

ϕ1(X1(ω)) · · ·ϕk(Xk(ω))P(dω)

=
∫
Ω

ϕ1(X1(ω))P(dω) · · ·
∫
Ω

ϕk(Xk(ω))P(dω).

(1.18)

Conversely, if (1.18) holds for any choice of ϕ1, . . . , ϕk positive Borel,
then X1, . . . , Xk are independent.

Proof. Set X = (X1, . . . , Xk) and let ψ : R
k → R be defined as

ψ(ξ1, . . . , ξk) = ϕ1(ξ1) · · ·ϕk(ξk), (ξ1, . . . , ξk) ∈ R
k.

Then by the change of variable formula (1.1) we have, taking into ac-
count the independence of X1, . . . , Xk,
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∫
Ω

ϕ1(X1(ω)) · · ·ϕk(Xk(ω))P(dω) =
∫
Ω

ψ(X(ω))P(dω)

=
∫

Rk
ψ(ξ)X#P(dξ) =

∫
R

ϕ1(ξ1)(X1)#P(dξ1) · · ·
∫

R

ϕk(ξk)(Xk)#(dξk)

=
∫
Ω

ϕ1(X1(ω))P(dω) · · ·
∫
Ω

ϕk(Xk(ω))P(dω).

Assume conversely that (1.18) holds for any choice of ϕ1, . . . , ϕk

positive Borel. It is enough to show that

X#P(I1 × · · · × Ik) = (X1)#P · · · (Xk)#P for all I1, . . . , Ik ∈ B(R).

But this follows immediately setting in (1.18)

ϕi(ξi) = 1Ii , i = 1, . . . , k.

�

Exercise 1.21 Let X1 and X2 be independent real Gaussian random
variables with laws Na1,λ1 and Na2,λ2 respectively. Show that X1 + X2

is a real Gaussian random variable with law Na1+a2,λ1+λ2

Example 1.22 Let Ω = H, µ = NQ, (ek) an orthonormal basis in H
and (λk) a sequence of positive numbers such that

Qek = λkek, k ∈ N.

Let X1, . . . , Xn be defined by

X1(x) = 〈x, e1〉, . . . , Xn(x) = 〈x, en〉, x ∈ H.

Then, by Corollary 1.19 we see that

(Xj)#µ = N〈Qej ,ej〉 = Nλj ,

and
X#µ = N(Qi,j),

where
Qi,j = 〈Qei, ej〉 = λjδi,j , i, j = 1, . . . , n.

Therefore we have

X#µ =
n×

j=1
Nλj =

n×
j=1

(Xj)#µ,

so that X1, . . . , Xn are independent.



20 Gaussian measures in Hilbert spaces

Example 1.23 Let H = R
n, Q = (Qi,j)i,j=1,...,n ∈ L+

1 (Rn) such that
det Q > 0 and µ = NQ, so that

µ(dx) =
1√

(2π)n det Q
e−

1
2
〈Q−1x,x〉dx, x ∈ R

n.

Let X1, . . . , Xn be random variables defined as

X1(x) = x1, . . . , Xn(x) = xn, x = (x1, . . . , xn) ∈ R
n

and set
X = (X1, . . . , Xn).

By Corollary 1.19 we have

(Xj)#µ = NQj,j , j = 1, . . . , n,

and
X#µ = N(Qi,j).

Therefore X1, . . . , Xk are independent if and only if the matrix Q is
diagonal.

Proposition 1.24 Let µ = NQ be a Gaussian measure on (H, B(H))
and let f1, . . . , fn ∈ H. Set

Xf1(x) = 〈x, f1〉, . . . , Xfn(x) = 〈x, fn〉, x ∈ H,

and X = (Xf1 , . . . , Xfn). Then Xf1 , . . . , Xfn are independent if and
only if

〈Qfi, fj〉 = 0 if fi 
= fj . (1.19)

Proof. By Corollary 1.19 we see that

µ = N(Qi,j), Qi,j = 〈Qfi, fj〉, i, j = 1, . . . , n,

and
(Xfj )#µ = N〈Qfj ,fj〉, j = 1, . . . , n.

Therefore, X#µ =×n

i=1(Xi)#µ if and only if (1.19) holds. �
Notice that if f1, . . . , fn are mutually orthogonal the random vari-

ables Xf1 , . . . , Xfn are not necessarily independent.
We end this section by proving that any nondegenerate Gaussian

measure µ is full. This means that µ(D) > 0 for any open non-empty
subset D of H or, equivalently, that the support of µ is the whole H (1)

(1) We recall that the support. of a probability measure µ in (H, B(H)) is the inter-
section of all closed subsets of Ω of probability 1.
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Proposition 1.25 Let µ = Na,Q be a nondegenerate Gaussian mea-
sure in H. Then µ is full.

Proof. It is enough to show that any ball B(x, r) of centre x and
radius r has a positive probability. Let us fix r > 0 and take x = 0 for
simplicity. Write for any n ∈ N,

An =

{
x ∈ H :

n∑
k=1

x2
k ≤ r2

2

}
, Bn =

⎧⎨
⎩x ∈ H :

∞∑
k=n+1

x2
k <

r2

2

⎫⎬
⎭ .

Then we have

µ(B(0, r)) ≥ µ(An ∩ Bn) = µ(An)µ(Bn),

because An and Bn are independent (recall Example 1.22). Since clearly
µ(An) > 0 it is enough to show that µ(Bn) > 0, provided n is suffi-
ciently large. We have in fact by the Chebyshev inequality,

µ(Bn) = 1 − µ(Bc
n) ≥ 1 − 2

r2

∞∑
k=n+1

∫
H

x2
kµ(dx)

= 1 − 2
r2

∞∑
k=n+1

(λk + a2
k) > 0,

if n is large. �

1.7 The Cameron–Martin space and the white noise
mapping

In this section we consider a separable infinite dimensional Hilbert
space H and a nondegenerate Gaussian measure µ = NQ (that is such
that Ker Q = {0}). We denote by (ek) a complete orthonormal system
on H such that Qek = λkek, k ∈ N, where (λk) are the eigenvalues of
Q. We set xk = 〈x, ek〉, k ∈ N.

We notice that Q−1 is not continuous, since

Q−1ek =
1
λk

ek, k ∈ N

and λk → 0 as k → ∞.
Let us now assume that z1, . . . , zn ∈ Q1/2(H) and consider the linear

functionals,
Wzi(x) = 〈x, Q−1/2zi〉, i = 1, . . . , n.
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Proposition 1.26 Let z1, . . . , zn ∈ H. Then the law of the random
variable (with values in R

n) (Wz1 , . . . , Wzn) is given by

(Wz1 , . . . , Wzn)#µ = N(〈zi,zj〉)i,j=1,..,n
. (1.20)

Moreover, the random variables Wz1 , . . . , Wzn are independent if and
only if z1, . . . , zn is an orthogonal system, that is if and only if

〈zi, zj〉 = 0 for all i 
= j, i, j = 1, . . . , n. (1.21)

Proof. Since

Wzi(x) = FQ−1/2zi
(x), x ∈ H, i = 1, . . . , n,

the first statement follows from Corollary 1.19 and the second one from
Proposition 1.24. �

We want now to define a random variable Wz on (H, B(H), µ) for
all z ∈ H such that (1.20) holds for all z1, . . . , zn ∈ H. This random
variable will be very useful in what follows, in particular in defining the
Brownian motion. A first idea would be to define Wz by

Wz(x) = 〈Q−1/2x, z〉, x ∈ Q1/2(H).

However this definition does not produce a random variable in H since
Q1/2(H) is a µ-null set, as the following proposition shows.

Proposition 1.27 We have µ(Q1/2(H)) = 0.

Proof. For any n, k ∈ N set

Un =

{
y ∈ H :

∞∑
h=1

λ−1
h y2

h < n2

}
,

and

Un,k =

{
y ∈ H :

2k∑
h=1

λ−1
h y2

h < n2

}
.

Clearly Un ↑ Q1/2(H) as n → ∞, and for any n ∈ N, Un,k ↓ Un as
k → ∞. So it is enough to show that

µ(Un) = lim
k→∞

µ(Un,k) = 0. (1.22)

We have in fact

µ(Un,k) =
∫
{

y∈Rk:
∑2k

h=1
λ−1

h
y2

h
<n2

} 2k×
h=1

Nλk
(dyk),
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which, setting zh = λ
−1/2
h yh, is equivalent to

µ(Un,k) =
∫
{z∈R2k:|z|<n}

NI2k
(dz),

where I2k is the identity in R
2k. Let us compute µ(Un,k). We have

µ(Un,k) =
µ(Un,k)
µ(H)

=
∫ n
0 e−

r2

2 r2k−1dr∫ +∞
0 e−

r2

2 r2k−1dr
=

∫ n2/2
0 e−ρρk−1dρ∫ +∞
0 e−ρρk−1dρ

.

Therefore

µ(Un,k) =
1

(k − 1)!

∫ n2/2

0
e−ρρk−1dρ ≤ 1

(k − 1)!

∫ n2/2

0
ρk−1dρ

=
1
k!

(
n2

2

)k

,

and (1.22) follows. �
Q1/2(H) is called the Cameron–Martin space.
Let now extend the definition on Wz for all z ∈ H as follows. Con-

sider the mapping W ,

W : Q1/2(H) ⊂ H → L2(H, µ), z 
→ Wz, Wz(x) = 〈x, Q−1/2z〉, x ∈ H.

If z1, z2 ∈ Q1/2(H) we have
∫

H
Wz1(x)Wz2(x)µ(dx) = 〈QQ−1/2z1, Q

−1/2z2〉 = 〈z1, z2〉 (1.23)

and so the mapping W is an isometry. Since Q1/2(H) is dense in H the
mapping W can be uniquely extended to H. It is called the white noise
mapping.

Proposition 1.28 Let n ∈ N, z1, . . . , zn ∈ H. Then the law of
(Wz1 , . . . , Wzn) in R

n is given by

N(〈zi,zj〉)i,j=1,...,n
. (1.24)

The random variables Wz1 , . . . , Wzn are independent if and only if
z1, . . . , zn are mutually orthogonal.

Proof. Let

PNx =
N∑

i=1

〈x, ei〉ei, x ∈ H, N ∈ N.
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Then, since W is an isomorphism, we have

lim
N→∞

(WPNz1 , . . . , WPNzn) = (Wz1 , . . . , Wzn) in L2(H, µ; Rn).

But by Corollary 1.19 it follows that (WPNz1 , . . . , WPNzn) is a random
variable in R

n with law NQ′
N

with

Q′
N = (〈PNzi, PNzj〉)i,j=1,...,n.

So, by Proposition 1.16 we can conclude that (Wz1 , . . . , Wzn) is a ran-
dom variable in R

n with law NQ′ with

Q′ = (〈zi, zj〉)i,j=1,...,n.

The conclusion follows. �

Exercise 1.29 Let f ∈ H. Prove that
∫

H
eWf (x)µ(dx) = e

1
2
|f |2 . (1.25)

Finally, we consider the function f → eWf .

Proposition 1.30 The mapping

H → L2(H, µ), f 
→ eWf

is continuous.

Proof. Taking into account (1.25) it follows that
∫

H

[
eWf − eWg

]2
dNQ =

∫
H

[
e2Wf − 2eWf+g + e2Wg

]
dNQ

= e2|f |2 − 2e
1
2
|f+g|2 + e2|g|2

=
[
e|f |

2 − e|g|
2
]2

+ 2e|f |
2+|g|2

[
1 − e−

1
2
|f−g|2

]
,

which shows continuity in f of eWf . �
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The Cameron–Martin formula

2.1 Introduction and setting of the problem

We are given an infinite dimensional separable Hilbert space H and
a nondegenerate Gaussian measure µ = NQ, where Q ∈ L+

1 (H).
We denote by (ek) a complete orthonormal system on H such that
Qek = λkek, k ∈ H, where (λk) are the eigenvalues of Q and set
xk = 〈x, ek〉, k ∈ N.

The main goal of this chapter is to study, following [11], equivalence
and singularity of measures NQ and Na,Q, where a ∈ H.

We recall that if µ and ν are measures on (Ω, F ) we say that µ is
absolutely continuous with respect to ν (and we write µ << ν) if for all
sets A ∈ F such that ν(A) = 0 we have µ(A) = 0.

If µ << ν then by the Radon–Nikodym theorem, see e.g. [2], there
exists a unique function ρ ∈ L1(Ω, F , ν) such that

µ(A) =
∫

A
ρdν for all A ∈ F .

If µ << ν and ν << µ we say that µ and ν are equivalent.
Let first H be finite dimensional. Then, since Q is nondegenerate

we have det Q > 0. So, NQ and Na,Q are equivalent and we have

dNa,Q

dNQ
(x) =

e−
1
2
〈Q−1(x−a),x−a〉

e−
1
2
〈Q−1x,x〉 = e−

1
2
|Q−1/2a|2+〈Q−1/2a,Q−1/2x〉, x ∈ H.

(2.1)
We shall prove that

(i) If a ∈ Q1/2(H) then Na,Q and NQ are equivalent.
(ii) If a /∈ Q1/2(H) then Na,Q and NQ are singular.
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Moreover, in the first case we shall prove that formula (2.1) still holds,
provided we interpret the term 〈Q−1/2a, Q−1/2x〉 as WQ−1/2a(x).

We shall need a theorem of Kakutani about equivalence and singu-
larity of products of infinitely many measures, proved in section 2.2.
Section 2.3 is devoted to the proof of the Cameron–Martin theorem.
Finally, in section 2.4 we shall study equivalence of two Gaussian mea-
sures NQ and NR with Q, R ∈ L+

1 (H) (Feldman–Hajek theorem) in the
particular case when Q and R commute.

2.2 Equivalence and singularity of product measures

Let us start with the notion of Hellinger integral. Let µ and ν be
two probability measures on (Ω, F ). It is obvious that µ and ν are
absolutely continuous with respect to the probability measure ζ :=
1
2 (µ + ν) on (Ω, F ). Then the Hellinger integral of µ and ν is de-
fined by

H(µ, ν) =
∫
Ω

√
dµ

dζ

dν

dζ
dζ.

Notice that 0 ≤ H(µ, ν) ≤ 1. In fact, by the Hölder inequality, we have

H(µ, ν) ≤
(∫

Ω

dµ

dζ
dζ

)1/2 (∫
Ω

dν

dζ
dζ

)1/2

= 1.

Remark 2.1 Let λ be a probability measure on (Ω, F ) such that µ �
λ and ν � λ. Then we have obviously ζ � λ and consequently,

dµ

dζ
=

dµ

dλ

dλ

dζ
,

dν

dζ
=

dν

dλ

dλ

dζ
.

Therefore in this case H(µ, ν) can also be written as

H(µ, ν) =
∫
Ω

√
dµ

dλ

dν

dλ
dλ.

Remark 2.2 Assume that µ and ν are equivalent. Then we have

dµ

dζ

dν

dζ
=

dµ

dζ

dν

dµ

dµ

dζ
=

[
dµ

dζ

]2 dν

dµ

and therefore

H(µ, ν) =
∫
Ω

√
dν

dµ

dµ

dζ
dζ =

∫
Ω

√
dν

dµ
dµ.
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Example 2.3 Let Ω = R, µ = Nλ, ν = Na,λ, a ∈ R, λ > 0, then we
have

dν

dµ
(x) = e−

a2

2λ
+ax

λ , x ∈ R,

and so
H(µ, ν) = e−

a2

4λ

∫
R

e
ax
2λ Nλ(dx) = e−

a2

8λ .

Let us prove an important property of the Hellinger integral.

Proposition 2.4 Assume that H(µ, ν) = 0. Then µ and ν are singu-
lar.

Proof. Let us denote by f and g the Radon–Nikodym derivatives

f =
dµ

dζ
, g =

dν

dζ
,

where ζ = 1
2 (µ + ν). Since

H(µ, ν) =
∫
Ω

√
fg dζ = 0,

we have that fg = 0, ζ-a.e. Set

A = {ω ∈ Ω : f(ω) = 0} ,

B = {ω ∈ Ω : g(ω) = 0} ,

C = {ω ∈ Ω : f(ω)g(ω) = 0} .

Then we have ζ(C) = 1 so that µ(C) = ν(C) = 1. Moreover,

µ(A) =
∫

A
f dζ = 0, ν(B) =

∫
B

g dζ = 0.

Consequently, µ is concentrated on B\A and ν on A\B. Therefore, µ
and ν are singular. �

If H(µ, ν) > 0 the measures µ and ν are not necessarily equivalent in
general. However, this happens for the product of equivalent measures,
see Theorem 2.7 below. We first need a lemma.

Lemma 2.5 Let µ1, ν1, µ2, ν2 be probability measures on (Ω, F ). Then
we have

H(µ1 × µ2, ν1 × ν2) = H(µ1, ν1)H(µ2, ν2).
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Proof. Let ζ1, ζ2 be probability measures on (Ω, F ) such that

µ1 � ζ1, ν1 � ζ1, µ2 � ζ2, ν2 � ζ2.

Then by the Fubini theorem

µ1 × µ2 � ζ1 × ζ2, ν1 × ν2 � ζ1 × ζ2.

Set
f1(ω1) =

dµ1

dζ1
(ω1), g1(ω1) =

dν1

dζ1
(ω1)

and
f2(ω2) =

dµ2

dζ2
(ω2), g2(ω2) =

dν2

dζ2
(ω2).

Consequently

d(µ1 × µ2)
d(ζ1 × ζ2)

(ω1, ω2) = f1(ω1)f2(ω2),
d(ν1 × ν2)
d(ζ1 × ζ2)

(ω1, ω2) = g1(ω1)g2(ω2)

so that,

H(µ1 × µ2, ν1 × ν2) =
∫
Ω×Ω

√
f1(ω1)g1(ω1)f2(ω2)g2(ω2) ζ1(dω1)ζ2(dω2)

= H(µ1, ν1)H(µ2, ν2).

�
Exercise 2.6 Let (µk) and (νk) be sequences of probability measures
on (R, B(R)). Consider the product measures on (R∞, B(R∞)),

µ =
∞×

k=1
µk, ν =

∞×
k=1

νk.

Prove that

H(µ, ν) =
∞∏

k=1

H(µk, νk).

We are now ready to prove the following result.

Theorem 2.7 (Kakutani) Let (µk) and (νk) be sequences of proba-
bility measures on (R, F (R)) such that µk and νk are equivalent for all
k ∈ N, and let µ = ×∞

k=1 µk, ν = ×∞
k=1 νk. If H(µ, ν) > 0, then µ

and ν are equivalent and we have

dν

dµ
(x) = lim

n→∞

n∏
i=1

dνk

dµk
(xk) in L1(R∞, µ). (2.2)

If H(µ, ν) = 0, then µ and ν are singular.
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Proof. Write

ρi(xi) =
dνi

dµi
(xi), fn(x1, . . . , xn) =

n∏
i=1

ρi(xi), i, n ∈ N,

and for any n ∈ N define the measures

µ(n) =
n×

k=1
µk, ν(n) =

n×
k=1

νk, n ∈ N.

Then we have (see Remark 2.2),

H(µ(n), ν(n)) =
∫

R∞

n∏
k=1

√
ρk(xk) µ(n)(dx).

Obviously µ(n) is equivalent to ν(n) and

dµ(n)

dν(n)
(x) = fn(x), n ∈ N, x ∈ R

∞.

We claim that the sequence (fn) is convergent in L1(H, µ).
To prove the claim it is enough to show that the sequence (

√
fn) is

convergent in L2(H, µ). If n, p ∈ N we have in fact, taking into account
independence of the random variables (xn)n∈N,

∫
R∞

|
√

fn+p −
√

fn|2dµ =
∫

R∞

n∏
k=1

ρk(xk)

∣∣∣∣∣∣
n+p∏

k=n+1

√
ρk(xk) − 1

∣∣∣∣∣∣
2

µ(dx)

=
∫

R∞

n∏
k=1

ρk(xk)µ(dx)
∫

R∞

∣∣∣∣∣∣
n+p∏

k=n+1

√
ρk(xk) − 1

∣∣∣∣∣∣
2

µ(dx)

=
∫

R∞

∣∣∣∣∣∣
n+p∏

k=n+1

√
ρk(xk) − 1

∣∣∣∣∣∣
2

µ(dx)

=
∫

R∞

⎡
⎣ n+p∏

k=n+1

ρk(xk) − 2
n+p∏

k=n+1

√
ρk(xk) + 1

⎤
⎦µ(dx)

= 2

⎛
⎝1 −

n+p∏
k=n+1

∫
R

√
ρk(xk)µ(dx)

⎞
⎠ = 2 −

n+p∏
k=n+1

H(µk, νk). (2.3)

On the other hand, we know by assumption that

H(µ, ν) =
∞∏

k=1

H(µk, νk) > 0,
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or, equivalently, that

− log H(µ, ν) = −
∞∑

k=1

log [H(µk, νk)] < +∞.

Consequently, for any ε > 0 there exists nε ∈ N such that if n > nε

and p ∈ N, we have

−
n+p∑

k=n+1

log [H(µk, νk)] < ε.

By (2.3) it follows that for all n > nε

∫
R∞

|
√

fn+p −
√

fn|2dµ ≤ 2(1 − e−ε),

and the claim is proved.
We can now conclude the proof. Let f be the limit of (fn) in

L1(H, µ). It is enough to prove that f coincides with the density dν
dµ .

Let ϕ be a real Borel function on (R∞, B(R∞)) depending only on
x1, . . . , xk. Then for any n > k we have

∫
R∞

ϕ(x)ν(n)(dx) =
∫

R∞
ϕ(x)fn(x)µ(n)(dx).

If n > k the identity above is equivalent to
∫

R∞
ϕ(x)ν(dx) =

∫
R∞

ϕ(x)fn(x)µ(dx).

As n → ∞ we obtain finally
∫

R∞
ϕ(x)ν(dx) =

∫
R∞

ϕ(x)f(x)µ(dx).

This proves that ν � µ in view of the arbitrariness of k and ϕ. Similarly
we have µ � ν. Finally, the last statement follows from Proposition 2.4.
�

2.3 The Cameron–Martin formula

Here we consider two Gaussian measures µ = NQ and ν = Na,Q on
(H, B(H)), where a ∈ H and Q ∈ L+

1 (H).



Chapter 2 31

Theorem 2.8 (i) If a /∈ Q1/2(H) then µ and ν are singular.
(ii) If a ∈ Q1/2(H) then µ and ν are equivalent.
(iii) If µ and ν are equivalent the density dν

dµ is given by

dν

dµ
(x) = exp

{
−1

2
|Q−1/2a|2 + WQ−1/2a(x)

}
, x ∈ H. (2.4)

Proof. Let us prove (i). Assume that a /∈ Q1/2(H). Then H(µ, ν) = 0
and, by the Kakutani theorem it follows that µ and ν are singular.

Let us prove (ii). Notice first that, recalling Example 2.3, we have

H(µ, ν) =
∞∏

k=1

H(µk, νk) =
∞∏

k=1

e
−

a2
k

8λk ,

which implies that

− log H(µ, ν) =
1
8

∞∑
k=1

a2
k

λk
=

⎧⎪⎪⎨
⎪⎪⎩

1
8
|Q−1/2a|2 if a ∈ Q1/2(H),

+∞ otherwise.

Now, if a ∈ Q1/2(H) we have

|Q−1/2a|2 =
∞∑

k=1

a2
k

λk
< +∞

and so H(µ, ν) > 0 and, again by the Kakutani theorem, µ and ν are
equivalent and (ii) is proved.

It remains to prove (iii). Assume that a ∈ Q1/2(H). Then, by (2.2)
we know that

dν

dµ
(x) = lim

n→∞

n∏
k=1

e
− 1

2

a2
k

λk
+

akxk
λk in L1(H, µ). (2.5)

For any n ∈ N denote by Pn the othogonal projector on the span of
e1, . . . , en and set Qn = PnQ. Then we can write (2.5) as

dν

dµ
(x) = lim

n→∞
e−

1
2
|Q−1/2

n a|2+〈Q−1/2
n a,Q

−1/2
n x〉

= lim
n→∞

e
− 1

2
|Q−1/2

n a|2+W
Q
−1/2
n a

(x)
in L1(H, µ). (2.6)

On the other hand, since a ∈ Q1/2(H) we have limn→∞ Q
−1/2
n a =

Q
−1/2
a . So, recalling Proposition 1.30, we see that (2.4) is fulfilled. �
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2.4 The Feldman–Hajek theorem

We are given two nondegenerate Gaussian measures µ = NQ, and ν =
NR where Q, R ∈ L+

1 (H). We are going to show that µ and ν are either
singular or equivalent. For the sake of simplicity we only consider the
special case when Q and R commute. For the general case see e.g. [11].

The main tools are, as before, the Hellinger integral and the Kaku-
tani theorem. Since Q and R commute there exists a complete ortho-
normal system (ek) in H, and sequences (λk), (rk) of positive numbers
such that

Qek = λkek, Rek = rkek, k ∈ N.

Theorem 2.9 Let Q, R ∈ L+
1 (H) be such that [Q, R] : =QR−RQ = 0.

Let µ = NQ and ν = NR. Then µ and ν are equivalent if and only if

∞∑
k=1

(λk − rk)2

(λk + rk)2
< ∞.

If µ and ν are not equivalent they are singular.

Proof. Write

NQ =
∞×

k=1
Nλk

, NR =
∞×

k=1
Nrk

.

In order to apply the Kakutani theorem, let us compute the Hellinger
integral

H(µ, ν) =
∞∏

k=1

H(µk, νk).

Since
dνk

dµk
(xk) =

√
λk

rk
e
−

x2
k
2

(
λk−rk
rkλk

)
, xk ∈ R, k ∈ N,

we have

H(νk, µk) =
∫

R

√
dνk

dµk
(x) µk(dx) =

[
4rkλk

(rk + λk)2

]1/4

=
[

4ξk

(1 + ξk)2

]1/4

,

where ξk = λk
rk

. Consequently,

H4(µ, ν) =
∞∏

k=1

4ξk

(1 + ξk)2
=

∞∏
k=1

(
1 − (1 − ξk)2

(1 + ξk)2

)
. (2.7)
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So, H(µ, ν) > 0 if and only if

∞∑
k=1

(1 − ξk)2

(1 + ξk)2
=

∞∑
k=1

(λk − rk)2

(λk + rk)2
< ∞.

Then the conclusion follows from the Kakutani theorem. �
Remark 2.10 Let R = αQ with α > 0. Then by the previous theorem
it follows that if α 
= 1, NQ and NR are singular.
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Brownian motion

Let (Ω, F , P) be a probability space. An arbitrary family X(t), t ≥ 0, of
real random variables X(t) defined on Ω is called a stochastic process.
The functions t → X(t)(ω), ω ∈ Ω are called the trajectories of X(t).

A stochastic process Y (t) is said to be a version of X(t) if

P(X(t) 
= Y (t)) = 0 for all t ≥ 0.

A stochastic process X(t) is said to be measurable if the mapping

[0, +∞) × Ω → R, (t, ω) 
→ X(t)(ω)

is B([0, +∞)) × F -measurable. X(t) is said to be continuous if its
trajectories are continuous for almost all ω ∈ Ω.

A real Brownian motion B = (B(t))t≥0 is a continuous real stochas-
tic process such that

(i) B(0) = 0 and if 0 ≤ s < t, B(t) − B(s) is a real Gaussian random
variable with law Nt−s.

(ii) If 0 < t1 < · · · < tn, the random variables

B(t1), B(t2) − B(t1), . . . , B(tn) − B(tn−1)

are independent.

Property (ii) is expressed by saying that the Brownian motion has
independent increments.

3.1 Construction of a Brownian motion

We shall construct a Brownian motion in the probability space (H,
B(H), µ) where H = L2(0, +∞), µ = NQ, and Q is any operator in



36 Brownian motion

L+
1 (H) such that Ker Q = {0}. Let (en) be a complete orthonormal

system in H and (λn) a sequence of positive numbers such that

Qen = λnen, n ∈ N.

Moreover, set

Pnx =
n∑

k=1

〈x, ek〉ek, x ∈ H, n ∈ N.

Theorem 3.1 Let B(t) = W1[0,t]
, t ≥ 0, where

1[0,t](s) =

⎧⎨
⎩

1 if s ∈ [0, t],

0 otherwise,

and W is the white noise mapping. Then a version of B is a real Brown-
ian motion on (H, B(H), µ).

Proof. Clearly B(0) = 0. Moreover, since for t > s,

B(t) − B(s) = W1[0,t]
− W1[0,s]

= W1(s,t]
,

we know by Proposition 1.28 that B(t)−B(s) is a real Gaussian random
variable with law Nt−s, and (i) is proved. Let us prove (ii). Since the
system of elements of H,

(1[0,t1],1(t1,t2], . . . ,1(tn−1,tn]),

is orthogonal, we have again by Proposition 1.28 that the random vari-
ables B(t1), B(t2)−B(t1), . . . , B(tn)−B(tn−1) are independent. Thus
(ii) is proved. It remains to show that almost all trajectories of (a ver-
sion) of B are continuous. It is easy to see that B(t) is measurable, (1)

and that its trajectories belong to L2m(0, T ) for all m ∈ N, T > 0 and
almost all x ∈ H. In fact, since the law of B(t) is Nt we have∫

H
|B(t)(x)|2mµ(dx) =

∫
R

|ξ|2mNt(dξ) =
(2m)!
2mm!

tm,

so that, using the Fubini theorem,
∫ T

0

[∫
H
|B(t)(x)|2mµ(dx)

]
dt =

∫
H

[∫ T

0
|B(t)(x)|2mdt

]
µ(dx)dt

=
(2m)!

(m + 1)2mm!
Tm+1.

This shows that the mapping t 
→ B(t)(x) ∈ L2m(0, T ), µ-a.e.
(1) It is enough to approximate B(t) by WPn1[0,T ] .
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To show continuity of the trajectories, we shall represent B(t) as the
integral of a suitable L2m function; this will yield continuity of B(t) by
an elementary analytic lemma. We shall use the factorization method,
see e.g. [9]. It is based on the following elementary identity

∫ t

s
(t − σ)α−1(σ − s)−αdσ =

π

sin πα
, 0 ≤ s ≤ σ ≤ t, (3.1)

where α ∈ (0, 1). To check (3.1) it is enough to set σ = r(t − s) + s so
that (3.1) becomes

∫ 1

0
(1 − r)α−1r−αdr =

π

sinπα
,

which can easily be proved.
From now on we take α < 1/2. Identity (3.1) can be written as

1
[0,t]

(s) =
sinπα

π

∫ t

0
(t − σ)α−11

[0,σ]
(s)(σ − s)−αdσ, t > 0, s > 0.

We also write equivalently

1
[0,t]

=
sin πα

π

∫ t

0
(t − σ)α−1gσdσ, (3.2)

where
gσ(s) = 1

[0,σ]
(s)(σ − s)−α.

Since α < 1/2, we have gσ ∈ H and |gσ|2 = σ1−2α

1−2α . Recalling that the
mapping

H → L2(H, µ), f 
→ Wf ,

is continuous, we obtain the following representation formula for B,

B(t) =
sinπα

π

∫ t

0
(t − σ)α−1Wgσdσ. (3.3)

Now it is enough to prove that the mapping σ 
→ Wgσ(x) belongs to
L2m(0, T ), µ-a.e. for any T > 0; in fact this implies that B is continuous
by Lemma 3.2 below.

To show 2m-summability of the mapping σ 
→ Wgσ(x) we notice
that, since Wgσ is a real Gaussian random variable with law Nσ1−2α

1−2α

,

we have
∫

H
|Wgσ(x)|2mµ(dx) =

(2m)!
2mm!

(1 − 2α)−mσm(1−2α). (3.4)
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Since α < 1/2 we have, by the Fubini theorem,
∫ T

0

[∫
H
|Wgσ(x)|2mµ(dx)

]
dσ =

∫
H

[∫ T

0
|Wgσ(x)|2mdσ

]
µ(dx) < +∞.

(3.5)
Therefore the mapping σ 
→ Wgσ(x) belongs to L2m(0, T ), µ-a.e. and
the conclusion follows. �
Lemma 3.2 Let m > 1, α ∈ (1/(2m), 1), T > 0, and f ∈ L2m(0, T ; H).
Set

F (t) =
∫ t

0
(t − σ)α−1f(σ)dσ, t ∈ [0, T ].

Then F ∈ C([0, T ]; H).

Proof. By Hölder’s inequality we have (notice that 2mα − 1 > 0),

|F (t)| ≤
(∫ t

0
(t − σ)(α−1) 2m

2m−1 dσ

) 2m−1
2m

|f |L2m(0,T ;H). (3.6)

Therefore F ∈ L∞(0, T ; H). It remains to show continuity of F. Con-
tinuity at 0 follows from (3.6). Let us prove that F is continuous on
[ t0

2 , T ] for any t0 ∈ (0, T ]. Let us set for ε < t0
2 ,

Fε(t) =
∫ t−ε

0
(t − σ)α−1f(σ)dσ, t ∈ [0, T ].

Fε is obviously continuous on [ t02 , T ]. Moreover, using once again
Hölder’s estimate, we find

|F (t) − Fε(t)| ≤ M

(
2m − 1
2mα − 1

) 2m−1
2m

εα− 1
2m |f |L2m(0,T ;H).

Thus limε→0 Fε(t) = F (t), uniformly on [ t02 , T ], and F is continuous as
required. �
Exercise 3.3 Prove that

∫
H B(t)B(s)dµ = min{t, s} for all t, s ≥ 0.

Exercise 3.4 Prove that for any T > 0, B(·)x is Hölder continuous in
[0, T ] with any exponent β < 1/2 for µ-almost all x ∈ H.

Exercise 3.5 Let B be a Brownian motion in a probability space
(Ω, F , P). Prove that the following are Brownian motions.

(i) Invariance by translation

B1(t) = B(t + h) − B(h), t ≥ 0, where h > 0 is given.

(ii) Self-similarity,

B2(t) = αB(α−2t), where α > 0 is given.
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(iii) Time reversal

B3(t) = tB(1/t), t > 0, B3(0) = 0.

(iv) Symmetry
B4(t) = −B(t), t ≥ 0.

Let us now introduce the standard Brownian motion and the Wiener
measure. Set

X = {x ∈ H : B(·, x) is continuous}.

Then the restriction of B(t) to the probability space (X, B(H)∩X, µ)
(which we still denote by B(t)) is a Brownian motion having all trajec-
tories continuous.

Let now C0([0, T ]) = {ω ∈ C([0, T ]) : ω(0) = 0} and consider the
mapping B(·)

X → C0([0, T ]), x 
→ B(·, x).

B(·) is clearly measurable from (X, B(H) ∩ X, µ) into (C0([0, T ]),
B(C0([0, T ]))). The law of B(t) P := B(·)#µ is called the Wiener mea-
sure on (C0([0, T ]), B(C0([0, T ]))). P is obviously defined by the change
of variables formula∫

X
F (B(·, x))µ(dx) =

∫
C0([0,T ])

F (ω)P(dω). (3.7)

Consider the following stochastic process W in (C0([0, T ]), B
(C0([0, T ])), P)

W (t)(ω) = ω(t), ω ∈ C0([0, T ]), t ≥ 0.

Using formula (3.7) one can check easily that W is a Brownian motion
in (C0([0, T ]), (C0([0, T ])), P), called the standard Brownian motion.

3.2 Total variation of a Brownian motion

We are here concerned with a Brownian motion B in a probability space
(Ω, F , P). We are going to show that the total variation of B(·)(ω) in
[0, T ] is infinite for all T > 0 and P-almost all ω ∈ Ω.

Let us denote by Σ the set of all decompositions

σ = {0 = t0 < t1 < · · · < tn = T}
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of the interval [0, T ]. For any σ ∈ Σ we set

|σ| = max
k=1,...,n

(tk − tk−1).

The set Σ is endowed with the usual partial ordering

σ1 < σ2 ⇐⇒ |σ1| ≤ |σ2|.

Let f ∈ C([0, T ]). Let us recall that the total variation VT (f) of f in
[0, T ] is defined as

VT (f) = sup
σ∈Σ

n∑
k=1

|f(tk) − f(tk−1)|, σ = {0 = t0 < t1 < · · · < tn = T}.

If VT (f) < +∞ we say that f has bounded total variation in [0, T ].
Let us also introduce the quadratic variation of f setting,

J(f) := lim
|σ|→0

n∑
k=1

|f(tk)−f(tk−1)|2, σ = {0 = t0 < t1 < · · · < tn = T},

whenever the limit above exists.

Exercise 3.6 Let f ∈ C([0, T ]) and assume that J(f) > 0. Prove that
VT (f) = +∞.

We shall prove first that J(B(·)) = T , P-a.e. Then, taking into
account Exercise 3.6, it will follow easily that V (B(·)) = +∞, P-a.e.

Lemma 3.7 Set

Jσ =
n∑

k=1

|B(tk) − B(tk−1)|2,

for σ = {0 = t0 < t1 < · · · < tn = T} ∈ Σ. Then we have

lim
|σ|→0

Jσ = T in L2(Ω, F , P). (3.8)

Proof. Let σ = {0 = t0 < t1 < · · · < tn = T} ∈ Σ. Then we have
∫
Ω
|Jσ − T |2dP =

∫
Ω

J2
σdP − 2T

∫
Ω

JσdP + T 2. (3.9)

But
∫
Ω

JσdP =
n∑

k=1

∫
Ω
|B(tk) − B(tk−1)|2dP =

n∑
k=1

(tk − tk−1) = T, (3.10)



Chapter 3 41

since B(tk)−B(tk−1) is a Gaussian random variable with law Ntk−tk−1
.

Moreover
∫
Ω
|Jσ|2dP =

∫
Ω

∣∣∣∣∣
n∑

k=1

|B(tk) − B(tk−1)|2
∣∣∣∣∣
2

dP

=
∫
Ω

n∑
k=1

|B(tk) − B(tk−1)|4dP

+2
n∑

h<k=1

∫
Ω
|B(th) − B(th−1)|2|B(tk) − B(tk−1)|2dP.

Now, using again the fact that B(tk) − B(tk−1) is a Gaussian random
variable with law Ntk−tk−1

, we have
∫
Ω

n∑
k=1

|B(tk) − B(tk−1)|4dP = 3
n∑

k=1

(tk − tk−1)2, (3.11)

and, since B(th) − B(th−1) and B(tk) − B(tk−1) are independent,
n∑

h<k=1

∫
Ω
|B(th) − B(th−1)|2|B(tk) − B(tk−1)|2dµ

=
n∑

h<k=1

(th − th−1)(tk − tk−1). (3.12)

Therefore∫
Ω
|Jσ|2dP = 3

n∑
k=1

(tk − tk−1)2 + 2
n∑

h<k=1

(th − th−1)(tk − tk−1)

= 2
n∑

k=1

(tk − tk−1)2 +

(
n∑

k=1

(tk − tk−1)

)2

= 2
n∑

k=1

(tk − tk−1)2 + T 2. (3.13)

Now, substituting (3.10) and (3.13) in (3.9), we obtain
∫
Ω
|Jσ − 1|2dP = 2

n∑
k=1

(tk − tk−1)2 → 0,

as |σ| → 0. �
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We can now prove,

Proposition 3.8 Let B be a Brownian motion in a probability space
(Ω, F , P) and let T > 0. Then, for almost all ω ∈ Ω, the total variation
of B(·)(ω) in [0, T ] is infinite.

Proof. Set

Γ1 = {ω ∈ Ω : t → B(t)(ω) is continuous}.

We know by Theorem 3.1 that P(Γ1) = 1. Moreover, by Lemma 3.7
it follows that there exists a sequence (σn) of decompositions of [0, T ]
and a set Γ2 ⊂ F of probability 1 such that

lim
n→∞

Jσn(ω) = T for all ω ∈ Γ2.

By Exercise 3.6 we know that VT (B(·)(ω)) = +∞ for all ω ∈ Γ1 ∩ Γ2.
Since P(Γ1 ∩ Γ2) = 1 the conclusion follows. �

3.3 Wiener integral

Let B be a Brownian motion in a probability space (Ω, F , P) and let
T > 0. We want to define the integral

I(f) =
∫ T

0
f(s)dB(s),

for any f ∈ H = L2(0, T ). We notice that we cannot give a meaning to
the formula

I(f)(ω) =
∫ T

0
f(s)dB(s)(ω), ω ∈ Ω,

for almost all ω ∈ Ω because, as we have seen in the previous section,
B(·)(ω) has no finite total variation for almost all ω ∈ Ω. Thus, we
shall define I(f) as an element of L2(Ω, F , P).

Let us first define the integral on the subspace S(0, T ) of step func-
tions, that is of all functions having the following form:

f =
n∑

j=1

aj1[tj−1,tj)
, (3.14)

where n ∈ N, a1, . . . , an ∈ R, and 0 = t0 ≤ t1 < · · · < tn = T. If f is
given by (3.14) we set

I(f) =
n∑

j=1

f(tj−1)(B(tj) − B(tj−1)).
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Proposition 3.9 The mapping

I : S(0, T ) ⊂ L2(0, T ) → L2(Ω, F , P), f 
→ I(f),

can be uniquely extended to an isometry of H into L2(Ω, F , P).
Moreover ∫

Ω
I(f)dP = 0, (3.15)

and ∫
Ω
|I(f)|2 dP = |f |2. (3.16)

Proof. Let f ∈ S(0, T ) of the form (3.14). Then we have
∫
Ω

I(f)dP =
n∑

j=1

aj

∫
Ω
(B(tj) − B(tj−1))dP = 0,

so that (3.16) follows. Moreover
∫
Ω
|I(f)|2 dP =

∫
Ω

n∑
j=1

|aj |2[B(tj) − B(tj−1)]2 dP

+2
∫
Ω

n∑
j<k=1

f(tj−1)f(tk−1)[B(tj) − B(tj−1)][B(tk) − B(tk−1)] dP.

(3.17)
Since B(tj) − B(tj−1) and B(tk) − B(tk−1) are independent, it follows
that ∫

Ω
|Iσ|2dP =

n∑
j=1

|aj |2(tj − tj−1) = |f |2,

which yields (3.17). So, we have proved that I is an isometry. Since
S(0, T ) is dense in L2(0, T ), we can extend I to the whole L2(0, T ) and
the extension still fulfills (3.15) and (3.16). �

The element
∫ T
0 f(s)dB(s) of L2(Ω, F , P), is called the Wiener in-

tegral of f in [0, T ].

Exercise 3.10 Let f, g L2(0, T ). Prove that

E

(∫ T

0
f(s)dB(s)

∫ T

0
g(s)dB(s)

)
=

∫ T

0
f(s)g(s)ds. (3.18)

We define in an obvious way the Wiener integral
∫ b
a f(s)dB(s) in any

interval [a, b] ⊂ R. It is easy to see that, for any a, b, c ∈ [0, T ] we have∫ c

a
f(s)dB(s) =

∫ b

a
f(s)dB(s) +

∫ c

b
f(s)dB(s).
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Proposition 3.11 Let f ∈ L2(0, T ). Then I(f) is a real Gaussian
random variable with mean 0 and covariance

∫ T
0 |f(s)|2ds.

Proof. Let (fn) be a sequence in S(0, T ) convergent to f in L2(0, T ).
We know that I(fn) → I(f) in L2(Ω, F , P) as n → ∞. On the other
hand, we have (recall Exercise 1.21),

I(fn)#P = N∑n

j=1
f2(tj−1)(tj−tj−1)

.

Now the conclusion follows from Proposition 1.16. �
We note that if f ∈ C1([0, T ]) it is possible to express the Wiener

integral
∫ T
0 f(s)dB(s) in terms of a Riemann integral as the following

integration by parts formula shows.

Proposition 3.12 If f ∈ C1([0, T ]) we have
∫ T

0
f(s)dB(s) = f(T )B(T )−

∫ T

0
f ′(s)B(s)ds in L2(Ω, F , P). (3.19)

Proof. Let σ = {0 = t0 < t1 < · · · < tn = T} ∈ Σ(0, T ). Then we have

Iσ(f) =
n∑

k=1

f(tk−1)(B(tk) − B(tk−1))

=
n∑

k=1

(f(tk)B(tk) − f(tk−1)B(tk−1))

−
n∑

k=1

(f(tk) − f(tk−1))B(tk)

= f(T )B(T ) −
n∑

k=1

(f(tk) − f(tk−1))B(tk)

= f(T )B(T ) −
n∑

k=1

f ′(αk)B(tk)(tk − tk−1),

where αk is a suitable number lying in the interval [tk−1, tk], k =
1, . . . , n. It follows that

lim
|σ|→0

Iσ(f) = f(T )B(T ) −
∫ T

0
f ′(s)B(s)ds in L2(Ω, F , P).

�
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Remark 3.13 Let B(t) = W1[0,t]
be the Brownian motion in (H, B(H),

µ), where H is a Hilbert space and µ a Gaussian measure NQ with Ker
Q = {0} introduced in section 3.1. Then there is a simple interpretation
of the Wiener integral of a function f ∈ L2(0, T ). In fact if σ ∈ Σ we
have

Iσ =
n∑

k=1

f(tk−1)W1(tk−1,tk]
= W∑n

k=1
f(tk−1)1(tk−1,tk]

.

Since

lim
|σ|→0

n∑
k=1

f(tk−1)1(tk−1,tk] = f in L2(0, T ),

it follows that

I(f) =
∫ T

0
f(s)dB(s) = Wf .

Consequently, we recover the result, proved in Proposition 3.11 that
I(f) is a real Gaussian random variable with law N|f |2 .

3.4 Law of the Brownian motion in L2(0, T )

We use here notations of section 3.1. In particular, we consider the
probability space (H, B(H), µ), where H = L2(0, +∞) and µ = NQ,
where Q is any operator in L+

1 (H) such that Ker Q = {0}. Let B(t) =
W1[0,t]

, t ≥ 0. As we have seen, a version of B is real Brownian motion.
Let us consider the mapping

B : H → L2(0, T ), x 
→ B(·)(x).

Notice that B ∈ L2(H, µ; L2(0, T )) since
∫

H

(∫ T

0
|B(t)(x)|2dt

)
µ(dx) =

∫ T

0
dt

∫
H
|W1[0,t]

|2µ(dx)

=
∫ T

0
tdt =

T 2

2
.

Let us denote by P := B#µ the law of B, it is a probability measure on
(L2(0, T ), B(L2(0, T ))) which extends in an obvious way the Wiener
measure (which was defined in C0([0, T ])).

Proposition 3.14 P is a nondegenerate Gaussian measure on L2(0, T )
with mean 0 and covariance operator RT defined by

RT h(t) =
∫ T

0
min{t, s}h(s)ds, h ∈ L2(0, T ), t ∈ [0, T ]. (3.20)
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Proof. Define for any n ∈ N

Bn(t) = WPn1[0,t]
= 〈x, Q−1/2

n 1[0,t]〉 =
n∑

k=1

λ
−1/2
k xk

∫ t

0
ek(s)ds, t ≥ 0

and consider the mapping

Bn : H → L2(0, T ), x 
→ Bn(·)(x).

Bn is a linear bounded operator from H into L2(0, T ). Therefore its
law is Gaussian (Proposition 1.18). We claim that

Bn → B in L2(H, µ; L2(0, T )), (3.21)

so that the law P of B is also Gaussian (Proposition 1.16). We have in
fact, using the Fubini theorem,∫

H
|B(x) − Bn(x)|2L2(0,T ) µ(dx)

=
∫

H

[∫ T

0
|W1[0,t]

(x) − WPn1[0,t]
(x)|2dt

]
µ(dx)

=
∫

H

[∫ T

0
|W(1−Pn)1[0,t]

(x)|2dt

]
µ(dx)

=
∫ T

0

[∫
H
|W(1−Pn)1[0,t]

(x)|2µ(dx)
]
dt

=
∫ T

0
|(1 − Pn)1[0,t]|2dt.

So, (3.21) follows from the dominated convergence theorem.
Clearly the mean of P is 0; let us compute its covariance RT . We

have, using (1.17),

〈RT h, h〉L2(0,T ) =
∫

H
|〈Bx, h〉H |2µ(dx)

=
∫

H
µ(dx)

∫ T

0
W1[0,t]

(x)h(t)dt

∫ T

0
W1[0,s]

(x)h(s)ds

=
∫ T

0

∫ T

0
dt ds h(t)h(s)

∫
H

W1[0,t]
(x)W1[0,s]

(x)µ(dx)

=
∫ T

0

∫ T

0
min{t, s}h(t)h(s)dtds
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and the conclusion follows.
It remains to show that the law of P is nondegenerate. Assume that

h ∈ L2(0, T ) is such that RT h(t) = 0 in L2(L2(0, T ), B(L2(0, T )), P).
Then we have∫ T

0
min{t, s}h(s)ds =

∫ t

0
sh(s)ds + t

∫ T

t
h(s)ds = 0, t a.e. in [0, T ].

Differentiating this identity with respect to t yields
∫ T

t
h(s)ds = 0, t-a.e. in [0, T ],

which implies h identically equal to 0. The proof is complete. �
Exercise 3.15 Let AT = R−1

T . Show that
⎧⎨
⎩

AT h(t) = −h′′(t), ∀ h ∈ D(AT )

D(A) = {h ∈ H2(0, T ) : h(0) = h′(T ) = 0},

where H2(0, T ) denotes the usual Sobolev space.

3.4.1 Brownian bridge

Let consider the stochastic process in [0, T ]

β(t) : = B(t) − t

T
B(T ), t ∈ [0, T ].

β is called the Brownian bridge in [0, T ]. Clearly β is a continuous
stochastic process.

Exercise 3.16 Prove that the law of β(·) in L2(0, T ) is a Gaussian
measure NST

, where ST is defined by

ST h(t) =
∫ T

0
K(t, s)h(s)ds, h ∈ L2(0, T ), t ∈ [0, 1], (3.22)

and

K(t, s) =
{

s(T − t), if 0 ≤ s ≤ t,
t(T − s), if t ≤ s ≤ T.

Moreover setting BT = S −1
T , show that

⎧⎨
⎩

BT h(t) = −h′′(t), h ∈ D(BT )

D(BT ) = H2(0, T ) ∩ H1
0 (0, T ).
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3.5 Multidimensional Brownian motions

Let X1, . . . , Xn be real stochastic processes in a probability space
(Ω, F , P). They are said to be independent if for arbitrary tij ≥ 0, i, j =
1, . . . , n, the random variables with values in R

n

(Xi(ti1), . . . , Xi(tin)), i = 1, .., n,

are independent.
A Brownian motion in R

n is a stochastic process

B = B(t) = (B1(t), . . . , Bn(t)), t ≥ 0,

taking values in R
n such that B1, . . . , Bn are mutually independent real

Brownian motions.
Let us construct a Brownian motion in R

n. Denote by (e1, . . . , en)
an orthonormal basis in R

n. Then set H = L2(0, +∞; Rn), F = B(H),
and P = NQ, where Q is any operator in L+

1 (H) such that Ker Q = {0}.
The following result can be proved as Theorem 3.1. The simple proof

is left to the reader.

Theorem 3.17 Let Bi(t) = W1[0,t]ei
, t ≥ 0. Then B(t) = (B1(t), . . . ,

Bn(t)), is a Brownian motion in R
n.

Remark 3.18 Let B be a Brownian motion in R
n. Then the following

properties are easy to check.

(i) For all t > s > 0, B(t) − B(s) is a Gaussian random variable with
law N(t−s)In

, where In is the identity operator in R
n.

(ii) For all t, s > 0, E(Bi(t)Bj(s)) = 0 if i 
= j, i, j = 1, . . . , n.
(iii) We have

E

[
|B(t) − B(s)|2

]
= n(t − s). (3.23)

Let us check (iii). We have

E

[
|B(t) − B(s)|2

]
=

n∑
k=1

E

[
|Bk(t) − Bk(s)|2

]
= n(t − s).

Exercise 3.19 Prove that for 0 ≤ s < t we have

E

[
|B(t) − B(s)|4

]
= (2n + n2)(t − s)2. (3.24)

Now we define the Wiener integral

F (T ) =
∫ T

0
G(t)dB(t),
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for a function G ∈ C([0, T ]; L(Rn)). Set

Gh,k(t) = 〈G(t)ek, eh〉, t ∈ [0, 1], h, k = 0, 1, . . . , n,

and

F (T )h =
n∑

k=1

∫ 1

0
Gh,k(t)dBk(t), h = 1, . . . , n. (3.25)

Proposition 3.20 Let G ∈ C([0, T ]; L(Rn)), and let

F (T ) = (F (T )1, . . . , F (T )n)

be defined by (3.25). Then we have

E(F (T )) = 0, (3.26)

and

E(|F (T )|2) =
∫ T

0
Tr [G(t)G∗(t)]dt. (3.27)

Proof. (3.26) is obvious, let us prove (3.27). We have in fact

E(|I|2) =
n∑

h=1

E(|Ih|2)

= E

⎛
⎝ n∑

h,k,p=1

∫ T

0
Gh,k(t)dBk(t)

∫ 1

0
Gh,p(t)dBp(t)

⎞
⎠

=
n∑

h,k=1

∫ T

0
G2

h,k(t)dt =
∫ T

0
Tr [G(t)G∗(t)]dt.

�

Exercise 3.21 Let X(t) =
∫ t
0 G(s)dB(s). Prove that X(t) is a Gaussian

random variable with law NQt where

Qt =
∫ t

0
Tr [G(s)G∗(s)]ds.
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Stochastic perturbations of a dynamical system

4.1 Introduction

In this chapter we are given a Brownian motion B(t), t ≥ 0, in a
probability space (Ω, F , P) with values in R

n. Without any loss of
generality we can assume that B(·)(ω) is continuous for all ω ∈ Ω.

Let us consider a dynamical system in R
n governed by the ordinary

differential equation
⎧⎨
⎩

Z ′(t) = b(Z(t)), t ≥ 0,

Z(0) = x ∈ R
n,

(4.1)

where b : R
n → R

n is Lipschitz continuous, that is there exists M > 0
such that

|b(x) − b(y)| ≤ M |x − y|, x, y ∈ R
n.

It is well known that equation (4.1) is equivalent to the integral equation

Z(t) = x +
∫ t

0
b(Z(s))ds, t ≥ 0 (4.2)

and that equation (4.2) has a unique solution Z(·, x) ∈ C1([0, +∞); Rn).
To take into account random perturbations one is led to consider

the following stochastic differential equation,

X(t) = x +
∫ t

0
b(X(s))ds +

√
C B(t), t ≥ 0, (4.3)

where C is a symmetric and non-negative linear operator R
n → R

n.
The unknown X(·) of (4.3) is a stochastic process on (Ω, F , P).
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Usually, equation (4.3) is formally written as
⎧⎪⎨
⎪⎩

dX(t) = b(X(t))dt +
√

C dB(t),

X(0) = x.
(4.4)

Setting

X(t, ω) = X(t)(ω), B(t, ω) = B(t)(ω), t ≥ 0, ω ∈ Ω,

equation (4.3) can be regarded as a family of deterministic integral
equations indexed by ω,

X(t, ω) = x +
∫ t

0
b(X(s, ω))ds +

√
C B(t, ω), t ≥ 0. (4.5)

Consequently, to solve the integral equation (4.5), it is enough to solve
for any x ∈ R

n and f ∈ C([0, T ]; Rn) (1) the deterministic integral
equation

u(t) = x +
∫ t

0
b(u(s))ds + f(t), t ∈ [0, T ], (4.6)

whose solution we shall denote by u(·, f), and then to set

X(·, x)(ω) = u(x,
√

C B(·)(ω)), ω ∈ Ω.

Remark 4.1 When f ∈ C1([0, T ]; H), equation (4.6) coincides with
the Cauchy problem

⎧⎨
⎩

u′(t) = b(u(t)) + f ′(t),

u(0) = x + f(0).
(4.7)

Equation (4.6) can be easily solved by the classical method of successive
approximations. That is, setting

u0(t) = x, un+1(t) = x+
∫ t

0
b(un(s))ds+ f(t), n ∈ N, t ≥ 0, (4.8)

the following result holds,
(1) C([0, T ]; Rn) is the space of all continuous functions f : [0, T ] → R

n endowed with
the norm ‖f‖0 = supt∈[0,T ] |f(t)|. C1([0, T ]; Rn) is the subspace of C([0, T ]; Rn)
of all continuously differentiable functions. We set ‖f‖1 = ‖f‖0 + ‖Df‖0.
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Lemma 4.2 Let x ∈ R
n, T > 0, f ∈ C([0, T ]; Rn). Then there exists

a unique u ∈ C([0, T ]; Rn) fulfilling equation (4.6) and we have

u = lim
n→∞

un in C([0, T ]; Rn). (4.9)

Moreover, denoting by γT the mapping

γT : R
n×C([0, T ]; Rn) → C([0, T ]; Rn), (x, f) 
→ γT (x, f) = u, (4.10)

we have

‖γT (x, f)− γT (x1, f1)‖0 ≤ eTM |x− x1|+
∫ T

0
esMds ‖f − f1‖0, (4.11)

for any x, x1 ∈ R
n, and any f, f1 ∈ C([0, T ]; Rn).

Finally, if in addition b is of class Ck for some k ∈ N, then γT is
of class Ck.

Proof. We only sketch the proof (which is very similar to that of exis-
tence and uniqueness for the Cauchy problem in R

n). We have

|u1(t) − u0(t)| ≤ |b(x)|T + ‖f‖0, t ∈ [0, T ],

and, by recurrence on n,

|un+1(t) − un(t)| ≤ (|b(x)|T + ‖f‖0)
MnTn

n!
, n ∈ N, t ∈ [0, T ],

and so (4.9) follows easily by a classical argument.
Let us prove (4.11). Let x, x1 ∈ R

n, f, f1 ∈ C([0, T ]; Rn) and let
u = γT (x, f), u1 = γT (x1, f1). Then we have

u(t)−u1(t) = x−x1+
∫ t

0
[b(u(s))−b(u1(s))]ds+(f(t)−f1(t)), t ∈ [0, T ].

It follows that for t ∈ [0, T ],

|u(t) − u1(t)| ≤ |x − x1| + M

∫ t

0
|u(s) − u1(s)|ds + |f(t) − f1(t)|.

Consequently, by the Gronwall lemma we have

|u(t) − u1(t)| ≤ etM |x − x1| +
∫ t

0
e(t−s)M |f(s) − f1(s)|ds, t ∈ [0, T ],

(4.12)
which yields (4.11).
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Finally the last statement is standard, its proof it left as an exercise
to the reader. �

Now we come back to the stochastic differential equation (4.3).

Proposition 4.3 Let η ∈ L2(Ω, F , P; Rn). Then the following state-
ments hold.

(i) There exists a unique continuous stochastic process X(·, η) in [0,
+∞) solution of the integral equation

X(t, η) = η +
∫ t

0
b(X(s, η))ds +

√
C B(t). (4.13)

X(·, η) is given by

X(·, η(ω)) = γT (η(ω),
√

C B(·)(ω)), ω ∈ Ω, (4.14)

where γT is defined by (4.10).
(ii) For any T > 0 we have

X(·, η) = lim
n→∞

Xn(·, η) in C([0, T ]; L2(Ω, F , P; Rn)), (4.15)

where Xn, n ∈ N, is defined by recurrence as

X0(t, η) = η, Xn+1(t, η) = η+
∫ t

0
b(Xn(s, η))ds+

√
C B(t), t ∈ [0, T ].

(iii) If η = x is constant, the law of X(·, x) is independent of the choice
of the particular Brownian motion B.

Proof. (i) and (ii) are immediate consequences of Lemma 4.2. Finally,
since

X(·, x) = γT (x,
√

C B(·)), (4.16)

the law of X(·, x), is determined by that of B(·) which does not depend
on the choice of B (recall Proposition 3.14). �

Exercise 4.4 Show that if η = x is constant and t, h > 0, the random
variables X(t, x) and B(t + h) − B(t), are independent.
Hint. Check by recurrence that Xn(t, x) and B(t + h)−B(t) are inde-
pendent.

Remark 4.5 It is useful to study problems with a general initial time
s ∈ R, {

Z ′(t, x) = b(Z(t, x)), t ≥ s,
Z(s, x) = x ∈ H.
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This problem is equivalent to the integral equation

Z(t, x) = x +
∫ t

s
b(Z(u, x))du, t ≥ 0.

Similarly to the stochastic case we shall consider the equation

X(t, s, η) = η +
∫ t

s
b(X(ρ, η))dρ +

√
C (B(t) − B(s)), t ≥ s,

(4.17)

where η ∈ L2(Ω, F , P; Rn). Then, proceding as before, we can see that
the equation (4.17) has a unique solution X(·, s, η). Moreover we have
clearly

X(t, η) = X(t, 0, η), t ≥ 0, η ∈ L2(Ω, F , P; Rn). (4.18)

Exercise 4.6 Prove that if 0 ≤ s < σ < t, and η ∈ L2(Ω, F , P; Rn),
we have

X(t, σ, X(σ, s, η)) = X(t, s, η). (4.19)

Hint: Use the uniqueness result for problem (4.17).

Proposition 4.7 Let x ∈ H, t, s, h > 0, t > s. Then the random
variables X(t + h, s + h, x) and X(t, s, x) have the same law.

Proof. Write

X(t, s, x) = x +
∫ t

s
b(X(u, s, x))du +

√
C (B(t) − B(s)) (4.20)

and

X(t + h, s + h, x) = x +
∫ t+h

s+h
b(X(u, s + h, x))du

+
√

C (B(t + h) − B(s + h)).
(4.21)

Setting u = v + h and B1(t) = B(t + h)−B(h), we can write (4.21) as

X(t + h, s + h, x) = x +
∫ t

s
b(X(v + h, s + h, x))dv

+
√

C (B1(t) − B1(s)).
(4.22)

Recall that B1(t) is a Brownian motion by the invariance by translation
(see Exercise 3.5). This shows that the process X(·+h, s+h, x) fulfills
(4.20) with the Brownian motion B(t) replaced by B1(t). Thus the
law of X(t + h, s + h, x) coincides with that of X(t, s, x) thanks to
Proposition 4.3(iii). �
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Exercise 4.8 Show that if η ∈ L2(Ω, F , P; Rn), then the laws of
X(t, s, η) and X(t + h, s + h, η) are different in general.
Hint: Take η = B(s).

4.2 The Ornstein–Uhlenbeck process

We assume here that b(x) = Ax, where A ∈ L(Rn). In this case we can
solve explicitly equations (4.3) and (4.6).

Lemma 4.9 Let A ∈ L(Rn), x ∈ H and f ∈ C([0, T ]; Rn). Then the
solution to the equation

u(t) = x +
∫ t

0
Au(s)ds + f(t), t ≥ 0, (4.23)

is given by

u(t) = etAx + f(t) +
∫ t

0
Ae(t−s)Af(s)ds, t ≥ 0. (4.24)

Proof. Recall that the solution of (4.23) is given by u = γT (x, f) where
γT is defined by (4.10), and that γT is continuous. Since C1([0, T ]; Rn)
is dense in C([0, T ]; Rn), it is enough to prove (4.24) when f ∈
C1([0, T ]; Rn). In this case (4.23) is equivalent to the initial value prob-
lem ⎧⎨

⎩
u′(t) = Au(t) + f ′(t),

u(0) = x + f(0),

whose solution is given by the variation of constants formula,

u(t) = etA(x + f(0)) +
∫ t

0
e(t−s)Af ′(s)ds.

Now, integrating by parts we obtain (4.24). �

Proposition 4.10 Let A ∈ L(Rn), x ∈ R
n. Then the solution to the

stochastic differential equation

dX = AXdt +
√

C dB(t), X(0) = x, (4.25)

is given by

X(t, x) = etAx +
∫ t

0
e(t−s)A

√
C dB(s). (4.26)
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X(·, x) is called an Ornstein–Uhlenbeck process.
Proof. Taking into account (4.24) we have

X(t, x) = etAx +
√

C B(t) +
∫ t

0
Ae(t−s)A

√
C B(s)ds.

Now the conclusion follows from the integration by parts formula (3.19).
�

Exercise 4.11 Prove that the law of X(t, x) is given by

X(t, x)#P = NetAx,Qt
, (4.27)

where
Qt =

∫ t

0
esACesA∗

ds. (4.28)

Hint. Use Exercise 3.21.

4.3 The transition semigroup in the deterministic case

We are here concerned with problem (4.1) under the assumption
that b : R

n → R
n is Lipschitz continuous and of class C1. We know

that for any x ∈ R
n problem (4.1) has a unique solution Z(·, x) ∈

C1([0, +∞); H) and

Z(t + s, x) = Z(t, Z(s, x)). (4.29)

Moreover Z(·, x) is differentiable in x as the following proposition
shows.

Proposition 4.12 For any t ≥ 0, Z(t, x) is differentiable on x and we
have

〈Zx(t, x), h〉 = ηh(t, x), x, h ∈ H, t ≥ 0, (4.30)

where ηh(t, x) is the solution to the initial value problem
⎧⎪⎪⎨
⎪⎪⎩

d

dt
ηh(t, x) = bx(Z(t, x)) · ηh(t, x),

ηh(0, x) = h.

(4.31)

Moreover,
b(Z(t, x)) = Zx(t, x)b(x), x ∈ H, t ≥ 0. (4.32)
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Proof. This proposition is well known. We only prove (4.32) for the
reader’s convenience. Differentiating (4.29) with respect to s yields

Zt(t + s, x) = Zx(t, Z(s, x)) · Zt(s, x),

which is equivalent to

b(Z(t + s, x)) = Zx(t, Z(s, x)) · b(Z(s, x)).

Setting s = 0, the identity (4.32) follows. �

Now we associate to the dynamical system (4.1) (which is obviously
non-linear in general) a semigroup of linear operators defined on the
space Cb(Rn) (2) setting,

Ptϕ(x) = ϕ(Z(t, x)), x ∈ H, t ≥ 0.

Pt is called the transition semigroup related to the dynamical system
described by (4.1).

In the applications to physics a function ϕ ∈ Cb(Rn) is often inter-
preted as an “observable”. Then Ptϕ describes the evolution in time of
the observable. The asymptotic behaviour of Ptϕ gives important in-
formation on the dynamical system (4.1) as: invariant measures, ergod-
icity, mixing etc.; concepts that we shall introduce in the next chapter.

We notice that from (4.29) it follows immediately that the semigroup
law holds, namely

Pt+s = PtPs, t, s ≥ 0. (4.33)
The transition semigroup Pt is related to the following partial differen-
tial equation of the first order, (3)⎧⎨

⎩
vt(t, x) = 〈b(x), Dxv(t, x)〉,

v(0, x) = ϕ(x),
(4.34)

where ϕ ∈ C1
b (Rn).

By a strict solution of (4.34) we mean a function v : [0, T ]×R
n → R

n

of class C1 such that (4.34) holds.
(2) Cb(R

n) is the Banach space of all uniformly continuous and bounded mappings
ϕ : R

n → R, endowed with the norm ‖ϕ‖0 = supx∈Rn |ϕ(x)|. For any k ∈ N,
Ck

b (Rn) is the subspace of Cb(R
n) of all functions which are continuous and

bounded together with their derivatives of order less than or equal to k. We set
‖ϕ‖k = ‖ϕ‖0 +

∑k

j=1
supx∈H |Dj

xϕ(x)|.
(3) If ϕ ∈ C1

b (Rn) and x ∈ R
n we shall identify Dxϕ(x) with the unique element h

of R
n such that Dxϕ(x)y = 〈h, y〉, ∀ y ∈ R

n. If ϕ ∈ C2
b (Rn) and x ∈ R

n we shall
identify D2

xϕ(x) with the unique element T of L(Rn) such that D2
xϕ(x)(y, z) =

〈Ty, z〉, ∀ y, z ∈ R
n.
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Theorem 4.13 Let ϕ ∈ C1
b (Rn). Then problem (4.34) has a unique

strict solution v given by

v(t, x) = ϕ(Z(t, x)) = Ptϕ(x), t ≥ 0, x ∈ R
n. (4.35)

Proof. Existence. We shall prove that v(t, x), given by (4.35), is a strict
solution of (4.34). We have in fact, for t ≥ 0, x ∈ R

n,

vt(t, x) = 〈Dxϕ(Z(t, x)), Zt(t, x)〉 = 〈Dxϕ(Z(t, x)), b(Z(t, x))〉. (4.36)

Moreover, taking into account (4.32), we have

〈Dxv(t, x), b(x)〉 = 〈Dxϕ(Z(t, x)), Zx(t, x) · b(x)〉
= 〈Dxϕ(Z(t, x)), b(Z(t, x))〉.

Comparing with (4.36) yields the conclusion.

Uniqueness. Let ζ be a strict solution of (4.34). Fix t > 0. Then for
any s ∈ [0, t] we have

d

ds
ζ(t − s, Z(s, x)) = −ζt(t − s, Z(s, x))

+〈Dxζ(t − s, Z(s, x)), b(Z(s, x))〉 = 0.

It follows that ζ(t − s, Z(s, x)) is constant for s ∈ [0, t]. Setting s = t
and s = 0 we see that ϕ(Z(t, x)) = ζ(t, x). �

4.4 The transition semigroup in the stochastic case

Here we want to associate to the solution X(t, x) of the stochastic
differential equation

X(t, x) = x +
∫ t

0
b(X(s, x))ds +

√
C B(t), t ≥ 0, x ∈ H (4.37)

a transition semigroup Pt. It is natural to set

Ptϕ(x) =
∫
Ω

ϕ(X(t, x)(ω))P(dω) = E [ϕ(X(t, x))] , t ≥ 0, ϕ ∈ Cb(Rn).

(4.38)

Remark 4.14 Let T > 0, H = L2(0, T ; Rn). Then, for any t ∈ [0, T ]
and any ϕ ∈ Cb(Rn) we have the following explicit representation for-
mula for Ptϕ,

Ptϕ(x) =
∫

H
ϕ(γT (x,

√
C f)(t))NRT

(df), x ∈ R
n,

where γT is defined by (4.10) and RT by (3.20).
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In the following proposition we show that Pt acts on Cb(Rn). Later we
shall see that Pt is a semigroup of linear bounded operators on Cb(Rn).

Proposition 4.15 For any t > 0 and any ϕ ∈ Cb(Rn), we have Ptϕ ∈
Cb(Rn). Moreover Pt ∈ L(Cb(Rn)) and

‖Ptϕ‖0 ≤ ‖ϕ‖0. (4.39)

Proof. Notice first that for any ϕ ∈ Cb(Rn) we have

|Ptϕ(x)| ≤ E|ϕ(X(t, x))| ≤ ‖ϕ‖0, x ∈ R
n,

so that (4.39) holds.
Let now ϕ ∈ C1

b (Rn), x, x ∈ R
n. Then, recalling (4.11) we find that

|Ptϕ(x) − Ptϕ(x)| ≤ ‖ϕ‖1E|X(t, x) − X(t, x)| ≤ ‖ϕ‖1e
tM |x − x|.

Thus Ptϕ ∈ Cb(Rn). Finally, let ϕ ∈ Cb(Rn) and t ≥ 0. Since C1
b (Rn)

is dense in Cb(Rn), there exists a sequence (ϕn) ⊂ C1
b (Rn) such that

‖ϕ − ϕn‖0 ≤ 1/n for all n ∈ N. Then, since

‖Ptϕ − Ptϕn‖0 ≤ ‖ϕ − ϕn‖0 ≤ 1
n

,

we have Ptϕ ∈ Cb(Rn). �

Exercise 4.16 (i) Prove that if ϕ ∈ Cb(Rn) is non-negative, then for
all t ≥ 0 Ptϕ is non-negative as well.

(ii) Prove that Pt(1) = 1.

(iii) Denote by πt(x, ·) the law of X(t, x), that is πt(x, ·) = X(t, x)#P.
Prove that

Ptϕ(x) =
∫

H
ϕ(y)πt(x, dy), ϕ ∈ Cb(Rn). (4.40)

Now we are going to prove that

d

dt
Ptϕ = PtLϕ, ϕ ∈ C2

b (Rn), (4.41)

and
d

dt
Ptϕ = LPtϕ, ϕ ∈ C2

b (Rn), (4.42)
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where L is the following differential operator, called the Kolmogorov
operator,

Lϕ(x) =
1
2

Tr [CD2
xϕ(x)] + 〈b(x), Dxϕ(x)〉, ϕ ∈ C2

b (Rn), x ∈ R
n.

Using (4.41) and (4.42) we will show that the parabolic equation
⎧⎪⎪⎨
⎪⎪⎩

Dtu(t, x) =
1
2

Tr [CD2
xu(t, x)] + 〈b(x), Dxu(t, x)〉

u(0, x) = ϕ(x), x ∈ H,

(4.43)

has a unique solution given by u(t, x) = Ptϕ(x), and that the semigroup
law, called the Chapman–Kolmogorov equation,

Pt+s = PtPs, t, s ≥ 0, P0 = 1, (4.44)

holds.

Proposition 4.17 (Forward Itô formula) For any ϕ ∈ C2
b (Rn) we

have

d

dt
E [ϕ(X(t, x))] = E [(Lϕ)(X(t, x))] , t ≥ 0, x ∈ R

n, (4.45)

which is equivalent to (4.41).

Proof. Since C is symmetric, there exists an orthonormal basis (ek) on
R

n and non-negative numbers (γk) such that Cek = γkek, k = 1, . . . , n.
We set xk = 〈x, ek〉, k = 1, . . . , n.

Let h > 0 and set X(t+h, x)−X(t, x) = δh. By the Taylor formula
we have

1
h

[E(ϕ(X(t + h, x)))− E(ϕ(X(t, x)))] = I1(h) + I2(h) + I3(h), (4.46)

where

I1(h) =
1
h

E〈Dxϕ(X(t, x)), δh〉

I2(h) =
1
2h

E〈D2
xϕ(X(t, x)) · δh, δh〉

I3(h) =
1
h

E

∫ 1

0
(1 − ξ)〈[D2

xϕ(z(t, h, x, ξ)) − D2
xϕ(X(t, x))] · δh, δh〉dξ



62 Stochastic perturbations of a dynamical system

and
z(t, h, x, ξ) = (1 − ξ)X(t, x) + ξX(t + h, x).

On the other hand, we have

δh =
∫ t+h

t
b(X(τ, x))dτ +

√
C (B(t + h) − B(t))

and so,

I1(h) = E

〈
Dxϕ(X(t, x)),

1
h

∫ t+h

t
b(X(τ, x))dτ

〉

+
1
h

E〈Dxϕ(X(t, x)),
√

C (B(t + h) − B(t))〉.

Since (recall Exercise 4.4), B(t + h) − B(t) is independent of Dxϕ
(X(t, x)), we have that the second integral vanishes. Thus, letting h
tend to 0, we find

lim
h→0

I1(h) = E [〈Dxϕ(X(t, x)), b(X(t, x))〉] . (4.47)

Concerning I2(h) we have, setting

Ft,t+h =
∫ t+h

t
b(X(τ, x))dτ,

I2(h) =
1
2

E

〈
D2

xϕ(X(t, x)) · Ft,t+h,
1
h

Ft,t+h

〉

+E

〈
D2

xϕ(X(t, x)) · Ft,t+h,
√

C (B(t + h) − B(t))

〉

+
1
2h

E〈D2
xϕ(X(t, x)) ·

√
C (B(t + h) − B(t)),

= I2,1(h) + I2,2(h) + I2,3(h).

Clearly
lim
h→0

I2,1(h) = lim
h→0

I2,2(h) = 0. (4.48)

Concerning I2,3 we have (recall Exercise 4.4),

I2,3(h) =
1
2h

n∑
i=1

γi E[D2
xixi

ϕ(X(t, x))]E[(Bi(t + h) − Bi(t))2]

=
1
2

E[Tr (CD2
xϕ(X(t, x)))].
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Therefore
lim
h→0

I2,3(h) =
1
2

E[Tr (CD2
xϕ(X(t, x)))]. (4.49)

Let us show finally that

lim
h→0

I3(h) = 0. (4.50)

For this we set

I3 =
1
h

E

∫ 1

0
〈g(ξ, h) · δh, δh〉dξ,

where

g(ξ, h) = (1−ξ)
[
D2

xϕ((1 − ξ)X(t, x) + ξX(t + h, x)) − D2
xϕ(X(t, x))

]
.

By the Hölder inequality we have

|I3|2 ≤ 1
h2

∫ 1

0
E‖g(ξ, h)‖2dξ E |δh|4.

Thus, to prove (4.50) it is enough to show that

(i) lim
h→0

E

∫ 1

0
‖g(ξ, h)‖2dξ = 0,

(ii)
1
h2

E |δh|4 ≤ c, for some c > 0.

(i) follows from the dominated convergence theorem since lim
h→0

g(ξ, h) = 0,

for all h ∈ (0, 1] and P-a.s. and ‖g(ξ, h)‖ ≤ 2‖ϕ‖2. Let us prove (ii).
Recalling that, by (3.24),

E |B(t + h) − B(t)|4 = (2n + n2)h2,

we have

1
h2

E |δh|4 ≤ 8
h2

E

∣∣∣∣∣
∫ t+h

t
b(X(s, x))ds

∣∣∣∣∣
4

+
8
h2

E |B(t + h) − B(t)|4

≤ 8
h2

E

∣∣∣∣∣
∫ t+h

t
b(X(s, x))ds

∣∣∣∣∣
4

+ 2n + n2,

and (ii) is proved.
Now the conclusion follows from (4.47)–(4.50). �

Proposition 4.18 (Backward Itô formula) Assume that b is Lip-
schitz continuous and of class C2, and that ϕ ∈ C2

b (Rn). Then we have

d

dt
E [ϕ(X(t, x))] = LE [ϕ(X(t, x))] , t ≥ 0, x ∈ H, (4.51)

which is equivalent to (4.42).
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Proof. Let x ∈ H, s > 0 be fixed. If h > 0 and t > s + h we have,
taking into account (4.19)

Σh :=
1
h

[E(ϕ(X(t, s + h, x))) − E(ϕ(X(t, s, x)))]

=
1
h

[E(ϕ(X(t, s + h, x))) − E(ϕ(X(t, s + h, X(s + h, s, x)))] .

Let us consider the random variable

g(y) = ϕ(X(t, s + h, y)), y ∈ H,

which is of class C2 in y by Lemma 4.2, since b is of class C2. So, we
have

Σh =
1
h

[E(g(x)) − E(g(X(s + h, s, x)))].

Setting δh = X(s + h, s, x) − x and using the Taylor formula we have

Σh = −1
h

E〈Dxg(x), δh〉 −
1
2h

E〈D2
xg(x) · δh, δh〉

−1
h

E

∫ 1

0
(1 − ξ)〈[D2

xg((1 − ξ)x + ξX(s + h, s, x)) − D2
xg(x)] · δh, δh〉dξ.

= J1 + J2 + J3. (4.52)

Now, terms J1, J2, and J3 can be estimated by arguing as in the proof
of Proposition 4.17 and we arrive at the conclusion. �

We can prove finally the result

Theorem 4.19 Assume that b is Lipschitz continuous and of class C2,
and that ϕ ∈ C2

b (Rn). Then problem (4.43) has a unique strict solution
given by u(t, x) = Ptϕ(x), t ≥ 0, x ∈ H. Moreover

Pt+s = PtPs, t, s ≥ 0.

Proof. Existence. Let u(t, x) = Ptϕ(x), t ≥ 0, x ∈ H, and set u(t, ·) =
u(t). Then by the backward Itô formula (4.51) we have

d

dt
u(t) = Lu(t).
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Uniqueness. Let u be a solution of (4.43). Then for any t > s ≥ 0 we
have by the forward Itô formula (4.45)

d

ds
Pt−su(s) = −Pt−sLu(s) + Pt−s

d

ds
u(s) = 0.

Thus the function s → Pt−su(s) is constant and the conclusion follows.
�

Remark 4.20 Often one has to compute E [ϕ(X(t, x))] for some un-
bounded function ϕ. This can be done by introducing suitable approxi-
mations of ϕ. It is particularly important in the case when ϕ(x) = |x|2.
Here a direct computation is possible by the next proposition.

Proposition 4.21 We have

d

dt
E

[
|X(t, x)|2

]
= Tr[C] + 2E〈b(X(t, x)), X(t, x)〉, t ≥ 0, x ∈ H.

(4.53)

Proof. In fact, since

X(t + h, x) = X(t, x) +
∫ t+h

t
b(X(s, x))ds +

√
C (B(t + h) − B(t)),

we have

|X(t + h, x)|2 − |X(t, x)|2 =

∣∣∣∣∣
∫ t+h

t
b(X(s, x))ds

∣∣∣∣∣
2

+|
√

C (B(t + h) − B(t))|2 + 2

〈
X(t, x),

∫ t+h

t
b(X(s, x))ds

〉

+2〈X(t, x),
√

C (B(t + h) − B(t))〉

+2

〈∫ t+h

t
b(X(s, x))ds,

√
C (B(t + h) − B(t))

〉

Taking expectation we find that

E

[
|X(t + h, x)|2 − |X(t, x)|2

]
= E

∣∣∣∣∣
∫ t+h

t
b(X(s, x))ds

∣∣∣∣∣
2

+ Tr [C] + 2E

〈
X(t, x),

∫ t+h

t
b(X(s, x))ds

〉

+2E

〈∫ t+h

t
b(X(s, x))ds,

√
C (B(t + h) − B(t))

〉
.

Now the conclusion follows, dividing both sides of the identity above
by h and letting h tend to 0. �
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Remark 4.22 Usually the forward or backward Itô formulae are stated
more generally for ϕ(X(t, x, s)) instead of for E[ϕ(X(t, x, s))]. One can
show that the stochastic process u(t, s, x) = ϕ(X(t, x, s)) is the solution
to a stochastic partial differential equation.

4.5 A generalization

For several applications the assumption that b is Lipschitz continuous
is too restrictive. Previous results can be generalized however under
the following assumption.

Hypothesis 4.23 (i) b is locally Lipschitz continuous.
(ii) There exists a continuous non-negative function a such that

〈b(x + y), x〉 ≤ a(y)(1 + |x|2), for all x, y ∈ R
n.

We can prove in fact the following result.

Proposition 4.24 Assume that Hypothesis 4.23 holds. Let x ∈ H and
f ∈ C([0, T ]; H). Then the equation

u(t) = x +
∫ t

0
b(u(s))ds + f(t), t ∈ [0, T ], (4.54)

has a unique solution u ∈ C([0, T ]; H).

Proof. Setting v = u − f, equation (4.54) reduces to

v(t) = x +
∫ t

0
b(v(s) + f(s))ds,

which is equivalent to the Cauchy problem
⎧⎪⎪⎨
⎪⎪⎩

d

dt
v(t) = b(v(t) + f(t)),

v(0) = x + f(0).

(4.55)

Since b is locally Lipschitz continuous, there exists a unique solution of
(4.55) in a maximal interval [0, τ∗) included in [0, T ]. To show global
existence we have to find an a-priori estimate for v.

In fact, multiplying both sides of the first equation in (4.55) by v(t),
and taking into account Hypothesis (4.23)(ii), we find that

1
2

d

dt
|v(t)|2 = 〈b(v(t) + f(t)), v(t)〉 ≤ a(f(t))(1 + |v(t)|2).
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Set
κ = sup

t∈[0,T ]
a(f(t)).

Then we have
1
2

d

dt
|v(t)|2 ≤ κ(1 + |v(t)|2),

which yields

|v(t)|2 ≤ e2κT |x + f(0)|2 +
∫ T

0
e2κsds,

the required a-priori estimate. �

Now several of the previous considerations can be generalized; we
leave this task as an exercise to the reader.

Exercise 4.25 Let n = 1, b(x) = −x2m+1 where m ∈ N, x ∈ R and
f ∈ C([0, T ]; R). Prove that the equation

u(t) = x −
∫ t

0
u(s)2m+1ds + f(t), t ∈ [0, T ], (4.56)

has a unique solution u ∈ C([0, T ]; H).
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Invariant measures for Markov semigroups

We are given a Hilbert space H (inner product 〈·, ·〉, norm | · |). We
shall use the following notations.

• B(x, r) is the open ball in H with centre x and radius r > 0.
• Cb(H) (resp. Bb(H)) is the Banach space of all uniformly continuous

and bounded mappings (resp. Borel bounded mappings) ϕ : H → R

endowed with the norm

‖ϕ‖0 = sup
x∈H

|ϕ(x)|.

• L(Cb(H)) (resp. L(Bb(H))) is the space of all linear bounded oper-
ators from Cb(H) (resp. Bb(H)) into itself.

• C+
b (H) (resp. B+

b (H)) represents the cone in Cb(H) (resp. Cb(H))
consisting of all non-negative functions, and 1 the function on H
identically equal to 1.

• Cb(H)∗ is the topological dual of Cb(H).
• P(H) is the space of all probability measures on (H, B(H)) where

B(H) is the σ-algebra of all Borel subsets of H.
There is a natural embedding of P(H) into Cb(H)∗. Namely, for
any µ ∈ P(H) we set

Fµ(ϕ) =
∫

H
ϕ(x)µ(dx), ϕ ∈ Cb(H).

In the following we shall often identify µ with Fµ.

5.1 Markov semigroups

Definition 5.1 A Markov semigroup Pt on Bb(H) is a mapping

[0, +∞) → L(Bb(H)), t 
→ Pt,
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such that

(i) P0 = 1, Pt+s = PtPs for all t, s ≥ 0.
(ii) For any t ≥ 0 and x ∈ H there exists a probability measure πt(x, ·) ∈

P(H) such that

Ptϕ(x) =
∫

H
ϕ(y)πt(x, dy) for all ϕ ∈ Bb(H). (5.1)

(iii) For any ϕ ∈ Cb(H) (resp. Bb(H)) and x ∈ H, the mapping t 
→
Ptϕ(x) is continuous (resp. Borel).

Obviously, by (5.1) it follows that for t = 0,

π0(x, ·) = δx, x ∈ H,

where δx is the Dirac measure at x.
We notice that in the literature one requires usually only (i) and (ii)

in the definition of Markov semigroup Pt. In this case condition (iii)
means that Pt is stochastically continuous, see e.g. [10].

Definition 5.2 Let Pt be a Markov semigroup.

(i) Pt is Feller if Ptϕ ∈ Cb(H) for any ϕ ∈ Cb(H) and any t ≥ 0.
(ii) Pt is strong Feller if Ptϕ ∈ Cb(H) for any ϕ ∈ Bb(H) and any

t > 0.
(iii) Pt is irreducible if Pt1B(x0,r)(x) > 0 for all x, x0 ∈ H, r > 0 and

any t ≥ 0.

Let us give some general properties of a Markov semigroup Pt. First,
notice that by (5.1) we have Pt1 = 1 for all t ≥ 0 and that Pt preserves
positivity, that is Ptϕ ∈ B+

b (H) for all ϕ ∈ B+
b (H).

Moreover, since, for any ϕ ∈ Cb(H),

−‖ϕ‖0 ≤ ϕ(x) ≤ ‖ϕ‖0, x ∈ H,

we have
|Ptϕ(x)| ≤ ‖ϕ‖0, x ∈ H.

Consequently ‖Pt‖L(Bb(H)) ≤ 1, for any t ≥ 0. That is Pt is a semigroup
of contractions on Bb(H).

Let us give now some properties of the family of measures πt(x, ·)
(called a probability kernel).

By (5.1) it follows that for any E ∈ B(H) we have

πt(x, E) = Pt1E(x), t ≥ 0, x ∈ H. (5.2)

Moreover, the following useful result holds.
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Proposition 5.3 For any t, s ≥ 0, x ∈ H and any E ∈ B(H) we have

πt+s(x, E) =
∫

H
πs(y, E)πt(x, dy). (5.3)

Proof. We have in fact, taking into account the semigroup property of
Pt, (5.2) and (5.1),

πt+s(x, E) = Pt+s1E(x) = Ptπs(·, E)(x) =
∫

H
πs(y, E)πt(x, dy).

�

Example 5.4 Let us consider the differential equation
{

X ′(t) = b(X(t)),
X(0) = x, (5.4)

on H = R
n where b : H → H is Lipschitz continuous. As is well known,

there exists a unique solution X(t, x) of problem (5.4). Set

πt(x, ·) = δX(t,x), x ∈ R
n.

Then it is easy to see that the transition semigroup

Ptϕ(x) = ϕ(X(t, x)), ϕ ∈ Bb(Rn) (5.5)

is a Markov semigroup.

Exercise 5.5 (i) Prove that semigroup Pt, defined by (5.5), is Feller.
Is Pt strong Feller?

(ii) Prove that Pt is strongly continuous in Cb(H) if and only if b is
bounded.

Example 5.6 Let us consider the stochastic differential equation
⎧⎪⎨
⎪⎩

dX = b(X)dt +
√

C dB(t),

X(0) = x, (5.6)

on H = R
n where B is a standard Brownian motion in a probabil-

ity space (Ω, F , P) with values in H, b : H → H is locally Lipschitz
continuous, C ∈ L(H) and Hypothesis 4.23 is fulfilled.
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Then by Proposition 4.3 there exists a unique continuous stochastic
process X(·, x), the solution of problem (5.6). Set

πt(x, E) = (X(t, x)#P)(E), x ∈ R
n, E ∈ B(Rn).

Then the transition semigroup

Ptϕ(x) = E [ϕ(X(t, x))] =
∫

R

ϕ(y)πt(x, dy), ϕ ∈ Bb(H), (5.7)

is a Markov semigroup as easily checked.

Exercise 5.7 Prove that the semigroup Pt, defined by (5.7), is Feller.

5.2 Invariant measures

In this section Pt represents a Markov semigroup on H. A probability
measure µ ∈ P(H) is said to be invariant for Pt if

∫
H

Ptϕdµ =
∫

H
ϕdµ for all ϕ ∈ Bb(H) and t ≥ 0. (5.8)

If Pt is Feller this condition is clearly equivalent (identifying µ with Fµ)
to

P ∗
t µ = µ for all t ≥ 0, (5.9)

where P ∗
t is the transpose operator of Pt, defined as

〈ϕ, P ∗
t F 〉 = 〈Ptϕ, F 〉,

for all ϕ ∈ Cb(H), F ∈ Cb(H)∗. (1)

If µ ∈ P(H) is invariant for Pt we have

µ(A) = P ∗
t µ(A) =

∫
H

Pt1A(x)µ(dx), A ∈ B(H),

from which, recalling (5.8),

µ(A) =
∫

H
πt(x, A)µ(dx), A ∈ B(H). (5.10)

A first basic result is the following.
(1) 〈·, ·〉 represent the duality between Cb(H) and Cb(H)∗.
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Theorem 5.8 Assume that µ is an invariant measure for Pt. Then for
all t ≥ 0, p ≥ 1, Pt is uniquely extendible to a linear bounded operator
on Lp(H, µ) that we still denote by Pt. Moreover

‖Pt‖L(Lp(H,µ)) ≤ 1, t ≥ 0. (5.11)

Finally, Pt is a strongly continuous semigroup in Lp(H, µ).

Proof. Let ϕ ∈ Cb(H). By the Hölder inequality we have

|Ptϕ(x)|p ≤
∫

H
|ϕ(y)|pπt(x, dy) = Pt(|ϕ|p)(x).

Integrating both sides of the above inequality with respect to µ over H
yields

∫
H
|Ptϕ(x)|pµ(dx) ≤

∫
H

Pt(|ϕ|p)(x)µ(dx) =
∫

H
|ϕ(x)|pµ(dx)

in view of the invariance of µ. Since Cb(H) is dense in Lp(H, µ), Pt is
uniquely extendible to Lp(H, µ) and (5.11) follows.

Let us show finally that Pt is strongly continuous in Lp(H, µ). First
let ϕ ∈ Cb(H). Then, by property (iii) in Definition 5.1 of Pt we have
that the function t → Ptϕ(x) is continuous for any x ∈ H. Conse-
quently, by the dominated convergence theorem

lim
t→0

Ptϕ = ϕ in Lp(H, µ).

The same assertion follows easily when ϕ ∈ Lp(H, µ) by the density of
Cb(H) in Lp(H, µ). �

Let µ be an invariant measure for Pt. We are going to study the
asymptotic behaviour of Ptϕ, for ϕ ∈ L2(H, µ). This is obvious when
Ptϕ = ϕ for all t > 0. In this case we say that ϕ is stationary. In
general, given ϕ ∈ L2(H, µ), one can ask whether there exists the limit

lim
t→+∞

Ptϕ(x), (5.12)

or, if not, if there exists the limit of the means

lim
T→+∞

1
T

∫ T

0
Psϕ(x)ds. (5.13)

We shall prove indeed that this limit always exists in L2(H, µ) (Von
Neumann theorem).
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If in addition it happens that

lim
T→+∞

1
T

∫ T

0
Ptϕ(x)dt =

∫
H

ϕdµ in L2(H, µ), (5.14)

for all ϕ ∈ L2(H, µ), Pt is said to be ergodic. In this case the identity
(5.14) is interpreted in physics by saying that the “temporal” average
of Ptϕ coincides with the “spatial” average of ϕ.

It can also happen in particular that

lim
t→+∞

Ptϕ(x) =
∫

H
ϕdµ in L2(H, µ). (5.15)

In this case Pt is said to be strongly mixing.
Existence and uniqueness of invariant measures will be proved in

Chapter 7. We conclude this introduction by giving two examples of
invariant measures.

Exercise 5.9 Consider the ordinary differential equation,

Z ′(t) = Z(t) − Z3(t), Z(0) = x,

and the corresponding transition semigroup

Ptϕ(x) = ϕ(Z(t, x)), ϕ ∈ Cb(H).

Prove that Pt is a Markov semigroup and that πt(x, E) = δZ(t,x)(E), E ∈
B(R), t ≥ 0, x ∈ R.

Show moreover that measures δ0, δ1 and δ−1 are invariant, ergodic
and strongly mixing.

Exercise 5.10 Consider the stochastic differential equation in R,

dX(t) = −X(t)dt + dB(t), X(0) = x,

whose solution X(t, x) is given by the Ornstein–Uhlenbeck process (see
Proposition 4.10),

X(t, x) = e−tx +
∫ t

0
e−(t−s)dB(s), t ≥ 0, x ∈ R.

Prove that

πt(x, ·) = Ne−tx, 1
2

(1−e−2t), x ∈ R, t > 0.

Show moreover that the measure µ = N 1
2

is invariant, ergodic and
strongly mixing.

Hint. Check that (5.8) holds for ϕ(x) = eihx, where h ∈ R.
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In order to study the behaviour of limT→+∞
1
T

∫ T
0 Ptϕdt, we need

some general result about the averages of the powers of a linear oper-
ator, proved in the next section.

5.3 Ergodic averages

We are given a linear bounded operator T on a Hilbert space E (norm
‖ · ‖, inner product 〈·, ·〉). (2) We set

Mn =
1
n

n−1∑
k=0

T k, n ∈ N.

Theorem 5.11 Assume that supn∈N ‖Tn‖ < +∞. Then there exists
the limit

lim
n→∞

Mnx := M∞x for all x ∈ E. (5.16)

Moreover M∞ ∈ L(H), M2
∞ = M∞ and M∞(E) = Ker (1 − T ).

Proof. First notice that the limit of (Mnx) certainly exists when either
x ∈ Ker (1 − T ), or x ∈ (1 − T )(E). In fact in the first case we have
obviously

lim
n→∞

Mnx = x for all x ∈ Ker (1 − T ),

and in the latter we have

lim
n→∞

Mnx = 0 for all x ∈ (1 − T )(E),

because

(1 − T )Mn = Mn(1 − T ) =
1
n

(1 − Tn), n ∈ N. (5.17)

Consequently we also have

lim
n→∞

Mnx = 0 for all x ∈ (1 − T )(E), (5.18)

where (1 − T )(E) is the closure of (1 − T )(E).
Now let x ∈ E be fixed. Since ‖Mnx‖n∈N is bounded by assumption,

there exists a sub-sequence (nk) of N, and an element y ∈ H such that
Mnk

x → y weakly as k → ∞. By (5.17) it follows also that TMnk
x →

Ty = y, so that y ∈ Ker (1 − T ).
(2) Later we shall take E = L2(H, µ).



76 Invariant measures

Now we prove that Mnx → y. First note that, since y ∈ Ker (1−T ),
we have Mny = y, and so

Mnx = Mny + Mn(x − y) = y + Mn(x − y). (5.19)

We claim that x − y ∈ (1 − T )(E), which will prove (5.17) by (5.16).
We have in fact

x − y = lim
k→∞

(x − Mnk
x),

and x − Mnk
x ∈ (1 − T )(E) because

x − Mnk
x =

1
nk

nk−1∑
h=0

(1 − T h)x

=
1
nk

nk−1∑
h=0

(1 + T + ... + T h−1)(1 − T )x.

Therefore (5.16) holds.
Finally, since (1 − T )Mn → 0, we have M∞ = TM∞, so that

T kM∞ = M∞, k ∈ N, and M∞ = MnM∞, which yields as n → ∞,
M∞ = (M∞)2, as required. �

5.4 The Von Neumann theorem

In this section we assume that there is an invariant measure µ for the
Markov semigroup Pt. This will allow us to extend the semigroup Pt

to L2(H, µ), as proved in Theorem 5.8.
We denote by Σ the set

Σ = {f ∈ L2(H, µ) : Ptf = f, µ-a.e. for all t ≥ 0} (5.20)

of all stationary points of Pt. Clearly Σ is a closed subspace of L2(H, µ)
and 1 ∈ Σ.

Let us consider the average

M(T )ϕ =
1
T

∫ T

0
Ptϕdt, ϕ ∈ L2(H, µ), T > 0.

Theorem 5.12 There exists the limit

lim
T→∞

M(T )ϕ =: M∞ϕ in L2(H, µ). (5.21)
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Moreover M∞ is a projection operator on Σ, and∫
H

M∞ϕdµ =
∫

H
ϕdµ. (5.22)

Proof. For all T > 0 write

T = nT + rT , nT ∈ N ∪ {0}, rT ∈ [0, 1).

For ϕ ∈ L2(H, µ) we have

M(T )ϕ =
1
T

nT−1∑
k=0

∫ k+1

k
Psϕds +

1
T

∫ T

nT

Psϕds

=
1
T

nT−1∑
k=0

∫ 1

0
Ps+kϕds +

1
T

∫ rT

0
Ps+n(T )ϕds

=
nT

T

1
nT

nT−1∑
k=0

(P1)kM(1)ϕ +
rT

T
(P1)nT M(rT )ϕ. (5.23)

Since
lim

T→∞
nT

T
= 1, lim

T→∞
rT

T
= 0,

letting n → ∞ in (5.23) and invoking Theorem 5.11, we get (5.21).
We prove now that for all t ≥ 0

M∞Pt = PtM∞ = M∞. (5.24)

In fact, given t ≥ 0 we have

M∞Ptϕ = lim
T→∞

1
T

∫ T

0
Pt+sϕds = lim

T→∞
1
T

∫ t+T

t
Psϕds

= lim
T→∞

1
T

{∫ T

0
Psϕds −

∫ t

0
Psϕds +

∫ T+t

T
Psϕds

}

= M∞ϕ

and this yields (5.24).
By (5.24) it follows that M∞f ∈ Σ for all f ∈ L2(H, µ), and more-

over that
M∞M(T ) = M(T )P∞ = M∞,

which yields, letting T → ∞, M2
∞ = M∞. Finally, (5.22) follows, by

integrating (5.21) with respect to µ. �
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5.5 Ergodicity

Let µ be an invariant measure for Pt. We say that µ is ergodic if

lim
T→∞

1
T

∫ T

0
Ptϕdt = ϕ for all ϕ ∈ L2(H, µ), (5.25)

where
ϕ =

∫
H

ϕ(x)µ(dx).

Proposition 5.13 Let µ be an invariant measure for Pt. Then µ is er-
godic if and only if the dimension of the linear space Σ of all stationary
elements of L2(H, µ) defined by (5.20) is 1.

Proof. If µ is ergodic it follows from (5.25) that any element in Σ is
constant, so that dimension of Σ is 1. Conversely assume that dimension
of Σ is 1. Then there is a linear bounded functional F on L2(H, µ) such
that

M∞ϕ = F (ϕ)1.

By the Riesz representation theorem there exists an element ϕ0 ∈
L2(H, µ) such that F (ϕ) = 〈ϕ, ϕ0〉. Integrating this equality on H
with respect to µ and taking into account the invariance of M∞ (see
(5.22)), yields

∫
H

M∞ϕdµ =
∫

H
ϕdµ = 〈ϕ,1〉 = 〈ϕ, ϕ0〉, ϕ ∈ L2(H, µ).

Therefore ϕ0 = 1. �
Let µ be an invariant measure for Pt. A Borel set Γ ∈ B(H) is said

to be invariant for Pt if its characteristic function 1Γ belongs to Σ. If
µ(Γ) is equal to either 0 or 1, we say that Γ is trivial, otherwise it is
nontrivial.

We now want to show that µ is ergodic if and only if all invariant
sets are trivial. For this it is important to notice that Σ is a lattice, as
proved in the next proposition.

Proposition 5.14 Assume that ϕ and ψ belong to Σ. Then the follow-
ing statements hold.

(i) |ϕ| ∈ Σ.
(ii) ϕ+, ϕ− ∈ Σ. (3)

(3) ϕ+ = max{ϕ, 0}, ϕ− = max{−ϕ, 0}.
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(iii) ϕ ∨ ψ, ϕ ∧ ψ ∈ Σ. (4)

(iv) For any a ∈ R we have 1{x∈H: ϕ(x)>a} ∈ Σ.

Proof. Let us prove (i). Let t > 0 and assume that ϕ ∈ Σ, so that
ϕ(x) = Ptϕ(x). Then we have

|ϕ(x)| = |Ptϕ(x)| ≤ Pt(|ϕ|)(x), x ∈ H. (5.26)

We claim that
|ϕ(x)| = Pt(|ϕ|)(x), µ-a.s.

Assume by contradiction that there is a Borel subset I ⊂ H such that
µ(I) > 0 and

|ϕ(x)| < Pt(|ϕ|)(x), x ∈ I.

Then we have ∫
H
|ϕ(x)|µ(dx) <

∫
H

Pt(|ϕ|)(x)µ(dx).

Since, by the invariance of µ,
∫

H
Pt(|ϕ|)(x)µ(dx) =

∫
H
|ϕ|(x)µ(dx),

we find a contradiction.
Statements (ii) and (iii) follow from the obvious identities

ϕ+ =
1
2
(ϕ + |ϕ|), ϕ− =

1
2
(ϕ − |ϕ|),

ϕ ∨ ψ = (ϕ − ψ)+ + ψ, ϕ ∧ ψ = −(ϕ − ψ)+ + ϕ.

Finally let us prove (iv). It is enough to show that the set {ϕ > 0}
is invariant, or, equivalently, that 1{ϕ>0} belongs to Σ. We have in fact,
as it is easily checked,

1{ϕ>0} = lim
n→∞

ϕn(x), x ∈ H,

where ϕn = (nϕ+)∧ 1, n ∈ N, belongs to Σ by (ii) and (iii). Therefore
{ϕ > 0} is invariant. �

We are now ready to prove the following result.

Theorem 5.15 Let µ be an invariant measure for Pt. Then µ is ergodic
if and only if any invariant set is trivial.
(4) ϕ ∨ ψ = max{ϕ, ψ}, ϕ ∧ ψ = min{ϕ, ψ}.
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Proof. Let Γ be invariant for µ. Then if µ is ergodic 1Γ must be
constant (otherwise dim Σ ≥ 2) and so Γ is trivial. Assume conversely
that the only invariant sets for µ are trivial and, by contradiction,
that µ is not ergodic. Then there exists a non-constant function ϕ0 ∈
Σ. Therefore by Proposition 5.14 for some λ ∈ R the invariant set
{ϕ0 > λ} is not trivial. �

5.6 Structure of the set of all invariant measures

We still assume that Pt is a Markov semigroup on H. We denote by Λ
the set of all its invariant measures and we assume that Λ is non-empty.
Clearly Λ is a convex subset of Cb(H)∗.

Theorem 5.16 Assume that there is a unique invariant measure µ
for Pt. Then µ is ergodic.

Proof. Assume by contradiction that µ is not ergodic. Then there is a
nontrivial invariant set Γ. Let us prove that the measure µΓ defined as

µΓ(A) =
1

µ(Γ)
µ(A ∩ Γ), A ∈ B(H),

belongs to Λ. This will give rise to a contradiction.
Recalling (5.10), we have to show that

µΓ(A) =
∫

H
πt(x, A)µΓ(dx), A ∈ B(H),

or, equivalently, that

µ(A ∩ Γ) =
∫
Γ

πt(x, A)µ(dx), A ∈ B(H). (5.27)

In fact, since Γ is invariant, we have

Pt1Γ = 1Γ, Pt1Γc = 1Γc , t ≥ 0,

and so
πt(x,Γ) = 1Γ(x), πt(x,Γc) = 1Γc(x), t ≥ 0.

Consequently,

πt(x, A ∩ Γc) = 0, µ-a.e. in Γ and πt(x, A ∩ Γ) = 0, µ-a.e. in Γc,
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and so∫
Γ

πt(x, A)µ(dx) =
∫
Γ

πt(x, A ∩ Γ)µ(dx) +
∫
Γ

πt(x, A ∩ Γc)µ(dx)

=
∫
Γ

πt(x, A ∩ Γ)µ(dx) =
∫

H
πt(x, A ∩ Γ)µ(dx) = µ(A ∩ Γ),

and (5.10) holds. �
We want now to show that the set of all extremal points of Λ is

precisely the set of all ergodic measures of Pt. For this we need a lemma.

Lemma 5.17 Let µ, ν ∈ Λ with µ ergodic and ν absolutely continuous
with respect to µ. Then µ = ν.

Proof. Let Γ ∈ B(H). By the Von Neumann theorem there exists
Tn ↑ ∞ such that

lim
n→∞

1
Tn

∫ Tn

0
Pt1Γdt = µ(Γ), µ-a.e. (5.28)

Since ν � µ, identity (5.28) holds also ν-a.e. Now integrating (5.28)
with respect to ν yields

lim
n→∞

1
Tn

∫ Tn

0

(∫
H

Pt1Γdν

)
dt = ν(Γ), µ-a.e.

Consequently ν(Γ) = µ(Γ) as required. �
We can now prove the announced property of Λ.

Theorem 5.18 The set of all invariant ergodic measures of Pt coin-
cides with the set of all extremal points of Λ.

Proof. We first prove that if µ is ergodic then it is an extremal point
of Λ. Assume by contradiction that µ is ergodic and it is not an extremal
point of Λ. Then there exist µ1, µ2 ∈ Λ with µ1 
= µ2, and α ∈ (0, 1)
such that

µ = αµ1 + (1 − α)µ2.

Then clearly µ1 � µ and µ2 � µ. By Lemma 5.17 we get a
contradiction.

We finally prove that if µ is an extremal point of Λ, then it is
ergodic. Assume by contradiction that µ is not ergodic. Then there
exists a nontrivial invariant set Γ. Consequently, arguing as in the proof
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of Theorem 5.16, we have µΓ, µΓc ∈ Λ. Since

µ = µ(Γ)µΓ + (1 − µ(Γ))µΓc ,

we find that µ is not extremal, a contradiction. �

Theorem 5.19 Assume that µ and ν are ergodic invariant measures
with µ 
= ν. Then µ and ν are singular.

Proof. Let Γ ∈ B(H) be such that µ(Γ) 
= ν(Γ). From the Von Neu-
mann theorem it follows that there exists Tn ↑ +∞ and two Borel sets
M and N such that µ(M) = 1, ν(N) = 1, and

lim
n→∞

1
Tn

∫ Tn

0
(Pt1Γ)(x)dt = µ(Γ), ∀ x ∈ M,

lim
n→∞

1
Tn

∫ Tn

0
(Pt1Γ)(x)dt = ν(Γ), ∀ x ∈ N.

Since µ(Γ) 
= ν(Γ) this implies that M ∩ N = ∅, and so µ and ν are
singular. �
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Weak convergence of measures

We are given a separable Hilbert space H (norm | · |, inner product
〈·, ·〉). We shall use notations from the previous chapters. In particular,
B(H) is the σ-algebra of all Borel subsets of H and P(H) is the set
of all probability measures on (H, B(H)). If B ∈ B(H) we denote as
before by Bc its complement.

Moreover, Cb(H) is the Banach space of all uniformly continuous
and bounded mappings ϕ : H → R endowed with the sup norm

‖ϕ‖0 = sup
x∈H

|ϕ(x)|.

Cb(H)∗ is the topological dual of Cb(H), endowed with the norm

‖F‖ = sup {|F (x)| : |x| ≤ 1} , F ∈ Cb(H)∗.

We follow here [19].

6.1 Some additional properties of measures

Let us first prove that any Borel probability measure on H is regular.

Proposition 6.1 Let µ ∈ P(H). Then for any B ∈ B(H) we have

µ(B) = sup{µ(C) : C ⊂ B, closed} = inf{µ(A) : A ⊃ B, open}.
(6.1)

Proof. Let us set

K = {B ∈ B(H) : (6.1) holds}.

Obviously K contains H and ∅. Thus it is enough to show that K
is a σ-algebra of parts of H including the open sets of H. Clearly if



84 Weak convergence of measures

B ∈ K then its complement Bc belongs to K . Let us prove now that
(Bn) ⊂ K ⇒ ⋃∞

n=1 Bn ∈ K . Fix ε > 0. We are going to show that
there is a closed set C and an open set A such that

C ⊂
∞⋃

n=1

Bn ⊂ A, µ(A\C) ≤ ε. (6.2)

Let n ∈ N. Since Bn ∈ K there is an open set An and a closed set Cn

such that
Cn ⊂ Bn ⊂ An : µ(An\Cn) ≤ ε

2n+1
.

Setting

A =
∞⋃

n=1

An; S =
∞⋃

n=1

Cn

we have S ⊂ ⋃∞
n=1 Bn ⊂ A and µ(A\S) ≤ ε

2 . However, A is open
but S is not necessarily closed. So we approximate S by closed sets
setting Sn =

⋃n
k=1 Ck. Sn is obviously closed, Sn ↑ S and consequently

µ(Sn) ↑ µ(S). Therefore there exists nε ∈ N such that µ(S\Snε) < ε
2 .

Now setting C = Snε we have C ⊂ ⋃∞
n=1 Bn ⊂ A and µ(A\C) < ε.

Therefore
⋃∞

n=1 Bn ∈ K . We have proved that K is a σ-algebra. It
remains to show that K contains the open subsets of H. In fact, let A
be open and set

Cn =
{

x ∈ H : d(x, Ac) ≥ 1
n

}
,

where d(x, Ac) represents the distance from x to Ac. Then Cn is a closed
subsets of A, and moreover Cn ↑ A which implies µ(A/Cn) ↓ 0. Thus
the conclusion follows. �

Now we show that any probability measure µ ∈ P(H) is concen-
trated on the union of a countable family of compact subsets of H. We
have in fact the following result.

Theorem 6.2 Let µ ∈ P(H). Then there exists an increasing se-
quence of compact subsets (Kn) of H such that

lim
n→∞

µ(Kn) = 1.

Proof. Let (ah)h∈N be a dense subset of H. Then for any k ∈ N we
have

H =
∞⋃

h=1

B(ah, 1/k),
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where B(ah, 1/k) = {y ∈ H : |y − ah| ≤ 1/k} . Consequently, for all
j, k ∈ N there exists nk,j ∈ N such that

µ

(nk,j⋃
h=1

B(ah, 1/k)

)
≥ 1 − 1

j2k
,

or, equivalently,

µ

(nk,j⋂
h=1

B(ah, 1/k)
c

)
≤ 1

j2k
. (6.3)

Set now,

Kj =
∞⋂

k=1

nk,j⋃
h=1

B(ah, 1/k).

Clearly, Kj can be covered by a finite number of balls of arbitrary radius
so that is totally bounded and consequently relatively compact. (1) It
remains to check that µ(Kj) ≥ 1 − 1

j , which will conclude the proof.
We have in fact taking into account (6.3),

µ(Kc
j ) = µ

( ∞⋃
k=1

nk,j⋂
h=1

B(ah, 1/k)
c

)

≤
∞∑

k=1

µ

(nk,j⋂
h=1

B(ah, 1/k)
c

)
≤ 1

j

∞∑
k=1

1
2k

=
1
j
.

�

6.2 Positive functionals

A linear functional F : Cb(H) → R is said to be positive, if

ϕ ≥ 0 =⇒ F (ϕ) ≥ 0.

A linear positive functional F is continuous and we have ‖F‖ = F (1).
In fact from the inequalities

−‖ϕ‖0 ≤ ϕ(x) ≤ ‖ϕ‖0, x ∈ H, ϕ ∈ Cb(H),

it follows that

−‖ϕ‖0 F (1) ≤ F (ϕ) ≤ ‖ϕ‖0 F (1), ϕ ∈ Cb(H).
(1) See [14, page 22].
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To any µ ∈ P(H) we associate as before the positive functional

Fµ(ϕ) =
∫

H
ϕ(x)µ(dx), ϕ ∈ Cb(H)

and we identify Fµ with µ.
By Proposition 1.5, the application µ 
→ Fµ is one-to-one. Obviously,

it is not onto. We are going to characterize those positive functionals F
such that F = Fµ for some measure µ. We start with a straightforward
result.

Proposition 6.3 Let F be a linear positive functional such that
F (1) = 1. If there exists µ ∈ P(H) such that either

F (ϕ) ≤
∫

H
ϕ(x)µ(dx), for all ϕ ∈ Cb(H) with 0 ≤ ϕ ≤ 1, (6.4)

or

F (ϕ) ≥
∫

H
ϕ(x)µ(dx), for all ϕ ∈ Cb(H) with 0 ≤ ϕ ≤ 1, (6.5)

then F = µ.

Proof. Assume for instance that (6.4) holds. Then we have

F (1 − ϕ) ≤
∫

H
(1 − ϕ(x))µ(dx) for all ϕ ∈ Cb(H) with 0 ≤ ϕ ≤ 1,

which, together with (6.4), yields F = Fµ. �
We want now to show that the restriction FK (defined by (6.6))

of a positive functional F to a compact set K, is a measure. For any
non-negative ϕ ∈ Cb(H) we set

FK(ϕ) = inf {F (ψ) : ψ ∈ Cb(H), ψ ≥ 0, ψ = ϕ on K} (6.6)

and
FK(ϕ) = FK(ϕ+) − FK(ϕ−),

where
ϕ+ = max {ϕ, 0} , ϕ− = max {−ϕ, 0} .

Obviously

FK(ϕ) ≤ F (ϕ) for all non-negative ϕ ∈ Cb(H). (6.7)

Lemma 6.4 FK is linear.
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Proof. It is enough to show that if ϕ1, ϕ2 ∈ Cb(H) are non-negative,
we have

FK(ϕ1 + ϕ2) = FK(ϕ1) + FK(ϕ2). (6.8)

For any ε > 0 there exist ψ1,ε, ψ2,ε ≥ 0 in Cb(H) such that

ψ1,ε(x) = ϕ1(x), ψ2,ε(x) = ϕ2(x), x ∈ K

and
FK(ϕi) + ε ≥ F (ψi,ε), i = 1, 2.

Therefore

FK(ϕ1+ϕ2) ≤ F (ψ1,ε+ψ1,ε) = F (ψ1,ε)+F (ψ2,ε) ≤ FK(ϕ1)+FK(ϕ2)+2ε.

Since ε is arbitrary, we obtain

FK(ϕ1 + ϕ2) ≤ FK(ϕ1) + FK(ϕ2). (6.9)

Conversely, given ε > 0 there is ψε ≥ 0 such that ψε = ϕ1 + ϕ2 on K,
and

F (ψε) ≤ FK(ϕ1 + ϕ2) + ε.

We may choose ψε such that

ψε(x) ≤ ϕ1(x) + ϕ2(x), x ∈ H.

Set now

ψi,ε(x) =

⎧⎪⎪⎨
⎪⎪⎩

ϕi(x)
ϕ1(x) + ϕ2(x)

ψε(x) if ϕ1(x) + ϕ2(x) > 0,

0 if ϕ1(x) + ϕ2(x) = 0.

i = 1, 2.

Functions ψi,ε are continuous since

ψi,ε(x) ≤ ψε(x) ≤ ϕ1(x) + ϕ2(x), x ∈ H.

Finally, we have

FK(ϕ1) + FK(ϕ2) ≤ F (ψ1,ε) + F (ψ2,ε) = F (ψε) ≤ FK(ϕ1 + ϕ2) + ε.
(6.10)

The conclusion follows from (6.9) and (6.10). �
Proposition 6.5 Let F be a positive functional on Cb(H), and let K
be a compact subset of H. Then there exists a measure µK ∈ P(H)
such that

FK(ϕ) =
∫

H
ϕ(x)µk(dx), ϕ ∈ Cb(H), (6.11)

where FK is defined by (6.6).
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Proof. We first remark that, in virtue of the Tietze theorem (see [14,
page 15]) any function of C(K) is the restriction to K of a function of
Cb(H). Then we can define a positive functional F̃K on C(K) setting

F̃K(ϕ) = FK(ϕ̃), ϕ ∈ C(K),

where ϕ̃ is any non-negative function belonging to Cb(H) which ex-
tends ϕ.

In virtue of the Riesz representation theorem (see [14, page 265])
there exists a unique Borel measure µ̃K on K such that

F̃K(ϕ) =
∫

K
ϕ(y)µ̃K(dy), ϕ ∈ C(K).

Setting now
µK(B) = µ̃K(B ∩ K), B ∈ B(H),

we have that µK is a Borel measure (not a probability measure however
in general) on H. Moreover

FK(ϕ) =
∫

K
ϕ(x)µ̃K(dx) =

∫
H

ϕ(x)µK(dx), ϕ ∈ Cb(H),

and (6.11) follows. �
Before proving the required characterization of those positive func-

tionals which are measures, we need a definition. We say that a positive
linear functional on H such that F (1) = 1 is tight if there exists an
increasing sequence of compact subsets (Kn) of H such that

lim
n→∞

FKn(1) = 1.

Theorem 6.6 Let F be a positive linear functional on Cb(H) such that
F (1) = 1. Then F ∈ P(H) if and only if it is tight.

Proof. If F ∈ P(H) then it is tight by Theorem 6.2. Assume conversely
that F is tight and let (Kn) be an increasing sequence of compact
subsets of H such that limn→∞ FKn(1) = 1. Obviously the sequence of
measures (µKn) is increasing and bounded. Set

µ(B) = lim
n→∞

µKn(B), B ∈ B(H).

Then µ is a Borel measure on H. In fact if Am ↑ A in B(H), we have
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lim
m→∞

µ(Am) = lim
m→∞

lim
n→∞

µn(Am)

= sup
m∈N

sup
n∈N

µn(Am) = sup
n∈N

sup
m∈N

µn(Am)

= lim
n→∞

lim
m→∞

µn(Am) = lim
n→∞

µn(A) = µ(A).

.

Moreover, by the assumption we have µ(H) = 1. Finally, for any non-
negative ϕ ∈ Cb(H) we have

F (ϕ) ≥ FKn(ϕ) =
∫

H
ϕ(x)µKn(dx).

Letting n → ∞ we find that

F (ϕ) ≥
∫

H
ϕ(x)µ(dx),

and the conclusion follows from Proposition 6.3. �

6.3 The Prokhorov theorem

A sequence (µk) ⊂ P(H) is said to be weakly convergent to a proba-
bility measure µ (µk ⇀ µ) if we have

lim
k→∞

∫
H

ϕ(x)µk(dx) =
∫

H
ϕ(x)µ(dx) for all ϕ ∈ Cb(H). (6.12)

A subset Λ ∈ P(H) is said to be weakly relatively compact if one
can extract from any sequence in Λ a subsequence which is weakly
convergent to an element of P(H).

Notice that if µk ⇀ µ we do not have necessarily

lim
n→∞

µn(B) = µ(B) for all B ∈ B(H).

Consider in fact the particular case when H = R, and set

µk = δ1/k, k ∈ N, µ = δ0.

Then µk ⇀ µ, µk({0}) = 0 but µ({0}) = 1.
A subset Λ ⊂ P(H) is said to be tight if there exists an increasing

sequence (Kn) of compact sets of H such that

lim
n→∞

µ(Kn) = 1 uniformly on Λ,
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or, equivalently, if for any ε > 0 there exists a compact set Kε such
that

µ(Kε) ≥ 1 − ε, µ ∈ Λ.

We are now ready to prove the Prokhorov theorem.

Theorem 6.7 Assume that Λ ∈ P(H) is tight. Then it is weakly rel-
atively compact. (2)

Proof. Let (Kn) be an increasing sequence of compact sets in H such
that

µ(Kn) ≥ 1 − 1
n

for all µ ∈ Λ, n ∈ N. (6.13)

For any µ ∈ Λ we denote by µKn the restriction of µ to Kn. For any
n ∈ N, the set of positive functionals {FµKn

: µ ∈ Λ} is bounded
on C(K)∗; consequently, in view of the Banach–Alaoglu theorem (see
e.g. H. Brézis [4, Théorème III.15]) it is ∗-relatively compact. Therefore
there is a sequence (µ1,k) ⊂ Λ and a measure µ̃1 in K1 such that

lim
k→∞

µ1,k = µ̃1 weakly,

and so

lim
k→∞

∫
K1

ϕdµ1,k =
∫

K1

ϕdµ̃1 := F1(ϕ), ϕ ∈ Cb(H). (6.14)

Analogously there is a subsequence (µ2,k) of (µ1,k) weakly convergent
to a measure µ̃2 in K2. Iterating this procedure, we can construct a
subsequence (µm,k) of (µm−1,k) weakly convergent to a measure µ̃m in
Km for all m ∈ N, and we have

lim
k→∞

∫
Km

ϕdµm,k =
∫

Km

ϕdµ̃m := Fm(ϕ), ϕ ∈ Cb(H). (6.15)

Since for ϕ ∈ Cb(H), ϕ ≥ 0,

Fm(ϕ) =
∫

Km−1

ϕdµm +
∫

Km\Km−1

ϕdµm

=
∫

Km−1

ϕdµm−1 +
∫

Km\Km−1

ϕdµm ≥ Fm−1(ϕ).

the sequence (Fn(ϕ)), ϕ ≥ 0 is nondecreasing.
(2) The converse is also true, see e.g. K. P. Parthasarathy, [22].
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Setting νk = µk,k, k ∈ N, we have

lim
k→∞

∫
Kn

ϕdνk =: Fn(ϕ), ϕ ∈ Cb(H), n ∈ N.

Moreover
F (ϕ) = lim

n→∞
Fn(ϕ),

is a positive functional. By Theorem 6.6 there is a measure ν such that
F = Fν . It remains to show that νm ⇀ ν.

Let ϕ ∈ Cb(H), ϕ ≥ 0, ε > 0, k, n ∈ N. We have
∣∣∣∣
∫

H
ϕ(x)ν(dx) −

∫
H

ϕ(x)νk(dx)
∣∣∣∣ =

∣∣∣∣F (ϕ) −
∫

H
ϕ(x)νk(dx)

∣∣∣∣

≤ |F (ϕ) − Fn(ϕ)| +
∣∣∣∣Fn(ϕ) −

∫
Kn

ϕ(x)νk(dx)
∣∣∣∣ +

∫
Kc

n

ϕ(x)νk(dx)

≤ |F (ϕ) − Fn(ϕ)| +
∣∣∣∣Fn(ϕ) −

∫
Kn

ϕ(x)νk(dx)
∣∣∣∣ +

1
n
‖ϕ‖0

by (6.7). Finally, let nε ∈ N be such that

|F (ϕ) − Fnε(ϕ)| ≤ ε

3
,

1
nε

‖ϕ‖0 ≤ ε

3
,

then we have
∣∣∣∣F (ϕ) −

∫
H

ϕ(x)νk(dx)
∣∣∣∣ ≤ 2

3
ε +

∣∣∣∣∣Fnε(ϕ) −
∫

Knε

ϕ(x)νk(dx)

∣∣∣∣∣ ,

and the conclusion follows letting k → ∞. �
We conclude this chapter by giving a useful sufficient condition for

tightness of a subset Λ of P(H).

Proposition 6.8 Let Λ ⊂ P(H) and let V : H → [0, +∞] be a Borel
function such that its level sets

Ka : = {x ∈ H : V (x) ≤ a}, a > 0,

are compact for any a sufficiently large. Assume in addition that

sup
µ∈Λ

∫
H

V (x)µ(dx) : = κ < +∞. (6.16)

Then Λ is tight.
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Proof. Let a > 0. Then we have

µ(Kc
a) =

∫
{V >a}

µ(dx) ≤ 1
a

∫
H

V (x)µ(dx) ≤ κ

a
, µ ∈ Λ.

Thus
lim

a→∞
µ(Kc

a) = 0 uniformly on µ ∈ Λ.

This implies the tightness of Λ. �
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Existence and uniqueness of invariant measures

We are given a separable Hilbert space H, (norm | · |, inner product
〈·, ·〉) and a Markov semigroup Pt (see Chapter 5 for the definition)

Ptϕ(x) =
∫

H
ϕ(y)πt(x, dy), t ≥ 0, ϕ ∈ Cb(H),

on H. We shall assume throughout this chapter that Pt is Feller, that is

ϕ ∈ Cb(H) =⇒ Ptϕ ∈ Cb(H) for all t ≥ 0.

In section 7.1 we shall prove the Krylov–Bogoliubov theorem on the
existence of invariant measures, whereas section 7.2 is devoted to
uniqueness and section 7.3 to application to some stochastic differential
equations in R

n.

7.1 The Krylov–Bogoliubov theorem

Assume that for some x0 ∈ H there exists the limit

lim
t→+∞

Ptϕ(x0) := Fx0(ϕ), (7.1)

for all ϕ ∈ Cb(H). Then it is easy to check that Fx0 is a positive
functional from Cb(H) into R such that Fx0(1) = 1. Moreover Fx0 is
invariant for Pt in the following sense,

Fx0(Ptϕ) = Fx0(ϕ) for all ϕ ∈ Cb(H) and t ≥ 0. (7.2)

In fact, setting in (7.1) ϕ = Psψ, where ψ ∈ Cb(H) we find that

lim
t→+∞

PtPsψ(x0) = Fx0(Psψ).
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On the other hand,

lim
t→+∞

PtPsψ(x0) = lim
t→+∞

Pt+sψ(x0) = Fx0(ψ).

Therefore, (7.2) follows.
If in addition (πt(x0, ·))t≥0 is tight then, by the Prokhorov theo-

rem, there exists µ ∈ P(H) and tn ↑ ∞ such that πtn(x0, ·) ⇀ µ.
Consequently, for all ϕ ∈ Cb(H) we have

Ptnϕ(x0) =
∫

H
ϕ(y)πtn(x0, dy) →

∫
H

ϕ(y)µ(dy) = Fx0(ϕ),

as n → ∞. In other words, µ = Fx0 is invariant for Pt.
We notice that the condition (7.1) is too strong in the applications,

however, tightness of the family (πt(x0, ·))t≥0 only, (1) ensures existence
of an invariant measure for Pt. This is a consequence of the following
Krylov–Bogoliubov theorem.

To formulate the theorem, let us introduce the following notation.
For any T > 0 we set

µT (E) =
1
T

∫ T

0
πt(x0, E)dt, E ∈ B(H), T > 0. (7.3)

Notice that the integral above is meaningful since the mapping

[0, +∞) → R, t 
→ πt(x0, E) = Pt1E(x0),

is Borel in view of Definition 5.1(iii).

Theorem 7.1 Let Pt be a Markov Feller semigroup. Assume that for
some x0 ∈ H the set (µT )T>0, defined by (7.3), is tight. Then there is
an invariant measure for Pt.

Proof. By the Prokhorov theorem there exists a sequence Tn ↑ ∞ and
a probability measure µ ∈ P(H) such that

lim
n→∞

∫
H

ϕ(x)µTn(dx) =
∫

H
ϕ(x)µ(dx) for all ϕ ∈ Cb(H),

which, in view of the Fubini theorem, is equivalent to

lim
n→∞

1
Tn

∫ Tn

0
Ptϕ(x0)dt =

∫
H

ϕ(x)µ(dx) for all ϕ ∈ Cb(H). (7.4)

Setting ϕ = Psψ, for s ≥ 0, we have that ϕ ∈ Cb(H) since Pt is
Feller, and
(1) Even a weaker condition, see Remark 7.2 below.
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lim
n→∞

1
Tn

∫ Tn

0
Pt+sψ(x0)dt =

∫
H

Psψdµ, for all ψ ∈ Cb(H). (7.5)

Let us prove that the left-hand side of (7.5) is equal to
∫
H ψdµ. This

will prove that µ is invariant. We have in fact, taking into account (7.4),

1
Tn

∫ Tn

0
Pt+sψ(x0)dt =

1
Tn

∫ Tn+s

s
Ptψ(x0)dt

=
1
Tn

∫ Tn

0
Ptψ(x0)dt +

1
Tn

∫ Tn+s

Tn

Ptψ(x0)dt − 1
Tn

∫ s

0
Ptψ(x0)dt

→
∫

H
ψ(x)µ(dx) as n → ∞.

�
Remark 7.2 Obviously if the set (πt(x0, ·)t>0), is tight then the as-
sumption of Theorem 7.1 is fulfilled and so there exists an invariant
measure for Pt.

7.2 Uniqueness of invariant measures

In this section we first introduce the notion of regularity of a Markov
semigroup Pt and show that if Pt is regular it possesses at most one
invariant measure. Then we prove that if Pt is irreducible and strong
Feller it is regular.

Definition 7.3 Pt is said to be regular if for any t > 0 all probability
measures πt(x, ·), x ∈ H, are mutually equivalent.

Proposition 7.4 Assume that the Markov semigroup Pt is regular and
possesses an invariant measure µ. Then µ is equivalent to πt(x, ·) for
all t > 0 and all x ∈ H. Moreover, µ is the unique invariant measure
of Pt.

Proof. Assume that µ is an invariant measure for Pt. Then for any
A ∈ B(H) and any t > 0 we have

µ(A) =
∫

H
1Adµ =

∫
H

Pt1Adµ =
∫

H
πt(y, A)µ(dy). (7.6)

Let x ∈ H. We claim that µ is equivalent to πt(x, ·). In fact if for some
A ∈ B(H) we have πt(x, A) = 0 then πt(y, A) = 0 for all y ∈ H by
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the assumption of regularity of Pt. Therefore µ(A) = 0 by (7.6) and so
µ � πt(x, ·).

Conversely if µ(A) = 0 we have, again by (7.6), that πt(y, A) = 0
for µ-almost all y ∈ H. Again by the regularity of Pt we conclude that
πt(y, A) = 0 for all y ∈ H. Therefore πt(x, ·) � µ.

It remains to prove the uniqueness of µ. Assume by contradiction
that there exist two ergodic measures µ and ν. Then µ and ν are
singular by Theorem 5.19. Let A, B ∈ B(H) be disjoint and such that
µ (resp. ν) is concentrated on A (resp. B). Since µ(A) = ν(B) = 1 we
have, by the first part of the proof,

πt(x, A) = πt(x, B) = 1, t > 0, x ∈ H,

which implies πt(x, A∪B) = 2 for all t > 0, x ∈ H, a contradiction. �
We now prove a result due to Khas’minskii, see e.g. [10].

Proposition 7.5 Assume that the Markov semigroup Pt is strong
Feller and irreducible. Then it is regular.

Proof. Let t > 0 and let x0 ∈ H be fixed but arbitrary. We have to
prove that πt(x, ·) is equivalent to πt(x0, ·) for all x ∈ H. For this it is
enough to show that if E ∈ B(H) is such that πt(x0, E) > 0, we have
πt(x, E) > 0 for all x ∈ H.

Assume that πt(x0, E) > 0. Then, since for any h ∈ (0, t) we have
by (5.3),

πt(x0, E) =
∫

H
πh(x0, dy)πt−h(y, E) > 0,

there exists y0 ∈ H such that πt−h(y0, E) > 0. Since Pt is strong Feller,
the function y 
→ πt−h(y, E) is continuous, so that there exists r > 0
such that

πt−h(y, E) > 0 for all y ∈ B(y0, r).

Let now x ∈ H be arbitrary, then we have

πt(x, E) =
∫

H
πh(x, dy)πt−h(y, E) ≥

∫
B(y0,r)

πh(x, dy)πt−h(y, E) > 0,

because πh(x, B(y0, r)) > 0 by the irreducibility of Pt. So, πt(x, E) > 0
and we have proved that πt(x, ·) is equivalent to πt(x0, ·) as required.
�

By Propositions 7.4 and 7.5 we obtain a sufficient condition for the
uniqueness of invariant measure of Pt.

Theorem 7.6 If Pt is strong Feller and irreducible, then it possesses
at most one invariant measure.
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We end this section by proving an interesting property of invariant
measures when Pt is strong Feller. Let us recall that the support of
a probability measure µ ∈ P(H) is defined as the intersection of all
closed subsets of H having probability 1.

Lemma 7.7 Let µ ∈ P(H) and let Kµ be the support of µ. Then we
have

Kµ := {x ∈ H : µ(B(x, r)) > 0 for all r > 0}. (7.7)

Moreover, if ϕ ∈ C+
b (H) is such that

∫
H

ϕ(x)µ(dx) = 0, (7.8)

we have ϕ(x) = 0 for all x ∈ Kµ.

Proof. Assume first that x0 ∈ Kµ and, by contradiction, that there is
r > 0 such that µ(B(x0, r)) = 0. This implies that the support of µ
does not include x0, a contradiction.

Conversely, if x0 /∈ Kµ it is clear that there is r0 > 0 such that
µ(B(x0, r0)) = 0. So, (7.7) follows.

Finally, let ϕ ∈ C+
b (H) fulfill (7.8). Then ϕ vanishes µ-almost every-

where. We want to show that ϕ vanishes identically on Kµ. Let x0 ∈ H
such that ϕ(x0) > 0 and assume by contradiction that x0 ∈ Kµ. By the
continuity of ϕ it follows that there exists r0 > 0 such that ϕ(x0) > 0
on the ball B(x0, r0). But this implies that µ(B(x0, r0)) = 0, a contra-
diction. �

The following result was stated in [17].

Proposition 7.8 Assume that Pt is strong Feller and that µ and ν are
ergodic invariant measures for Pt with supports Kµ and Kν respectively.
Then Kµ ∩ Kν = ∅.

Proof. We know by Theorem 5.19 that µ and ν are singular. Let A, B ∈
B(H) such that A ∩ B = ∅ and µ(A) = ν(B) = 1. Then for any t > 0
we have

0 = µ(Ac) =
∫

H
πt(x, Ac)µ(dx) = ν(Bc) =

∫
H

πt(x, Bc)ν(dx).

Since Pt is strong Feller the function x 
→ πt(x, Ac) is continuous. So,
by Lemma 7.7, we have

πt(x, Ac) = 0 for all x ∈ Kµ.
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In a similar way we have

πt(x, Bc) = 0 for all x ∈ Kν .

Assume now by contradiction that there is x0 ∈ Kµ ∩ Kν . Then we
have

πt(x0, A) = πt(x0, B) = 1,

which implies that πt(x0, A ∪ B) = 2, a contradiction. �

Remark 7.9 For an interesting generalization of strong Feller semi-
groups (asymptotically strong Feller) see [17].

7.3 Application to stochastic differential equations

We consider here the stochastic differential equation

X(t) = x +
∫ t

0
b(X(s))ds +

√
C B(t), t ≥ 0, (7.9)

where C ∈ L(H) is symmetric and non-negative, b : R
n → R

n fulfills
Hypothesis 4.23 and B(t) is a Brownian motion in a probability space
(Ω, F , P) with values in H = R

n. We denote as before by X(t, x) the
solution of (7.9) and set

πt(x, ·) = X(t, x)#P, t ≥ 0, x ∈ H,

Ptϕ(x) = E[ϕ(X(t, x))], ϕ ∈ Cb(Rn), x ∈ R
n, t ≥ 0. (7.10)

Moreover, Λ will represent the set (possibly empty) of all invariant
measures of Pt.

In subsection 7.3.1 we study existence and in subsection 7.3.3
uniqueness of invariant measures. Finally, subsection 7.3.2 is devoted
to the special case when b is decreasing. In this case one can prove
both existence and uniqueness of the invariant measure without us-
ing the Krylov–Bogoliubov theorem (Theorem 7.1) and the strong
Feller property and irreducibility of the transition semigroup
(Theorem 7.6).

7.3.1 Existence of invariant measures

A useful tool for proving existence of invariant measures is provided by
some auxiliary mappings called Lyapunov functions.
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Proposition 7.10 Let V : H → [0, +∞] be a Borel function whose
level sets

Ka := {x ∈ H : V (x) ≤ a}, a > 0,

are compact for any a > 0. Assume that there exists x0 ∈ R
n and

C(x0) > 0 such that

E[V (X(t, x0))] ≤ C(x0) for all t ≥ 0. (7.11)

Then Λ is not empty.
If in addition there exists C > 0 such that

E[V (X(t, x))] ≤ C for all t ≥ 0, x ∈ H, (7.12)

then Λ is tight and∫
Rn

V (x)µ(dx) ≤ C for all µ ∈ Λ. (7.13)

Proof. Assume that (7.11) holds. Then for all a > 0 we have

πt(x0, K
c
a) =

∫
{V >a}

πt(x0, dy) ≤ 1
a

∫
H

V (y)πt(x0, dy)

=
1
a

E[V (X(t, x0))] ≤
C(x0)

a
.

Therefore, the family (πt(x0, ·))t≥0 is tight, so that there exists an in-
variant measure thanks to the Krylov–Bogoliubov theorem.

Assume now that (7.12) holds. Let µ ∈ Λ (we know that Λ is non-
empty by the previous step of the proof) and let ε > 0, t > 0. Then,
by the invariance of µ, we have

∫
Rn

V (x)
1 + εV (x)

µ(dx) =
∫

Rn
Pt

(
V

1 + εV

)
(x)µ(dx)

=
∫

Rn
E

[
V (X(t, x))

1 + εV (X(t, x))

]
µ(dx) ≤

∫
Rn

E[V (X(t, x))]µ(dx) ≤ C.

Letting ε tend to 0 yields (7.13). Finally, by Proposition 6.8 it follows
that Λ is tight. The proof is complete. �
Remark 7.11 Assume that the assumptions of Proposition 7.10 are
fulfilled. Then, in view of the Krein–Milman theorem (see e.g. [26]),
the set of all extremal points of Λ is weakly compact and non-empty.
Consequently, there exists an invariant ergodic measure thanks to
Theorem 5.18.
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Example 7.12 Assume that Hypothesis 4.23 is fulfilled and that there
exists κ ≥ 0 and a > 0 such that (2)

〈b(x), x〉 ≤ κ − a|x|4 for all x ∈ R
n.

By the Itô formula, see (4.53), we have

d

dt
E|X(t, x)|2 = E(〈b(X(t, x)), X(t, x)〉) + Tr C

≤ Tr C + 2κ − 2aE|X(t, x)|2.

Consequently,

E|X(t, x)|2 ≤ |x|2 +
Tr C + 2κ

2a
, x ∈ H.

So, (7.11) is fulfilled with V (x) = |x|2 and, by Proposition 7.10 it
follows that Λ is non-empty. Moreover, again by the Itô formula, we
have

d

dt
E|X(t, x)|2 ≤ Tr C + 2κ − 2aE|X(t, x)|4

≤ Tr C + 2κ − 2a
(
E|X(t, x)|2

)2
.

By an elementary comparison result we find that

E|X(t, x)|2 ≤ α

β

β|x|2(1 + e
− t

2αβ ) + α(1 − e
− t

2αβ )

β|x|2(1 − e
− t

2αβ ) + α(1 + e
− t

2αβ )

≤ α

β

1 + e
− t

2αβ

1 − e
− t

2αβ

, t ≥ 0, x ∈ R
n,

where
α = Tr C + 2κ, β = 2a.

Consequently, (7.12) is fulfilled as well with V (x) = |x|2 and, by Propo-
sition 7.10, it follows that Λ is tight and it contains ergodic invariant
measures.
(2) The same proof holds with 2 + ε replacing 4 for some ε > 0. For a generalization,

using suitable Lyapunov functions, see [20].
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7.3.2 Existence and uniqueness of invariant measures
by monotonicity

In this subsection we shall assume that

Hypothesis 7.13
(i) b is locally Lipschitz continuous.
(ii) There exists β > 0 such that

〈b(x) − b(y), x − y〉 ≤ −β|x − y|2, x, y ∈ R
n. (7.14)

Condition (ii) means that b is strictly decreasing. We notice that con-
dition (i) can be replaced by the continuity of b, see [10].

Exercise 7.14 Prove that Hypothesis 7.13 implies Hypothesis 4.23.

It is useful to consider problem (4.4) with a negative initial time s
(see [10]), that is

⎧⎪⎨
⎪⎩

dX(t) = b(X(t))dt +
√

C dB(t), t ≥ −s

X(−s) = x. (7.15)

Here B(t) is defined for all t ∈ R as follows. We take another Brownian
motion B1(t) independent of B(t) and set

B(t) =

⎧⎨
⎩

B(t) if t ≥ 0,

B1(−t) if t ≤ 0.

Now Proposition 4.3 can be generalized in a straightforward way to
solve problem (7.15). We denote by X(t,−s, x) its unique solution,
that is the solution of the integral equation

X(t,−s, x) = x +
∫ t

−s
b(X(u,−s, x))du +

√
C (.B(t) − B(−s)).

By Proposition 4.7 the law of X(0,−t, x) coincides with that of X(t, x).
We are going to show, following [10], that the law πt(x, ·) of X(t, x)

is weakly convergent as s → +∞ to the unique invariant measure ν
of Pt. In fact we shall prove a stronger result, namely that there exists
the limit

lim
s→+∞

X(0,−s, x) := η in L2(Ω, F , P; Rn).

The law η#P of η will be the required invariant measure of Pt.
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Proposition 7.15 Assume that (7.14) holds. Then there exists a square
integrable function η : Ω → R

n such that for any x ∈ R
n we have

lim
s→+∞

X(0,−s, x) = η in L2(Ω, F , P; Rn). (7.16)

Moreover, there exists c1 > 0 such that

E(|X(0,−s, x) − η|2) ≤ c1e
−2βs|x|2, s > 0. (7.17)

Proof. Let x ∈ R
n be fixed and consider the solution X(t) =

X(t,−s, x) of (7.15). By the Itô formula we have

d

dt
E(|X(t)|2) = 2〈b(X(t)), X(t)〉 + Tr C.

It follows, taking into account (7.14), that

d

dt
E(|X(t)|2) = 2〈b(X(t)) − b(0), X(t)〉 + 2〈b(0), X(t)〉 + Tr C

≤ −2β|X(t)|2 + 2|b(0)| |X(t)| + Tr C

≤ −β|X(t)|2 +
4
β

|b(0)|2 + Tr C.

Consequently, setting

γ :=
4
β

|b(0)|2 + Tr C,

we have
E(|X(t,−s, x)|2) ≤ e−β(t+s)|x|2 +

γ

β
, t ≥ s. (7.18)

We now proceed in two steps.

Step 1. There exists ηx ∈ L2(Ω, F , P; H) such that lim
s→+∞

X(0,−s, x)

= ηx in L2(Ω, F , P; H).

Let s > s1, and set Xs(t) = X(t,−s, x) for all s > 0 and Z(t) =
Xs(t) − Xs1(t). Then we have

⎧⎪⎪⎨
⎪⎪⎩

d

dt
Z(t) = b(Xs(t)) − b(Xs1(t)), t ≥ −s1,

Z(−s1) = Xs(−s1) − x.
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Taking the scalar product of both sides of the first equation by Z(t)
and taking into account (7.14) we obtain

1
2

d

dt
|Z(t)|2 ≤ −β|Z(t)|2, t ≥ 0,

so that

|Xs(t) − Xs1(t)|2 = |Z(t)|2 ≤ e−2β(t+s)|Xs(−s1) − x|2.

Recalling (7.18), we see that there exists a constant c1 > 0 such that

E

(
|Xs(0) − Xs1(0)|2

)
≤ c1e

−2βs|x|2, s > s1. (7.19)

Consequently (Xs(0)) is a Cauchy sequence in L2(Ω, F , P; H). More-
over, (7.17) follows, letting s1 tend to infinity in (7.19). Step 1 is proved.

Step 2. ηx is independent of x.

Let x, y ∈ H, and set

ρs(t) = X(t,−s, x) − X(t,−s, y).

Then we have⎧⎪⎪⎨
⎪⎪⎩

d

dt
ρs(t) = b(X(t,−s, x)) − b(X(t,−s, y))

ρ(−s) = x − y.

Taking the scalar product of the first equation by ρs(t) and arguing as
before, it follows that

|ρs(t)| ≤ e−β(t+s)|x − y|, t ≥ −s.

Therefore, as s → +∞ we obtain ηx = ηy as required.
The proof is complete. �
We can prove finally that there exists a unique invariant measure

for Pt which is in addition strongly mixing.

Theorem 7.16 Assume that Hypothesis 7.13 holds and let ν be the
law of the random variable η defined by (7.16). Then the following
statements hold.
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(i) We have

lim
t→+∞

Ptϕ(x) =
∫

H
ϕ(y)ν(dy), x ∈ H, ϕ ∈ Cb(Rn). (7.20)

(ii) ν is the unique invariant measure for Pt.
(iii) For any Borel probability measure λ ∈ P(H) we have

lim
t→+∞

∫
Rn

Ptϕ(x)λ(dx) =
∫

H
ϕ(x)ν(dx), ϕ ∈ Cb(Rn).

(iv) There exists c > 0 such that for any function ϕ ∈ C1
b (H) we have

∣∣∣∣Ptϕ(x) −
∫

Rn
ϕ(y)ν(dy)

∣∣∣∣ ≤ c‖ϕ‖1e
−βt|x|2, t ≥ 0. (7.21)

Condition (i) expresses the fact that ν is strongly mixing and (7.21)
yields exponential convergence to equilibrium of Pt.

Proof. (i) If ϕ ∈ Cb(Rn) we have

Ptϕ(x) = E[ϕ(X(t, x))] = E[ϕ(X(0,−t, x))].

Letting t tend to +∞ yields

lim
t→+∞

Ptϕ(x) = E[ϕ(η)] =
∫

Rn
ϕ(y)ν(dy),

because the law of η is precisely ν.
(ii) For any t, s > 0 and any ϕ ∈ Cb(Rn), we have

∫
Rn

Pt+sϕ(x)ν(dx) =
∫

Rn
PtPsϕ(x)ν(dx).

Letting t tend to +∞ we find, by (7.20),
∫

Rn
ϕ(y)ν(dy) =

∫
Rn

Psϕ(y)ν(dy),

so that ν is invariant.
Let us prove uniqueness of ν. Let λ be an invariant probability

measure for Pt, that is∫
Rn

Ptϕ(x)λ(dx) =
∫

Rn
ϕ(x)λ(dx), ϕ ∈ Cb(Rn).

Then, letting t tend to +∞ yields, thanks to (7.20),
∫

Rn
ϕ(x)ν(dx) =

∫
Rn

ϕ(x)λ(dx), ϕ ∈ Cb(Rn),
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which implies that λ = ν.
(iii) follows again by (7.20). Let us prove finally (iv). Since

Ptϕ(x) −
∫

Rn
ϕ(y)ν(dy) = E(ϕ(X(0,−t, x)) − ϕ(η)),

then, taking into account (7.17), we have
∣∣∣∣Ptϕ(x) −

∫
Rn

ϕ(y)ν(dy)
∣∣∣∣ ≤ ‖ϕ‖1E|ϕ(X(0,−t, x)) − ϕ(η)|

≤ ‖ϕ‖1
√

c1e
−βt|x|2, t ≥ 0.

�

7.3.3 Uniqueness of invariant measures

We assume here, besides Hypothesis 4.23, that the transition semigroup
Pt has at least an invariant measure. To prove uniqueness we shall use
Theorem 7.6, more precisely we shall present sufficient conditions for
the irreducibility and strong Feller properties of Pt.

Let us first prove irreducibility. To this purpose we shall use a simple
result on controllability of the deterministic problem,

u(t) = x +
∫ t

0
b(u(s))ds + σ(t), t ≥ 0 (7.22)

(here σ is the control). Then we will compare (7.22) with the stochastic
integral equation,

X(t, x) = x +
∫ t

0
b(u(X(s, x)))ds + B(t), t ≥ 0. (7.23)

Lemma 7.17 Assume that b is Lipschitz continuous and that C = I.
Let x, z ∈ H, R > 0, and T > 0 be fixed. Then there exists σ ∈
C([0, T ]; H) such that u(0) = x, u(T ) = z.

Proof. It is enough to set

u(t) =
T − t

T
x +

t

T
z, t ∈ [0, T ],

and
σ(t) = u(t) − x −

∫ t

0
b(u(s))ds, t ∈ [0, T ].

�
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Proposition 7.18 Pt is irreducible.

Proof. Let x, z ∈ H, R > 0, and T > 0 be fixed. We have to prove that

P(|X(T, x) − z| < R) > 0.

By Lemma 7.17 there exists σ ∈ C([0, T ]; H) such that u(0) =
x, u(T ) = z, where u is the solution of (7.22). Now by subtracting
(7.23) and (7.22) we have

X(t, x) − u(t) =
∫ t

0
[b(X(s, x)) − b(u(s))]ds + B(t) − σ(t).

Therefore

|X(t, x) − u(t)| ≤ M

∫ t

0
|X(s, x) − u(s)|ds + |B(t) − σ(t)|, (7.24)

where M is the Lipschitz constant of b. By the Gronwall lemma it
follows that

|X(T, x) − z| ≤
∫ T

0
e(T−s)M |B(s) − σ(s)|ds.

Now by the Hölder inequality we have

|X(T, x) − z| ≤
√

T eTM‖B − σ‖L2(0,T ;H).

Consequently, we have

P (|X(T, x) − z| ≥ r) ≤ P

(
‖B − σ‖L2(0,T ;H) ≥

r√
T

e−TM
)

< 1,

since B is a Gaussian random variable on L2(0, T ; Rn) with nondegen-
erate covariance, by Proposition 3.14.

In conclusion we have

P (|X(T, x) − z| < r) > 0 for all r > 0,

and irreducibility of Pt is proved. �
We finally prove that Pt is strong Feller.

Proposition 7.19 Assume, besides Hypothesis 4.23, that C = I and
that there exists N > 0 such that

〈b(x) − b(y), x − y〉 ≤ N |x − y|2, x, y ∈ R
n. (7.25)

Then Pt is strong Feller.
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Proof. Step 1. For all ϕ ∈ C3
b (Rn) we have

|DxPtϕ(x)| ≤ t−1/2etN‖ϕ‖0, x ∈ R
n. (7.26)

Set u(t, x) = Ptϕ(x). Then we know by Theorem 4.19 that u is the
strict solution of the Cauchy problem

⎧⎪⎪⎨
⎪⎪⎩

Dtu =
1
2

∆u + 〈b(x), Dxu〉

u(0, x) = ϕ(x), x ∈ R
n. (7.27)

To prove estimate (7.26) we use a classical argument due to Bernstein.
We set

z(t, x) = u2(t, x) +
t

2
|Dxu(t, x)|2, t ≥ 0, x ∈ H,

and look for an equation fulfilled by z. For this we compute successively
Dt(u2) and Dt(|Dxu|2). We find, after elementary computations,

Dt(u2) =
1
2

∆(u2) − 1
2
|Dxu|2 + 〈b, Dx(u2)〉 (7.28)

and

Dt(|Dxu|2) =
1
2

∆(|Dxu|2) − 1
2

n∑
i,j=1

|DxiDxju|2

+〈b, Dx(|Dxu|2)〉 + 〈Dxb · Dxu, Dxu〉. (7.29)

By (7.28) and (7.29) it follows that

Dtz =
1
2

∆z − 1
2

n∑
i,j=1

|DxiDxyu|2 + 〈b, Dxz〉 + 2t〈Dxb · Dxu, Dxu〉

≤ 1
2

∆z + 〈b, Dxz〉 + 2Nz. (7.30)

Since z(0, ·) = ϕ2 we have

z(t, ·) ≤ Pt(ϕ2) + 2N

∫ t

0
Pt−sz(s, ·)ds,

and therefore

‖z(t, ·)‖0 ≤ ‖ϕ‖2
0 + 2N

∫ t

0
‖z(s, ·)‖0ds.
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By the Gronwall lemma it follows that

|z(t, x)| ≤ eNt‖ϕ‖0, t ≥ 0, x ∈ R
n,

whiich yields

|Dxu(t, x)| ≤ t−1/2etN‖ϕ‖0, t ≥ 0, x ∈ R
n,

and (7.26) is proved when ϕ ∈ C3
b (H).

Step 2. For all ϕ ∈ Cb(Rn), (7.26) holds.

Let (ϕn) ⊂ C3
b (H) such that ϕn → ϕ in Cb(H). Set

un(t, x) = Ptϕn(x), x ∈ H, t ≥ 0.

Then by (7.30) it follows that, for any m, n ∈ N,

|Dun(t, x) − Dum(t, x)| ≤ t−1/2etM‖ϕn − ϕm‖0.

This implies that u(t, ·) ∈ C1
b (Rn) for all t > 0 and that (7.26) holds.

Step 3. Conclusion.

Fix t > 0, let x, y ∈ R
n and let ϕ ∈ Bb(Rn). Let us consider the

(signed) measure ζx,y = πt(x, ·)−πt(y, ·), and choose a sequence (ϕn) ⊂
C1

b (Rn) such that

(i) lim
n→∞

ϕn(z) = ϕ(z) for ζx,y-almost z ∈ R
n.

(ii) ‖ϕn‖0 ≤ ‖ϕ‖0, n ∈ N.

Then we have

Ptϕ(x) − Ptϕ(y) =
∫

H
ϕ(z)ζx,y(dx)

and so, by the dominated convergence theorem,

Ptϕ(x) − Ptϕ(y) = lim
n→∞

∫
H

ϕn(z)ζx,y(dx).

Now, using (7.26), we conclude that the inequality

|Ptϕ(x) − Ptϕ(y)| ≤ t−1/2 eMt ‖ϕ‖0 |x − y|
holds for all x, y ∈ H. So, Ptϕ is continuous as required. �

We can now prove a uniqueness result.

Proposition 7.20 Assume that b is Lipschitz continuous and that
C = I. Then the transition semigroup Pt has at most one invariant
measure.

Proof. Pt is irreducible in view of Proposition 7.18 and strong Feller
by Proposition 7.19. Thus, the conclusion follows from Theorem 7.6. �
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Examples of Markov semigroups

8.1 Introduction

In this chapter we present some examples of Markov semigroups in
a real separable Hilbert space H. More precisely, in section 8.2 we
introduce the heat semigroup and in section 8.3 the Ornstein–Uhlenbeck
semigroup. We shall study several properties, such as irreducibility,
strong Feller property and regularity of these semigroups.

For several computations it is useful to introduce the space E (H)
of all exponential functions, that is the linear span in Cb(H) of all real
and imaginary parts of functions ϕh, h ∈ H, where

ϕh(x) = ei〈h,x〉, x ∈ H.

The space E (H) is not dense in Cb(H). However the following approx-
imation result holds.

Lemma 8.1 For all ϕ ∈ Cb(H) there exists a two-index sequence
(ϕk,n) ⊂ E (H) such that

(i) lim
k→∞

lim
n→∞

ϕk,n(x) = ϕ(x) for all x ∈ H,

(ii) ‖ϕk,n‖0 ≤ ‖ϕ‖0 +
1
n

for all n, k ∈ N.

(8.1)

Proof. We divide the proof into two steps.
Step 1. The case when H is finite dimensional.

Let dim H = N and let ϕ ∈ Cb(H). By the Stone–Weierstrass the-
orem, for any R ∈ N there exists a sequence (ψR,n) ⊂ E (H) such that

|ϕ(x) − ψR,n(x)| ≤ 1
n

for all x ∈ BR,
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where BR is the ball in H with center 0 and radius R, and

‖ψR,n‖0 ≤ ‖ϕ‖0 +
1
n

for all n ∈ N.

Now the conclusion follows by a standard diagonal extraction argu-
ment.

Step 2. The case when dim H = ∞.

Given ϕ ∈ Cb(H), set

ϕk(x) = ϕ(Pkx), x ∈ H, k ∈ N

where Pk is defined by Pkx =
∑k

h=1〈x, eh〉eh and (ek) is a complete
orthonormal system in H. By Step 1, for any k ∈ N, there exists a
sequence (ϕk,n)n∈N ⊂ E (H) such that

lim
n→∞

ϕk,n(x) = ϕk(x), x ∈ H,

and ‖ϕk,n‖0 ≤ ‖ϕk‖0 ≤ ‖ϕ‖0 + 1
n . Now, for any x ∈ H we have

lim
k→∞

lim
n→∞

ϕk,n(x) = lim
k→∞

ϕk(x) = ϕ(x) for all x ∈ H,

and the conclusion follows. �

8.2 The heat semigroup

We are given a linear operator Q ∈ L+
1 (H), we denote by (ek) a com-

plete orthonormal system in H and by (λk) a sequence of non-negative
numbers such that

Qek = λkek, k ∈ N.

Let us define

Utϕ(x) =
∫

H
ϕ(y)Nx,tQ(dy), ϕ ∈ Cb(H), t ≥ 0. (8.2)

Other equivalent expressions for Ut are, as is easily checked,

Utϕ(x) =
∫

H
ϕ(x + y)NtQ(dy)

=
∫

H
ϕ(x +

√
t y)NQ(dy), ϕ ∈ Cb(H), t ≥ 0. (8.3)
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Proposition 8.2 Ut is a Markov semigroup and we have

Utϕ(x) =
∫

H
ϕ(y)πt(x, dy), ϕ ∈ Bb(H),

where
πt(x, ·) = Nx,tQ, t > 0, x ∈ H.

Moreover Ut is a strongly continuous semigroup in Cb(H).

Proof. Let us prove the semigroup law,

Ut+sϕ = UtUsϕ, t, s ≥ 0, (8.4)

holds. In view of Lemma 8.1 and the dominated convergence theorem, it
is enough to prove (8.4) for any function ϕh(x) = ei〈x,h〉 with x, h ∈ H.
But in this case (8.4) follows immediately (recalling the expression for
the Fourier transform of a Gaussian measure (1.5)) from the identity

Utϕh(x) =
∫

H
ei〈y,h〉Nx,tQ(dy) = ei〈h,x〉e−

t
2
〈Qh,h〉. (8.5)

It remains to prove that Ut is strongly continuous. Let ϕ ∈ Cb(H).
Since by (8.3),

Utϕ(x) =
∫

H
ϕ(x +

√
t z)NQ(dz), x ∈ H,

we have

|Utϕ(x) − ϕ(x)| =
∣∣∣∣
∫

H
[ϕ(x +

√
t z) − ϕ(x)]NQ(dz)

∣∣∣∣

≤
∫

H
ωϕ(

√
t z)NQ(dz),

where ωϕ is the uniform continuity modulus of ϕ. (1) Consequently, for
any R > 0 we have

|Utϕ(x) − ϕ(x)| ≤ 2‖ϕ‖0NQ(BR) +
∫

BR

ωϕ(
√

t z)NQ(dz),

and the conclusion follows letting R → ∞ and t → 0. �
Ut is called the heat semigroup. If H has finite dimension d and

Q = I, it is easy to see that
(1) ωϕ(r) = sup{|ϕ(x) − ϕ(y)| : x, y ∈ H, |x − y| ≤ r}.
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Utϕ(x) = (2πt)−n/2
∫

Rd
e−

1
2t

|x−y|2ϕ(y)dy, ϕ ∈ Cb(H), x ∈ H. (8.6)

Consequently, if ϕ ∈ Cb(H), u(t, x) = Utϕ(x) is the unique classical
solution to the heat equation

⎧⎪⎪⎨
⎪⎪⎩

Dtu(t, x) =
1
2

∆u(t, x), x ∈ H, t > 0,

u(0, x) = ϕ(x), x ∈ H.

(8.7)

This means that the mapping [0, +∞) × H → R, (t, x) 
→ u(t, x) is
continuous, its derivatives ut, uxixj , i, j = 1, . . . , n exist on (0, +∞)×H
and u fulfills (8.7).

Remark 8.3 Assume that Q 
= 0. Then it is easy to see that Ut has no
invariant probability measures. Assume in fact by contradiction that
there exists µ ∈ P(H) invariant for Ut. Then for any exponential
function ϕh(x) = ei〈x,h〉 we have, taking into account (8.5),

µ̂(h) =
∫

H
ei〈x,h〉µ(dx) =

∫
H

Ute
i〈x,h〉µ(dx) = e−

t
2
〈Qh,h〉µ̂(h),

for all t > 0, a contradiction.

It is well known that in finite dimensions when Ker Q = {0} the
heat semigroup (8.6) has a regularizing property in the sense that for
any ϕ ∈ Cb(H) and any t > 0, we have Utϕ ∈ C∞

b (H).
In infinite dimensions this result is wrong, we can only show that

Utϕ is regular in the directions of the Cameron–Martin space Q1/2(H).

Proposition 8.4 Let ϕ ∈ Cb(H) and z ∈ H. Then there exists the
directional derivative

〈DxUtϕ(x), Q1/2z〉 = lim
h→0

1
h

(
Utϕ(x + hQ1/2z) − Utϕ(x)

)
,

given by

〈DxUtϕ(x), Q1/2z〉 =
1√
t

∫
H
〈h, (tQ)−1/2y〉ϕ(x + y)NtQ(dy). (8.8)

Proof. Write

Utϕ(x + hQ1/2z) =
∫

H
ϕ(x + hQ1/2z + y)NtQ(dy)

=
∫

H
ϕ(x + y)NhQ1/2z,tQ(dy).
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Then, by the Cameron–Martin formula (Theorem 2.8) we have

dNhQ1/2z,tQ(dy)
dNtQ(dy)

(y) = e
−h2

2t
|z|2+ h√

t
〈z,(tQ)−1/2y〉

, y ∈ H.

It follows that

Utϕ(x + hQ1/2z) =
∫

H
ϕ(x + y)e−

h2

2t
|z|2+ h√

t
〈z,(tQ)−1/2y〉

NtQ(dy).

Taking the derivative with respect to h and setting h = 0 yields (8.8).
�

8.2.1 Initial value problem

We consider now the heat equation,⎧⎪⎪⎨
⎪⎪⎩

Dtu(t, x) =
1
2

Tr [QD2
xu(t, x)] = Lu(t, ·)(x), t ≥ 0, x ∈ H,

u(0, x) = ϕ(x). (8.9)

where

Lϕ(x) =
1
2

Tr [QD2
xϕ(x)], ϕ ∈ C2

b (H), x ∈ H.

Proposition 8.5 Let ϕ ∈ C2
b (H) and set

u(t, x) = Utϕ(x), t ≥ 0, x ∈ H.

Then u is the unique solution of problem (8.9).

Proof. Existence. By (8.3) we have

Dtu(t, x) =
1

2
√

t

∫
H
〈Dxϕ(x +

√
ty), z〉NQ(dy). (8.10)

Consequently, differentiating (8.8) with z = ek, in the direction ek, it
follows that

〈D2
xu(t, x)ek, ek〉 =

1√
λkt

∫
H

ykDxk
ϕ(x +

√
t y)NtQ(dy).

Therefore

1
2

Tr [QD2
xu(t, x)] =

∞∑
k=1

〈D2
xu(t, x)ek, ek〉

=
1√
t

∫
H
〈y, Dxϕ(x +

√
t y)〉ϕNtQ(dy).
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Comparing with (8.10) yields the conclusions.
Uniqueness. Let v : [0, T ] × H → R be a continuous function such

that
Dtv(t, ·) = L(t, ·), v(0, ·) = ϕ.

Then we have

DsUt−sv(s, ·) = −LUt−sv(s, ·) + Ut−sv(s, ·), s ∈ [0, t].

Since
LUtψ = UtLψ, ψ ∈ C2

b (H),

we obtain
DsUt−sv(s, ·) = 0, s ∈ [0, t].

This implies that DsUt−sv(s, ·) is constant so that v(s, ·) = Usϕ. This
proves uniqueness. �
Remark 8.6 One could ask what happens if we consider problem (8.9)
with Q = I. Obviously definition (8.2) is not meaningful in this case
since I is not of trace class. However, one can show that problem (8.9)
can still have a solution but only for very special initial data ϕ, see [10,
Proposition 3.1.2].

We study now irreducibility of Ut.

Proposition 8.7 If Ker Q = {0} then Ut is irreducible.

Proof. In fact, since the Gaussian measure Nx,tQ is nondegenerate for
all x ∈ H and t > 0, it is full by Proposition 1.25. Now the conclusion
follows from (8.2). �

Let us see whether Ut is strong Feller. If H is finite dimensional it
is easy to check that Ut is strong Feller if and only if Ker Q = {0}.
In the infinite dimensional case the strong Feller property never holds.
We have in fact the following result, see [11].

Proposition 8.8 Let Ker Q = {0} and let H be infinite dimensional.
Then Ut is not strong Feller.

Proof. Let us choose a subspace H0 ⊂ H (with Borel embedding)
different from H and such that Q1/2(H) ⊂ H0 and NtQ(H0) = 1, t ≥ 0.
For this it is enough to take a nondecreasing sequence (αk) of positive
numbers such that αk ↑ +∞, and

∞∑
k=1

αkλk < +∞,
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and to define

H0 =

{
x ∈ H :

∞∑
k=1

αk|xk|2 < +∞
}

.

Then Q1/2(H) ⊂ H0 and NtQ(H0) = 1 since
∫

H

∞∑
k=1

αk|xk|2NtQ(dx) = t
∞∑

k=1

αkλk < +∞.

We show now that
Ut1H0 = 1H0 , t ≥ 0. (8.11)

This will prove that Ut is not strong Feller because 1H0 is obviously
not continuous.

We have in fact

Ut1H0(x) =
∫

H0

1H0(x + y)NtQ(dy) +
∫

Hc
0

1H0(x + y)NtQ(dy).

Now (8.11) follows taking into account that for x ∈ H0, H0 + x = H0,
and for x /∈ H0, (H0 + x) ∩ H0 = ∅. �

We say that a function ϕ is harmonic if Utϕ = ϕ, t ≥ 0. The
following generalization of the Liouville theorem holds (see [11]).

Proposition 8.9 Assume that Ker Q = {0} and that ϕ ∈ Cb(H) is
harmonic. Then ϕ is constant.

Proof. We have in fact from (8.8)

|〈DxUtϕ(x), Q1/2z〉| ≤ 1√
t
‖ϕ‖0. (8.12)

Since Utϕ = ϕ this implies that

〈Dxϕ(x), Q1/2z〉 = 0 for all z ∈ H.

Consequently ϕ is constant on the Cameron–Martin space Q1/2(H).
Since Q1/2(H) is dense in H and ϕ is continuous this implies that ϕ is
constant on H. �

8.3 The Ornstein–Uhlenbeck semigroup

Let A be the infinitesimal generator of a strongly continuous semigroup
etA (2) and let C ∈ L+(H). We shall assume throughout this section that
(2) See Appendix A.
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Hypothesis 8.10 The linear operator Qt defined by

Qtx =
∫ t

0
esACesA∗

xds, x ∈ H,

is of trace-class for all t ≥ 0.

Exercise 8.11 Let C = I and let A be a self-adjoint operator in H
such that

Aek = −αkek, k ∈ N,

where (ek) is a complete orthonormal system in H and αk > 0 for all
k ∈ N.

Find conditions on the sequence (αk) in order to show that Qt is of
trace class.

For all t ≥ 0, x ∈ H, define

Rtϕ(x) =
∫

H
ϕ(y)NetAx,Qt

(dy)

=
∫

H
ϕ(etAx + y)NQt(dy), ϕ ∈ Bb(H).

(8.13)

Notice that the space of all exponential functions E (H) is invariant for
Rt for all t ≥ 0. In fact, if ϕh(x) = ei〈h,x〉, x ∈ H, we have, recalling
(1.5),

Rtϕh = e−
1
2
〈Qth,h〉ϕetA∗

h. (8.14)

Exercise 8.12 Show that Rt can be defined on all Borel functions ϕ
such that

|ϕ(x)| ≤ eε|x|2 , x ∈ H,

with ε sufficiently small.
Show, in particular, that

Rt(|x|2) = |etAx|2 + Tr Qt, t ≥ 0, (8.15)

Proposition 8.13 Assume that Hypothesis 8.10 holds. Then Rt is a
Markov semigroup. Its probability kernel is given by

πt(x, ·) = NetAx,Qt
, x ∈ H, t ≥ 0.

Proof. In view of Lemma 8.1 it is enough to prove that

Rt+sϕh = RtRsϕh, t, s ≥ 0.
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for all ϕh(x) = ei〈x,h〉, h ∈ H. In fact by (8.14) it follows that

RsRtϕh(x) = exp
{

i〈e(t+s)Ax, h〉 − 1
2
〈(Qt + etAQse

tA∗
)h, h〉

}
.

Since
Qt + etAQse

tA∗
= Qt +

∫ s

0
e(t+s)ACe(t+s)A∗

ds

= Qt +
∫ t+s

t
euACeuA∗

du = Qt+s,

the conclusion follows. �

Example 8.14 Assume that dim H = d, and consider the stochastic
differential equation

⎧⎪⎨
⎪⎩

dX = AXdt +
√

C dB(t)

X(0) = x, (8.16)

where B is a standard d-dimensional Brownian motion and C ∈ L+(H).
We know by Proposition 4.10 that the problem (8.16) has a unique
solution given by the formula

X(t, x) = etAx +
∫ t

0
e(t−s)A

√
C dB(s)

and that X(t, x)#P = NetAx,Qt
. Consequently, the corresponding tran-

sition semigroup is given by (8.13) and the Kolmogorov equation reads
as follows ⎧⎪⎪⎨

⎪⎪⎩
Dtu =

1
2

Tr [CD2
xu] + 〈Ax, Dxu〉

u(0, x) = ϕ(x). (8.17)

By Proposition 8.7 it follows that Rt is irreducible if and only if Ker
Qt = {0}. This happens in particular when Ker C = {0}. In fact if
x0 ∈ H is such that Qtx0 = 0 we have

0 = 〈Qtx0, x0〉 =
∫ t

0
|
√

CesAx0|2ds = 0,

which implies that x0 = 0.
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8.3.1 Smoothing property of the Ornstein–Uhlenbeck
semigroup

We assume here that Hypothesis 8.10 holds. We shall prove that the
Ornstein–Uhlenbeck semigroup Rt, contrary to the heat semigroup,
may have smoothing properties in infinite dimensions. More precisely,
it may happen that Rtϕ ∈ C∞

b (H) for all ϕ ∈ Bb(H) and all t > 0. For
this we need the following assumption,

etA(H) ⊂ Q
1/2
t (H), t > 0. (8.18)

So, we assume that (8.18) is fulfilled and for any t > 0 we set Γ(t) =
Q

−1/2
t etA, where Q

−1/2
t is the pseudo-inverse of Q

1/2
t . Let us recall that

if z ∈ Q1/2(H), then by Q
−1/2
t z we mean the element of minimal norm

of the hyperplane
{v ∈ H : Q1/2v = z}.

It is easy to see that the operator Γ(t) is closable (see subsection A.1.1).
Since it is defined in the whole H we have Γ(t) ∈ L(H) for all t > 0 by
the closed graph theorem, see e.g. [26].

Assumption (8.18) is related to the null controllability of the follow-
ing deterministic controlled equation in [0, T ], see e.g. [11],

y′(t) = Ay(t) +
√

C u(t), y(0) = x, (8.19)

where x ∈ H and u ∈ L2(0, T ; H). Here y represents the state and u the
control of system (8.19). Equation (8.19) has a unique (mild) solution
y(·; u), given by the variation of constants formula

y(t; u) = etAx +
∫ t

0
e(t−s)A

√
C u(s)ds, t ≥ 0.

We recall that system (8.19) is said to be null controllable if for any
T > 0 there exists u ∈ L2(0, T ; H) such that y(T ; u) = 0. One can
show, see [27], that system (8.19) is null controllable if and only if the
condition (8.18) is fulfilled. In this case, for any x ∈ H, |Γ(t)x|2 is the
minimal energy for driving x to 0, that is

|Γ(t)x|2 = inf

{∫ T

0
|u(s)|2ds : u ∈ L2(0, T ; U), y(T ; u) = 0

}
. (8.20)

Remark 8.15 It is important to notice that if C = I (or even if C has
a continuous inverse), system (8.19) is always null controllable. In fact,
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setting u(t) = − 1
T etAx, one has y(T ; u) = 0. Thus in this case (8.18)

is fulfilled. Moreover, setting in (8.20)

u(t) = − 1
T

etAx, t ≥ 0,

we obtain a bound for the minimal energy, namely

|Γ(t)x|2 ≤ T−2
∫ T

0
|esAx|2ds, t > 0, x ∈ H.

Now, if M > 0 and ω ∈ R are constants such that

‖etA‖ ≤ Meωt, t ≥ 0,

we obtain
‖Γ(t)‖ ≤ M√

t
sup

s∈[0,t]
e2ωs, t > 0. (8.21)

We can prove now the result,

Theorem 8.16 Assume that Hypothesis 8.10 holds. Then the following
statements are equivalent.

(i) Condition (8.18) is fulfilled.
(ii) If ϕ ∈ Bb(H) and t > 0 we have Rtϕ ∈ C∞

b (H).

Proof. (i) ⇒ (ii). Let x ∈ H and t > 0. Since by (8.18) etAx ∈
Q

1/2
t (H), the measures NetAx,Qt

and NQt are equivalent thanks to the
Cameron–Martin theorem (Theorem 2.8) and moreover

dNetAx,Qt

dNQt

(y) = ρt(x, y), x, y ∈ H, t ≥ 0,

where

ρt(x, y) = e−
1
2
|Γ(t)x|2+〈Γ(t)x,Q

−1/2
t y〉, x, y ∈ H, t ≥ 0.

Consequently, we can write

Rtϕ(x) =
∫

H
ϕ(y)e−

1
2
|Γ(t)x|2+〈Γ(t)x,Q

−1/2
t y〉NQt(dy), x, y ∈ H, t ≥ 0.

From this identity it follows easily that Rtϕ is differentiable and that
for any h ∈ H we have
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〈DxRtϕ(x), h〉 =
∫

H
ϕ(y)

[
〈Γ(t)h, Q

−1/2
t y〉 − 〈Γ(t)h, Γ(t)x〉

]

×ρt(x, y)NQt(dy),

=
∫

H
〈Γ(t)h, Q

−1/2
t y〉ϕ(etAx + y)NQt(dy). (8.22)

Thus Rtϕ ∈ C1
b (H). Iterating this procedure, we can prove that Rtϕ ∈

C∞
b (H).
(ii) ⇒ (i). Assume that (ii) holds and, by contradiction, that there

exists x0 ∈ H such that

etAx0 /∈ Q
1/2
t (H).

Then, again by the Cameron–Martin theorem it follows that, for all
n ∈ N, the measures NetAx0/n,Qt

and NQt are singular. Thus for any
n ∈ N there exists a Borel subset Kn of H such that

NetAx0/n,Qt
(Kn) = 0, NQt(Kn) = 1, n ∈ N.

Setting K =
⋂∞

n=1 Kn, it follows that

NetAx0/n,Qt
(K) = 0, NQt(K) = 1, n ∈ N.

Consequently we have

Rt1K (x0/n) =
∫

K
NetAx0/n,Qt

(dy) = 0, n ∈ N,

whereas
Rt1K (0) =

∫
K

NQt(dy) = 1, n ∈ N.

Therefore the function Rt1K is not continuous at 0, which contradicts
the statement (ii). �

Remark 8.17 Condition (8.18) holds if and only if Rt is strong Feller,
see [27].

Example 8.18 Let H = R
2, and

A =
(

0 0
1 0

)
, C =

(
1 0
0 0

)
.

Then we have
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etA =
(

1 0
t 1

)
, etACetA∗

=
(

1 t
t t2

)
.

It follows that∫ t

0
esACesA∗

ds =
∫ t

0

(
1 s
s s2

)
ds =

(
t t2/2

t2/2 t3/3

)
.

Therefore det Qt > 0 and so assumption (8.18) is fulfilled. Consequently
the solution of the Kolmogorov equation⎧⎪⎪⎨
⎪⎪⎩

Dtu(t, x1, x2) =
1
2

D2
x1

u(t, x1, x2) + x1Dx2u(t, x1, x2) := Lu(t, x1, x2)

u(0, x) = ϕ(x), ϕ ∈ Bb(R2),
(8.23)

is given by u(t, x) = Rtϕ(x), and by Theorem 8.16 u(t, ·) is of class C∞

for any t > 0. This proves that the operator L above is hypoelliptic.
One can show indeed that (8.18) reduces, in the present case, to the
hypoellipticity condition due to Hörmander.

8.3.2 Invariant measures

We assume here that the linear operator A is of negative type, i.e. there
exist M > 0, ω > 0 such that

‖etA‖ ≤ Me−ωt, t ≥ 0. (8.24)

Under this assumption the linear operator

Q∞x =
∫ +∞

0
etACetA∗

xdt, x ∈ H,

is well defined.

Lemma 8.19 Q∞ is of trace class.

Proof. We have in fact for any x ∈ H,

Q∞x =
∞∑

k=1

∫ k

k−1
e(s+k−1)ACe(s+k−1)A∗

xds

=
∞∑

k=1

e(k−1)AQ1e
(k−1)A∗

xds.

It follows that

Tr Q∞ ≤ M
∞∑

k=1

e−2ω(k−1) Tr Q1.

�
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Theorem 8.20 Assume that Hypothesis 8.10 holds. A probability mea-
sure µ ∈ P(H) is invariant for Rt if and only if µ = NQ∞ . If µ = NQ∞
then for any ϕ ∈ L2(H, µ) we have

lim
t→+∞

Rtϕ(x) =
∫

H
ϕ(y)NQ∞(dy) in L2(H, µ), x ∈ H, (8.25)

thus µ is ergodic and strongly mixing.

Proof. Existence. We prove that µ = NQ∞ is invariant. For this it is
enough to check that∫

H
Rtϕh(x)µ(dx) =

∫
H

ϕh(x)µ(dx), (8.26)

for all ϕ(x) = ei〈x,h〉, h ∈ H. In fact (8.26) is equivalent to

〈Q∞etA∗
h, etA∗

h〉 + 〈Qth, h〉 = 〈Q∞h, h〉, h ∈ H,

which is also equivalent to

etAQ∞etA∗
+ Qt = Q∞,

which can be checked easily.
Uniqueness. Assume that µ is invariant. Then we have

µ̂(etA∗
h) e−

1
2
〈Qth,h〉 = µ̂(h), t ≥ 0, h ∈ H,

where µ̂ is the Fourier tranform of µ. As t → ∞ we find

µ̂(h) = e−
1
2
〈Q∞h,h〉.

This implies, by the uniqueness of the Fourier transform of a measure,
that µ = NQ∞ .

Finally, let us show (8.25). It is enough to take an arbitrary expo-
nential function ϕ = ϕh, h ∈ H. In this case we have by (8.14)

lim
t→∞

Rtϕh(x) = lim
t→∞

e−
1
2
〈Qth,h〉ei〈etA∗

x,h〉 = e−
1
2
〈Q∞h,h〉.

Since
e−

1
2
〈Q∞h,h〉 =

∫
H

ϕh(x)NQ∞(dx),

the conclusion follows. �
By Theorem 5.8 we obtain the following result.

Proposition 8.21 For any p ≥ 1, Rt has a unique extension to a
strongly continuous semigroup of contractions in Lp(H, µ) (which we
still denote by Rt).
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For all p ≥ 1 we shall denote by Lp the infinitesimal generator of
Rt in Lp(H, µ) and by D(Lp) its domain. Let h ∈ H, then, by the very
definition of the infinitesimal generator (see (A.4)), we see that (3)

ϕh ∈ D(Lp) ⇐⇒ h ∈ D(A∗).

Moreover if h ∈ D(A∗) we have

Lpϕh(x) =
[
−1

2
〈Ch, h〉 + i〈A∗h, x〉

]
ei〈h,x〉ϕh(x)

=
1
2

Tr [CD2
xϕh(x)] + 〈x, A∗Dxϕh(x)〉, x ∈ H. (8.27)

This identity prompts us to introduce the following subspace of E (H),

EA(H) := linear span {�eϕh, �mϕh, ϕh(x) = ei〈h,x〉 : h ∈ D(A∗)}.
(8.28)

It is easy to see that EA(H) is stable for Rt and it is dense in Lp(H, µ)
for all p ≥ 1.

Theorem 8.22 For any p ≥ 1, EA(H) is a core (4) for Lp. Moreover,

Lpϕ(x) =
1
2

Tr [CD2
xϕ(x)] + 〈x, A∗Dxϕ(x)〉, x ∈ H, ϕ ∈ EA(H).

Proof. Since EA(H) is invariant for Rt and dense in Lp(H, µ), it follows
that it is a core for Lp, by Proposition A.19. The above expression for
Lp follows from (8.27). �

(3) Recall that ϕh(x) = ei〈h,x〉, x ∈ H.
(4) See subsection A.3.1
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L2 spaces with respect to a Gaussian measure

9.1 Notations

We are given a separable real Hilbert space H (norm | · |, inner product
〈·, ·〉), and a nondegenerate Gaussian measure µ = NQ on H. We denote
by (ek) a complete orthonormal system in H and by (λk) a sequence
of positive numbers such that

Qek = λkek, k ∈ N. (9.1)

We set

Pnx =
n∑

k=1

〈x, ek〉ek, n ∈ N (9.2)

and, for any x ∈ H, xk = 〈x, ek〉, k ∈ N.
We denote by L2(H, µ) the Hilbert space of all equivalence classes

of Borel square integrable real functions on H, endowed with the inner
product,

〈ϕ, ψ〉L2(H,µ) =
∫

H
ϕ ψ dµ, ϕ, ψ ∈ L2(H, µ).

For any ϕ ∈ L2(H, µ) we set

‖ϕ‖L2(H,µ) =
(∫

H
|ϕ(x)|2µ(dx)

)1/2

.

Finally, we denote by L2(H, µ; H) the space of all equivalence classes
of Borel square integrable mappings F : H → H, such that

‖F‖L2(H,µ;H) :=
(∫

H
|F (x)|2µ(dx)

)1/2

< +∞.
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The space L2(H, µ; H), endowed with the inner product,

〈F, G〉L2(H,µ;H) =
∫

H
〈F (x), G(x)〉µ(dx), F, G ∈ L2(H, µ; H),

is a Hilbert space. The elements of L2(H, µ; H) are called L2 vector
fields.

In this chapter an important rôle will be played by the white noise
mapping W : H → L2(H, µ) introduced in section 1.7. We will use
frequently the following identities

∫
H

WfWg dµ = 〈f, g〉, f, g ∈ H, (9.3)

∫
H

eWf dµ = e
1
2
|f |2 , f ∈ H. (9.4)

We shall also consider the space E (H) of exponential functions intro-
duced in section 8.1. By Lemma 8.1 and the dominated convergence
theorem it follows that E (H) is dense in L2(H, µ).

Exercise 9.1 Show that the linear span of all real and imaginary parts
of functions

ϕj(x) = ei〈x,ej〉, j ∈ N,

is dense in L2(H, µ).
The content of this chapter is as follows. Section 9.2 is devoted

to the construction of a canonical orthonormal basis in L2(H, µ) and
section 9.3 to the Wiener–Itô decomposition. Finally, in section 9.4 we
introduce the classical Ornstein–Uhlenbeck semigroup in L2(H, µ) and
prove the Mehler formula.

9.2 Orthonormal basis in L2(H, µ)

We shall first consider the case when H = R and µ = N1. Then we
consider the general case.

9.2.1 The one-dimensional case

Here we take H = R and µ = N1. An orthonormal basis on L2(H, µ)
will be defined in terms of the Hermite polynomials that we introduce
now.
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Let us consider the analytic function in the variables (t, ξ) ∈ R
2

defined as
F (t, ξ) = e−

t2

2
+tξ, t, ξ ∈ R

and let (Hn)n∈{0}∪N be such that

F (t, ξ) =
∞∑

n=0

tn√
n!

Hn(ξ), t, ξ ∈ R. (9.5)

Proposition 9.2 For any n ∈ {0} ∪ N the following identity holds

Hn(ξ) =
(−1)n

√
n!

e
ξ2

2 Dn
ξ

(
e−

ξ2

2

)
, ξ ∈ R. (9.6)

Proof. Write

F (t, ξ) = e
ξ2

2 e−
1
2
(t−ξ)2 =

∞∑
n=0

tn

n!
e

ξ2

2 Dn
t

(
e−

1
2
(t−ξ)2

) ∣∣∣
t=0

=
∞∑

n=0

tn

n!
(−1)n e

ξ2

2 Dn
ξ

(
e−

ξ2

2

)
.

Now the conclusion follows comparing this identity with (9.5). �
By Proposition 9.2 we see that for any n ∈ N ∪ {0}, Hn is a poly-

nomial of degree n with a positive leading coefficient. Hn are called
Hermite polynomials. We have in particular

H0(ξ) = 1, H1(ξ) = ξ, H2(ξ) =
1√
2

(ξ2 − 1),

H3(ξ) =
1√
6

(ξ3 − 3ξ), H4(ξ) =
1

2
√

6
(ξ4 − 6ξ2 + 3).

In the following proposition are collected some important properties of
the Hermite polynomials.

Proposition 9.3 For any n ∈ N we have

ξHn(ξ) =
√

n + 1 Hn+1(ξ) +
√

n Hn−1(ξ), ξ ∈ R, (9.7)

DξHn(ξ) =
√

n Hn−1(ξ), ξ ∈ R, (9.8)

D2
ξHn(ξ) − ξDξHn(ξ) = −nHn(ξ), ξ ∈ R. (9.9)
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Proof. Equations (9.7) and (9.8) follow from the identities

DtF (t, ξ) = (ξ − t)F (t, ξ) =
∞∑

n=1

√
n

tn−1√
(n − 1)!

Hn(ξ), t, ξ ∈ R,

and

DξF (t, ξ) = tF (t, ξ) =
∞∑

n=1

tn√
n!

H ′
n(ξ), t, ξ ∈ R,

respectively. Finally, equation (9.9) is an immediate consequence of
(9.7) and (9.8). �

Identity (9.8) shows that the derivation Dξ acts as a shift operator
with respect to the system (Hn)n∈{0}∪N. Moreover by (9.9) it follows
that the Hermite operator

H ϕ :=
1
2

D2
ξϕ − 1

2
ξDξϕ,

is diagonal with respect to system (Hn)n∈{0}∪N.

Proposition 9.4 System (Hn)n∈{0}∪N is orthonormal and complete in
L2(R, µ), where µ = N1.

Proof. We first prove orthonormality. Write

F (t, ξ)F (s, ξ) = e−
1
2
(t2+s2)+ξ(t+s)

=
∞∑

m,n=0

tm√
m!

sn

√
n!

Hn(ξ) Hm(ξ), t, s, ξ ∈ R.

Integrating this identity with respect to µ and taking into account that∫
R

F (t, ξ)F (s, ξ)µ(dξ) = (2π)−1/2e−
1
2
(t2+s2)

∫
R

e−
ξ2

2 eξ(t+s)dξ = ets,

we find that

ets =
∞∑

m,n=0

tm√
m!

sn

√
n!

∫
R

Hn(ξ) Hm(ξ) µ(dξ), t, s ∈ R,

which yields∫
R

Hn(ξ) Hm(ξ) µ(dξ) = δn,m, n, m ∈ {0} ∪ N.

It remains to prove the completeness of (Hn). Let f ∈ L2(R, µ) be such
that ∫

R

f(ξ)Hn(ξ)µ(dξ) = 0 for all n ∈ {0} ∪ N.
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Then, noticing that g(ξ) : = f(ξ)e−
ξ2

4 belongs to L2(R), we have by
(9.5)

0 =
∫

R

f(ξ)F (t, ξ)µ(dξ) = (2π)−1/2e
t2

2

∫
R

g(ξ)e−
(2t−ξ)2

4 dξ.

which implies g ∗ ϕ0 = 0, where ∗ means convolution and

ϕ0(ξ) = e−
ξ2

4 , ξ ∈ R.

Taking the Fourier transform of both sides of the identity g ∗ ϕ0 = 0,
yields

ĝ(η)ϕ̂0(η) = ĝ(η)e−
η2

4 = 0, η ∈ R

and so, f = 0. �

9.2.2 The infinite dimensional case

We shall construct here a complete orthonormal system on L2(H, µ) in
terms of generalized Hermite polynomials. We shall need the following
basic lemma

Lemma 9.5 Let h, g ∈ H with |h| = |g| = 1 and let n, m ∈ N ∪ {0}.
Then we have ∫

H
Hn(Wh)Hm(Wg)dµ = δn,m[〈h, g〉]n. (9.10)

Proof. For any t, s ∈ R we have∫
H

F (t, Wh)F (s, Wg)dµ = e−
t2+s2

2

∫
H

etWh+sWg dµ

= e−
t2+s2

2

∫
H

eWth+sg dµ = e−
t2+s2

2 e
1
2
|th+sg|2 = ets〈h,g〉,

because |h| = |g| = 1. It follows that

ets〈h,g〉 =
∞∑

m,n=0

tnsm

√
n!m!

∫
H

Hn(Wh)Hm(Wg) dµ.

Since

ets〈h,g〉 =
∞∑

m=0

〈h, g〉m
m!

tmsm,

(9.10) follows. �
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Exercise 9.6 Prove that for any m ∈ N there exists Cm > 0 such that
∫

H
|Wf |2mdµ ≤ Cm(1 + |f |m). (9.11)

Hint: Express the polynomial ξ2m as a linear combination of Hermite
polynomials and use (9.10).

We are now ready to define a complete orthonormal system in
L2(H, µ). Let Γ be the set of all mappings

γ : N → {0} ∪ N, n → γn,

such that

|γ| :=
∞∑

k=1

γk < +∞.

Note that if γ ∈ Γ then γn = 0 for all n, except possibly a finite number.
For any γ ∈ Γ we define the Hermite polynomial,

Hγ(x) =
∞∏

k=1

Hγk
(Wek

(x)), x ∈ H.

This definition is meaningful since each factor, with the exception of
at most a finite number, is equal to H0(Wek

(x)) = 1, x ∈ H.
We can now prove the result.

Theorem 9.7 System (Hγ)γ∈Γ is orthonormal and complete on
L2(H, µ).

Proof. Orthonormality. Let γ, η ∈ Γ. Then there exists N ∈ N such
that

Hγ(x) =
N∏

k=1

Hγk
(Wek

(x)), Hη(x) =
N∏

k=1

Hηk
(Wek

(x)).

Consequently,

∫
H

HγHηdµ =
∫

H

N∏
n=1

Hγn(Wen)Hηn(Wen)dµ

=
N∏

n=1

∫
H

Hγn(Wen)Hηn(Wen)dµ = δγη

(where δη,γ =
∏N

n=1 δηn,γn), since We1 , . . . , WeN are independent by
Proposition 1.28.
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Completeness. Let ϕ0 ∈ L2(H, µ) be such that∫
H

ϕ0Hγdµ = 0 for all γ ∈ Γ. (9.12)

We have to show that ϕ0 = 0.
Let us consider the signed measure on (H, B(H)) defined by ζ(dx) :=

ψ0(x)µ(dx) and let ζn = (Pn)#ζ. It is enough to show that ζn = 0 for
all n ∈ N. We shall first prove that

F (h) : =
∫

Pn(H)
e〈Pnh,ξ〉ζn(dξ)

=
∫

H
e〈Pnh,x〉ψ0(x)µ(dx) = 0, ∀ h ∈ Pn(H). (9.13)

Let h ∈ Pn(H). By (9.12) it follows that∫
H

F (t1, We1) . . . F (tn, Wen)ϕ0dµ = 0, ∀ t1, . . . , tn ∈ R
n,

which implies that,∫
H

et1We1+···+tnWen ϕ0dµ =
∫

H
et1λ

−1/2
1 x1+···+t1λ

−1/2
n xnϕ0dµ = 0,

so that (9.13) follows from the arbitrariness of t1, . . . , tn.
To conclude the proof we notice that the function

F (ξ1, . . . , ξn) =
∫

H
eξ1x1+···+ξnxnψ0(x)µ(dx), (ξ1, . . . , ξn) ∈ R

n,

is analytic in R
n, since for all (k1, . . . , kn) ∈ N

n we have, setting k =
k1 + ... + kn,

∂k

∂k1
h1

· · · ∂kn
hn

F (h1, . . . , hn) =
∫

H
xk1

1 · · ·xkn
n eh1x1+···+hnxnψ0(x)µ(dx).

(Note that the integral above is convergent since the function x →
xk1

1 · · ·xkn
n belongs to L2(H, µ).)

Since F is analytic by (9.13) it follows that the Fourier transform
F (ih) of ζn vanishes so that ζn vanishes as well. In conclusion we have
proved that ζn = 0 for all n ∈ N so that ψ0 = 0 in L2(H, µ), as required.
�

9.3 Wiener–Itô decomposition

For all n ∈ {0} ∪ N we denote by L2
n(H, µ) the closed subspace of

L2(H, µ) spanned by
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{Hn(Wf ) : f ∈ H, |f | = 1} .

In particular L2
0(H, µ) is the space of all constants and L2

1(H, µ) is the
space of all Gaussian random variables which belong to H.

Exercise 9.8 Prove that

L2
1(H, µ) = span {Wf : f ∈ H} .

We shall denote by Πn the orthogonal projector of L2(H, µ) on L2
n(H, µ),

n ∈ {0} ∪ N. Arguing as in the proof of Theorem 9.7 we see that

L2(H, µ) =
∞⊕

n=0

L2
n(H, µ). (9.14)

Formula (9.14) is called the Wiener–Itô decomposition or the cahos
decomposition of L2(H, µ) and L2

n(H, µ) is called the nth component of
the decomposition. Notice that L2

n(H, µ) does not depend on the choice
of the basis (ek).

Let us give an interesting characterization of L2
n(H, µ), n ∈ {0}∪N.

Proposition 9.9 For any n ∈ {0} ∪ N the space L2
n(H, µ) coincides

with the closed subspace of L2(H, µ) spanned by

Vn := {Hγ : |γ| = n}.

Proof. It is enough to show that if n, N ∈ N, f ∈ H with |f | = 1,
k1, . . . , kN ∈ N, and k1 + · · · + kN 
= n, we have∫

H
Hk1(We1)...HkN

(WeN )Hn(Wf )dµ = 0. (9.15)

We have in fact

I : =
∫

H
F (t1, We1)...F (tN , WeN )F (tN+1, Wf )dµ

= e−
1
2
(t21+...+t2N+1)

∫
H

eWt1e1+...+tN eN +tN+1f dµ

= etN+1(t1f1+...+tNfN ).

On the other hand, since

I =
∞∑

k1,...,kN+1=0

tk1
1 ...t

kN+1

N+1√
k1!...kN+1!

∫
H

Hk1(We1)...HkN
(WeN )HkN+1

(Wf )dµ,

the conclusion follows. �
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Remark 9.10 Let p(ξ) be a real polynomial of degree n ∈ N, and let
f ∈ H with |f | = 1. Then we have

p(Wf ) ∈
n⊕

k=0

L2
n(H, µ). (9.16)

In fact there exists c1, . . . , cn ∈ R such that p(ξ) =
∑n

k=0 ckHk(ξ), and
so p(Wf ) =

∑n
k=0 ckHk(Wf ), which implies (9.16).

We now prove an important property of the projection Πn.

Proposition 9.11 Let f ∈ H such that |f | = 1, and let n, k ∈ N. Then
we have

Πk(Wn
f ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

√
n!

(
k

n

)
Hn(Wf ), if k ≥ n,

0, if k < n. (9.17)

Proof. We give the proof for k = n; the other cases can be handled in
a similar way. Since

√
n! Hn(Wf ) ∈ L2

n(H, µ) by definition, it is enough
to show that for all g ∈ H such that |g| = 1, we have∫

H
[Wn

f −
√

n! Hn(Wf )]Hn(Wg)dµ = 0,

or, equivalently, that∫
H

Wn
f Hn(Wg)dµ =

√
n! [〈f, g〉]n. (9.18)

Now (9.18) follows easily from the identity

I :=
∫

H
esWf Hn(Wg)dµ =

1√
n!

sne
s2

2 [〈f, g〉]n (9.19)

(by differentiating n times with respect to s and then setting s = 0),
which we shall prove now. We have, taking into account (9.10),

I = e
s2

2

∫
H

F (s, Wf )Hn(Wg)dµ

= e
s2

2

∞∑
k=0

sk

√
k!

∫
H

Hk(Wf )Hn(Wg)dµ

=
1√
n!

sne
s2

2 [〈f, g〉n],

which yields (9.19). �
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Now we can compute easily the projections of an exponential func-
tion on L2

n(H, µ).

Corollary 9.12 Let f ∈ H with |f | = 1. Then we have

Πn

(
esWf

)
=

1√
n!

sne
s2

2 Hn(Wf ), n ∈ N. (9.20)

Proof. We have in fact

Πn

(
esWf

)
=

∞∑
k=0

sk

k!
Πn(W k

f ) = sne
s2

2 Hn(Wf ).

�

9.4 The classical Ornstein–Uhlenbeck semigroup

We define a semigroup of linear bounded operators on L2(H; µ) by
setting

Utϕ =
∞∑

n=0

e−
nt
2 Πnϕ, t ≥ 0, ϕ ∈ L2(H; µ), (9.21)

where Πn is the orthogonal projection on the nth component of the
Wiener–Itô decomposition of L2(H, µ).

It is easy to see that Ut is a strongly continuous semigroup, called
the classical Ornstein–Uhlenbeck semigroup. Its infinitesimal generator
L is given by

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

D(L) =

{
ϕ ∈ L2(H, µ) :

∞∑
n=0

n2|Πnϕ|2 < +∞
}

Lϕ = −
∞∑

n=0

n Πnϕ, ϕ ∈ D(L).
(9.22)

The following result shows that the semigroup Ut coincides with the
Ornstein–Uhlenbeck semigroup defined by (8.13) with A = 1

2 I and
C = Q, introduced in Chapter 8.

Theorem 9.13 For any ϕ ∈ L2(H, µ) we have

Utϕ(x) =
∫

H
ϕ(e−

t
2 x + y)N(1−e−t)Q(dy). (9.23)
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Proof. It is enough to check (9.23) for ϕ = esWf where f ∈ H and
|f | = 1. In this case by (9.20) we have

Ut

(
esWf

)
=

∞∑
n=0

e−
nt
2 Πn

(
esWf

)
=

∞∑
n=0

e−
nt
2

1√
n!

sne
s2

2 Hn(Wf )

= e
s2

2

∞∑
n=0

1√
n!

[se−
t
2 ]nHn(Wf )

= e
s2

2 F (se−t/2, Wf ) = e
s2

2
(1−e−t)ese−t/2Wf . (9.24)

On the other hand, we have
∫

H
esWf (e−

t
2 x+y)N(1−e−t)Q(dy) = ese−

t
2 Wf (x)

∫
H

esWf (y)N(1−e−t)Q(dy)

= ese−
t
2 Wf (x) e

s2

2
(1−e−t),

which coincides with (9.24). �
Remark 9.14 Assume that ϕ ∈ Cb(H). Then setting y =

√
1 − e−t z,

we deduce by (9.23) the Mehler formula

Utϕ(x) =
∫

H
ϕ(e−

t
2 x +

√
1 − e−t z)NQ(dz). (9.25)
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Sobolev spaces for a Gaussian measure

We are given a nondegenerate Gaussian measure µ = NQ on a separable
Hilbert space H. We use here notations of Chapter 9. In particular, we
denote by (ek) a complete orthonormal system in H and by (λk) a
sequence of positive numbers such that (9.1) holds.

In section 10.1 we shall define the generalized gradient D on the
Sobolev space W 1,2(H, µ). To define D we proceed as follows. First
we consider the usual gradient operator defined on the space E (H) of
exponential functions and show that it is closable. Then we define the
space W 1,2(H, µ) as the domain of the closure of the gradient. (1)

This procedure is the natural generalization of the definition of the
gradient (in the sense of Friedrichs) in L2(Rn) with respect to the
Lebesgue measure, the only difference being that the space E (H) is
replaced there by C∞

0 (Rn).
Then we study some properties of the Sobolev space W 1,2(H, µ),

we present a characterization of W 1,2(H, µ) in terms of Wiener–Itô
decomposition and prove compactness of the embedding

W 1,2(H, µ) ⊂ L2(H, µ).

We notice that the analogue of this last result fails in L2(Rn).
In section 10.2 we shall express the space W 1,2(H, µ) in terms of the

Wiener chaos and in section 10.3 we shall study the adjoint D∗ of D.
Section 10.4 is devoted to the Dirichlet form associated to µ and to the
corresponding semigroup Rt. It happens that Rt belongs to the class
of the Ornstein–Uhlenbeck semigroups introduced in section 8.3. With
the help of Rt we prove in section 10.5, following [13], the Poincaré and
(1) For concepts of closure and closability of linear operators see Appendix A.
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log–Sobolev inequalities corresponding to the measure µ. As a con-
sequence, we obtain the hypercontractivity of Rt. Finally, in section
10.6 we introduce the Sobolev space W 2,2(H, µ) and characterize the
domain of the infinitesimal generator of Rt.

We shall only consider spaces W k,2(H, µ), k = 1, 2 for brevity. All
results can be generalized, with obvious modifications, to cover Sobolev
spaces W k,p(H, µ), k = 1, 2, p ≥ 1.

Throughout this chapter we shall write Dx = D for brevity.

10.1 Derivatives in the sense of Friedrichs

For any ϕ ∈ E (H) (2) and any k ∈ N we denote by Dkϕ the derivative
of ϕ in the direction of ek, namely

Dkϕ(x) = lim
ε→0

1
ε

[ϕ(x + εek) − ϕ(x)], x ∈ H.

Our first goal is to show that the linear mapping

D : E (H) ⊂ L2(H, µ) → L2(H, µ; H), ϕ 
→ Dϕ,

is closable. For this we need an integration by parts formula.

Lemma 10.1 Let ϕ, ψ ∈ E (H). Then the following identity holds,

∫
H

Dkϕ ψ dµ = −
∫

H
ϕ Dkψ dµ +

1
λk

∫
H

xkϕ ψ dµ. (10.1)

Proof. In view of Lemma 8.1 and the dominated convergence theorem,
it is enough to prove (10.1) for

ϕ(x) = ei〈f,x〉, ψ(x) = ei〈g,x〉, x ∈ H,

where f and g are arbitrary elements of H. In this case we have by
(9.4) ∫

H
Dkϕ ψ dµ = ifke

− 1
2
〈Q(f+g),f+g〉, (10.2)

∫
H

ϕDkψ dµ = igke
− 1

2
〈Q(f+g),f+g〉. (10.3)

(2) See section 8.1
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Moreover
∫

H
xkϕψdµ =

∫
H

xke
i〈f+g,x〉µ(dx) = −i

d

dt

∫
H

ei〈f+g+tek,x〉µ(dx)
∣∣∣
t=0

= −i
d

dt
e−

1
2
〈Q(f+g+tek),f+g+tek〉

∣∣∣
t=0

= i〈Q(f + g), ek〉e−
1
2
〈Q(f+g),f+g〉

= iλk(fk + gk)e−
1
2
〈Q(f+g),f+g〉. (10.4)

Now summing up (10.2) and (10.3), yields (10.4). �

Corollary 10.2 Let ϕ, ψ ∈ E (H) and z ∈ Q1/2(H). Then the follow-
ing identity holds, (3)

∫
H
〈Dϕ, z〉 ψ dµ = −

∫
H
〈Dψ, z〉 ϕ dµ +

∫
H

WQ−1/2z ϕ ψ dµ. (10.5)

Proof. Let n ∈ N. Then by (10.1) we have
∫

H
〈Dϕ, Pnz〉 ψ dµ =

n∑
k=1

zk

∫
H

Dkϕ ψ dµ

=−
n∑

k=1

zk

∫
H

Dkψ ϕ dµ +
n∑

k=1

zk

λk

∫
H

xk ϕ ψdµ

=−
∫

H
〈Dψ, Pnz〉ϕ dµ −

∫
H

WQ−1/2Pnz ϕ ψ dµ.

Now the conclusion follows, letting n → ∞. �

Proposition 10.3 The mapping

D : E (H) ⊂ L2(H, µ) → L2(H, µ; H), ϕ 
→ Dϕ,

is closable.

Proof. Let (ϕn) ⊂ E (H) be such that

ϕn → 0 in L2(H, µ), Dϕn → F in L2(H, µ; H),

as n → ∞. We have to show that F = 0.
(3) The white noise mapping W was defined in section 1.7.
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Let ψ ∈ E (H) and z ∈ Q1/2(H). Then by (10.5) we have∫
H
〈Dϕn, z〉ψdµ = −

∫
H
〈Dψ, z〉ϕndµ +

∫
H

WQ−1/2z ϕnψdµ. (10.6)

Letting n → ∞ we find that∫
H
〈F (x), z〉ψ(x)µ(dx) = 0.

This implies that F = 0 in view of the arbitrariness of ψ and z. �
We shall denote by D the closure of D and by W 1,2(H, µ) its domain

of definition. W 1,2(H, µ), endowed with the scalar product

〈ϕ, ψ〉W 1,2(H,µ) =
∫

H
[ϕψ + 〈Dϕ, Dψ〉]dµ,

is a Hilbert space.
When no confusion may arise we shall write D instead of D.

Exercise 10.4 Prove that for any k ∈ N the linear operator Dk, de-
fined in E (H), is closable. Denote by Dk its closure. Prove that

〈Dϕ, ek〉 = Dkϕ, ϕ ∈ W 1,2(H, µ) (10.7)

and that

|Dϕ(x)|2 =
∞∑

k=1

|Dk,µϕ(x)|2, µ-a.e. (10.8)

10.1.1 Some properties of W 1,2(H, µ)

We are going to prove some useful properties of the space W 1,2(H, µ).
First we show that any function of class C1 which has a suitable growth
(together with its derivative), belongs to W 1,2(H, µ) and that its gra-
dient coincides with Dϕ, µ-almost everywhere. To prove this fact we
shall use Lemma 8.1 about the pointwise approximation of functions
of Cb(H) by exponential functions and the following straightforward
generalization of that lemma, whose proof is left to the reader.

Lemma 10.5 For all ϕ ∈ C1
b (H) there exists a two-index sequence

(ϕk,n) ⊂ E (H) such that

(i) lim
k→∞

lim
n→∞

ϕk,n(x) = ϕ(x) for all x ∈ H,

(ii) lim
k→∞

lim
n→∞

Dϕk,n(x) = Dϕ(x) for all x ∈ H,

(iii) ‖ϕk,n‖0 + ‖Dϕk,n‖0 ≤ ‖ϕ‖0 + ‖Dϕ‖0 + 1
n for all n, k ∈ N.

(10.9)
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Now we can show that any function of class C1 of suitable growth
belongs to W 1,2(H, µ).

Proposition 10.6 Let ϕ ∈ C1
b (H). Then ϕ ∈ W 1,2(H, µ) and Dϕ(x) =

Dϕ(x) for µ-almost all x ∈ H.

Proof. By Lemma 10.5 there exists a two-index sequence (ϕn,k) ⊂
E (H) such that (10.9) holds. By the dominated convergence theorem
we see that

lim
k→∞

lim
n→∞

ϕk,n = ϕ in L2(H, µ)

and
lim

k→∞
lim

n→∞
Dϕk,n = Dϕ in L2(H, µ; H).

So, the conclusion follows. �

Exercise 10.7 Let ϕ : H → R be continuously differentiable. Assume
that there exists κ > 0 and ε ∈ (0, (1/2) infk∈N λ−1

k ) such that

|ϕ(x)| + |Dϕ(x)| ≤ κeε|x|2 , x ∈ H.

Prove that ϕ ∈ W 1,2(H, µ) and Dϕ(x) = Dϕ(x) for µ-almost all x ∈ H.
Hint: Recall Proposition 1.13. Then set

ϕn(x) =
ϕ(x)

1 + 1
n eε|x|2 , x ∈ H

and prove that

ϕn → ϕ in L2(H, µ), Dϕn → Dϕ in L2(H, µ; H).

10.1.2 Chain rule

Proposition 10.8 Let ϕ ∈ W 1,2(H, µ) and g ∈ C1
b (R). Then g(ϕ) ∈

W 1,2(H, µ) and
Dg(ϕ) = g′(ϕ)Dϕ. (10.10)

Proof. Let (ϕn) ⊂ E (H) be such that

lim
n→∞

ϕn = ϕ in L2(H, µ), lim
n→∞

Dϕn = Dϕ in L2(H, µ; H).

Then g(ϕn) belongs to W 1,2(H, µ) by Proposition 10.6. Moreover, since
Dg(ϕn) = g′(ϕn)Dϕn, we have Dg(ϕn) ∈ L2(H, µ; H), and so,

lim
n→∞

Dg(ϕn) = g′(ϕ)Dϕ in L2(H, µ; H).

So, (10.10) holds. �
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10.1.3 Gradient of a product

Proposition 10.9 Let ϕ, ψ ∈ W 1,2(H, µ) and suppose that ψ and Dψ
are bounded. Then ϕψ ∈ W 1,2(H, µ) and we have

D(ϕψ) = D(ϕ)ψ + ϕD(ψ). (10.11)

Proof. Step 1. We prove the result under the additional assumption
that ϕ ∈ E (H).

Since ψ ∈ W 1,2(H, µ) there exists (ψn) ⊂ E (H) such that,

lim
n→∞

ψn = ψ in L2(H, µ), lim
n→∞

Dψn = Dψ in L2(H, µ; H).

Then we have D(ϕψn) = D(ϕ)ψn + ϕD(ψn) and so,

lim
n→∞

D(ϕψn) = D(ϕ)ψ + ϕD(ψ) in L2(H, µ; H).

This shows that ϕψ ∈ W 1,2(H, µ) and (10.11) holds in this case.

Step 2. We consider the general case ϕ ∈ W 1,2(H, µ).

Let (ϕn) ⊂ E (H) such that

lim
n→∞

ϕn = ϕ in L2(H, µ), lim
n→∞

Dϕn = Dϕ in L2(H, µ; H).

By Step 1 we have

D(ϕnψ) = Dϕn ψ + ϕnDψ.

Since ψ and Dψ are bounded, it follows that

lim
n→∞

D(ϕnψ) = Dϕ ψ + ϕDψ in L2(H, µ; H).

So, ϕψ ∈ W 1,2(H, µ) and (10.11) is fulfilled. �

10.1.4 Lipschitz continuous functions

We denote by Lip(H) the set all functions ϕ → R such that

[ϕ]1 : = sup
x,y∈H

|ϕ(x) − ϕ(y)|
|x − y| < +∞.

In this subsection we shall prove that any real Lipschitz continuous
function on H belongs to W 1,2(H, µ). To this purpose we recall an
analytic result.
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Proposition 10.10 Assume that E is a Hilbert space and that T : D(T )
⊂ E → E is a linear closed operator in E. Let φ ∈ E and let (φn) be a
sequence in E such that φn → φ in E and supn∈N |Tφn|E < ∞. Then
φ ∈ D(T ).

Proof. Since E is reflexive there exists a subsequence (φnk
) of (φn)

weakly convergent to some element ψ ∈ E. Thus we have

φnk
→ φ, Tφnk

→ ψ weakly,

as k → ∞. Since the graph of a closed operator is also closed in the
weak topology of E × E, see e.g. [26], it follows that φ ∈ D(T ) and
Tφ = ψ. �

Proposition 10.11 We have Lip(H) ⊂ W 1,2(H, µ).

Proof. Step 1. We assume that H is N -dimensional, N ∈ N.

For any ϕ ∈ Cb(H) define,

ϕn(x) =
∫

RN
ϕ(x − y)N 1

n
IN

(dy) =
(

n

2π

)N/2 ∫
RN

e−
n
2
|x−y|2ϕ(y)dy.

Then
lim

n→∞
ϕn(x) = ϕ(x), x ∈ H.

It is clear that ϕn is continuously differentiable and that, since

|ϕn(x) − ϕn(x1)| ≤ [ϕ]1|x − x1|, x, x1 ∈ H,

we have ‖Dϕn‖0 ≤ [ϕ]1 for all n ∈ N. Moreover, since

|ϕ(x)| ≤ |ϕ(0)| + [ϕ]1|x|, x ∈ H,

we have

|ϕn(x)| ≤ |ϕ(0)| +
(

n

2π

)N/2

[ϕ]1
∫

RN
e−

n
2
|x−y|2 |y|dy, x ∈ H,

so that there exists C1 > 0 such that

|ϕn(x)| ≤ C1(1 + |x|), x ∈ H.

Therefore, (ϕn) ⊂ W 1,2(H, µ) (see Exercise 10.7) and we have

sup
n∈N

[∫
RN

|ϕn|2dµ +
∫

RN
|Dϕn|2dµ

]
< ∞.

Therefore ϕ ∈ W 1,2(H, µ) by Proposition 10.10.
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Step 2. H infinite dimensional.

For any k ∈ K set ϕk(x) = ϕ(Pkx). Then ϕk ∈ W 1,2(H, µ) for all
k ∈ H by the previous step. Since

ϕk(x) → ϕ(x), Dϕk(x) = PkDϕ(Pkx), x ∈ H,

we have
sup
k∈N

[∫
RN

|ϕk|2dµ +
∫

RN
|Dϕk|2dµ

]
< ∞

and so, ϕ ∈ W 1,2(H, µ) again by Proposition 10.10. �

10.1.5 Regularity properties of functions of W 1,2(H, µ)

The Sobolev embedding theorem does not hold for W 1,2(H, µ). If ϕ ∈
W 1,2(H, µ) we can only say that ϕ log(|ϕ|) belongs to L2(H, µ), see
section 10.5 below. We want to prove here another regularity result,
namely that if ϕ ∈ W 1,2(H, µ) the mapping x → |x|ϕ(x) belongs to
L2(H, µ).

Proposition 10.12 Let ϕ ∈ W 1,2(H, µ) and let z ∈ H. Then Wzϕ ∈
L2(H, µ) and the following estimate holds.

∫
H

(Wzϕ)2dµ ≤ 2|z|2
∫

H
ϕ2dµ + 4

∫
H
|〈Dϕ, Q1/2z〉|2dµ. (10.12)

Proof. We first assume that ϕ ∈ E (H). Then by (10.5) we have that
for any ϕ, ψ ∈ E (H) and any z ∈ H,

∫
H
〈Dϕ, Q1/2z〉 ψ dµ = −

∫
H
〈Dψ, Q1/2z〉 ϕ dµ +

∫
H

Wz ϕ ψ dµ.

(10.13)
It is easy to see, by a standard approximation, that (10.13) holds for
any ψ ∈ W 1,2(H, µ).

Now, set in (10.13) ψ = WPnzϕ (obviously ψ ∈ W 1,2(H, µ)). Since

D(WPnzϕ) = WPnzDϕ + Q−1/2Pnz ϕ,

we obtain∫
H

〈Dϕ, Q1/2z〉 WPnzϕ dµ = −
∫

H

〈D(WPnzϕ), Q1/2z〉 ϕ dµ +

∫
H

Wz WPnz ϕ2 dµ

= −
∫

H

〈Dϕ, Q1/2z〉 WPnzϕ dµ −
∫

H

〈Pnz, z〉 ϕ2 dµ

+

∫
H

Wz WPnzϕ2 dµ.
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Letting n → ∞ we deduce that∫
H

(Wz ϕ)2 dµ = 2
∫

H
〈Dϕ, Q1/2z〉 Wz ϕ dµ +

∫
H
|z|2ϕ2 dµ.

Consequently (4)

∫
H

(Wz ϕ)2 dµ ≤ 1
2

∫
H

(Wz ϕ)2 dµ + 2
∫

H
|〈Dϕ, Q1/2z〉|2dµ

+
∫

H
|z|2ϕ2 dµ,

which yields∫
H

(Wz ϕ)2 dµ ≤ 4
∫

H
|〈Dϕ, Q1/2z〉|2dµ + 2

∫
H
|z|2ϕ2 dµ. (10.14)

So, estimate (10.12) is proved when ϕ ∈ E (H). Assume now that
ϕ ∈ W 1,2(H, µ) and let (ϕn) ⊂ E (H) be a sequence such that

lim
n→∞

ϕn = ϕ in L2(H, µ), lim
n→∞

Dϕn = Dϕ in L2(H, µ; H).

Then by (10.14) it follows that
∫

H
[Wz(ϕm − ϕn)]2 dµ ≤ 4

∫
H
|〈D(ϕm − ϕn), Q1/2z〉|2dµ

+ 2
∫

H
|z|2(ϕm − ϕn)2 dµ. (10.15)

Therefore, (Wzϕn) is Cauchy and so, Wzϕ ∈ L2(H, µ) and (10.12)
follows. �

Exercise 10.13 Prove that if ϕ ∈ W 1,2(H, µ) then |x|ϕ ∈ L2(H, µ).

10.2 Expansions in Wiener chaos

In this section we want to give a characterization of the space W 1,2(H, µ)
in terms of the orthonormal system (Hγ)γ∈Γ introduced in Chapter 9.

Notice first that for any h ∈ N and any γ ∈ Γ we have

DhHγ(x) =
√

γh

λh
Hγ(h)(x), x ∈ H, h ∈ N (10.16)

(4) By the obvious inequality: ab ≤ 1
2

(a2 + b2).
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where γ(h) = 0 if γh = 0 and if γh > 0,

γ(h)
n =

⎧⎨
⎩

γn − 1 if h = n

γn if h 
= n.
(10.17)

For any ϕ ∈ L2(H, µ) we write as before,

ϕ =
∑
γ∈Γ

ϕγHγ ,

where
ϕγ =

∫
H

ϕ Hγ dµ,

so that, by the Parseval identity, we have∫
H

ϕ2dµ =
∑
γ∈Γ

|ϕγ |2.

Lemma 10.14 Let ϕ ∈ C1
b (H). Then for any h ∈ N we have

Dhϕ =
∑
γ∈Γ

√
γh

λh
ϕγHγ(h) (10.18)

and ∫
H
|Dhϕ|2dµ =

∑
γ∈Γ

γh

λh
|ϕγ |2. (10.19)

Proof. Let h ∈ N. It is enough to check that∫
H

DhϕHγ(h)dµ =
√

γh

λh
ϕγ . (10.20)

We assume for simplicity that γh ≥ 2. By (3.1) we have∫
H

DhϕHγ(h)dµ = −
∫

H
ϕ DhHγ(h)dµ +

∫
H

xh

λh
Hγ(h)ϕdµ

=
∫

H
ϕ(x)

∏
j 
=h

Hγj

(
xj√
λj

)

×
(

xh

λh
Hγh−1

(
xh√
λh

)
−

√
γh − 1

λh
Hγh−2

(
xk√
λk

))
dµ.

Now, taking into account (9.7) we find,

xh

λh
Hγh−1

(
xh√
λh

)
=

√
γh

λh
Hγh

(
xh√
λh

)
+

√
γh − 1

λh
Hγh−2

(
xk√
λk

)
,

which yields (10.20) and consequently (10.18). Finally, (10.19) follows
from the Parseval identity. �
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Theorem 10.15 Assume that ϕ ∈ W 1,2(H, µ). Then for any h ∈ N

we have

Dhϕ =
∑
γ∈Γ

√
γh

λh
ϕγHγ(h) (10.21)

and ∫
H
|Dϕ|2dµ =

∑
γ∈Γ

〈γ, λ−1〉|ϕγ |2, (10.22)

where 〈γ, λ−1〉 =
∞∑

h=1

γh

λh
. Conversely if

∑
γ∈Γ

〈γ, λ−1〉|ϕγ |2 < +∞, (10.23)

then ϕ ∈ W 1,2(H, µ).

Proof. Let ϕ ∈ W 1,2(H, µ) and let (ϕn) ⊂ E (H) be such that

ϕn → ϕ in L2(H, µ), Dϕn → Dϕ in L2(H, µ; H).

By Lemma 10.14 it follows that for any h ∈ N,

∫
H

DhϕHγ(h)dµ = lim
n→∞

∫
H

DhϕnHγ(h)dµ =
√

γh

λh
ϕγ ,

so that (10.21), and consequently (10.22), holds.
Assume conversely that (10.23) holds. Write

ΓN : = {γ ∈ Γ : 〈γ, λ−1〉 ≤ N}, N ∈ N.

Since λn → 0 as n → ∞, each set ΓN is finite, moreover,

ΓN ↑ Γ.

For any N ∈ N set

ϕ(N) =
∑

γ∈ΓN

ϕγHγ ,

it is clear that ϕ(N) ∈ W 1,2(H, µ) and that

lim
N→∞

ϕ(N) → ϕ in L2(H, µ).
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Moreover, if N, p ∈ N we have∫
H
|Dϕ(N+p) − Dϕ(N)|2dµ =

∑
γ∈ΓN+p\ΓN

〈γ, λ−1〉|ϕγ |2.

By (10.23) it follows that (Dϕ(N)) is Cauchy in L2(H, µ; H) and this
implies that ϕ belongs to W 1,2(H, µ) as required. �

10.2.1 Compactness of the embedding
of W 1,2(H, µ) in L2(H, µ)

Theorem 10.16 The embedding W 1,2(H, µ) ⊂ L2(H, µ) is compact.

Proof. Let (ϕ(n)) be a sequence in W 1,2(H, µ) such that∫
H

[
|ϕ(n)|2 + |Dϕ(n)|2

]
dµ ≤ K,

where K > 0. We have to show that there exists a subsequence of (ϕ(n))
convergent in L2(H, µ).

Since L2(H, µ) is reflexive, there exists a subsequence (ϕ(nk)) of
(ϕ(n)) weakly convergent to some function ϕ ∈ L2(H, µ). We are going
to show that ϕ(nk) converges indeed to ϕ strongly.

Write for any M ∈ N,∫
H
|ϕ − ϕ(nk)|2dµ =

∑
γ∈ΓN

|ϕγ − ϕ(nk)
γ |2 +

∑
γ∈(ΓN )c

|ϕγ − ϕ(nk)
γ |2

≤
∑

γ∈ΓN

|ϕγ − ϕ(nk)
γ |2 +

1
N

∑
γ∈Γ

〈γ, λ−1〉|ϕγ − ϕ(nk)
γ |2. (10.24)

By Theorem 10.15, it follows that for any k ∈ K

∑
γ∈Γ

〈γ, λ−1〉|ϕ(nk)
γ |2 ≤ K,

which implies that ∑
γ∈Γ

〈γ, λ−1〉|ϕγ |2 ≤ K.

Consequently, by (10.24) we have∫
H
|ϕ − ϕ(nk)|2dµ ≤

∑
γ∈ΓN

|ϕγ − ϕ(nk)
γ |2 +

2K

M
. (10.25)
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Since the set ΓN is finite and (ϕ(nk)) is weakly convergent to ϕ we have

lim
n→∞

∑
γ∈ΓN

|ϕγ − ϕ(n)
γ |2 = 0,

and so the conclusion follows by the arbitrariness of N and taking into
account (10.25). �

10.3 The adjoint of D

10.3.1 Adjoint operator

Let us first recall the definition of adjoint operator. Let E, F be Hilbert
spaces and let T : D(T ) ⊂ E → F be a linear closed operator with
domain D(T ) dense in E. For any y ∈ F consider the linear functional

Λy(x) = 〈Tx, y〉F , x ∈ D(T ).

Define
D(T ∗) = {y ∈ F : Λy is continuous}.

By the Riesz representation theorem for any y ∈ D(T ∗) there exists a
unique element z ∈ E such that

Λy(x) = 〈x, z〉E for all x ∈ E.

We set T ∗y = z. It is easy to see that T ∗ is a closed operator in F .

Remark 10.17 If Y is a core (5) for T then the previous considerations
hold if we define Λ on Y instead of in D(T ).

10.3.2 The adjoint operator of D

We shall denote by D∗ the adjoint operator of D.
Let us first consider the case when H has finite dimension n.

Proposition 10.18 Let H be n-dimensional and let F ∈ C1
b (H; H).

Then F belongs to the domain of D∗ and we have

D∗F (x) = −div F (x) + 〈Q−1x, F (x)〉, x ∈ H, (10.26)

where

div F (x) =
n∑

h=1

DhFh(x), x ∈ H

(5) See Appendix A.3.1.



150 Sobolev spaces for a Gaussian measure

and
Fh(x) = 〈F (x), eh〉, x ∈ H.

Proof. Write

F (x) =
n∑

h=1

Fh(x)eh, x ∈ H,

and let ϕ ∈ E (H). Then by (10.1) with ψ = Fh and z = eh we have

∫
H
〈Dϕ, eh〉 Fh dµ = −

∫
H
〈DFh, eh〉 ϕ dµ +

∫
H
〈Q−1x, eh〉 Fhϕ dµ.

Summing up on h yields

ΛF (ϕ) : =
∫

H
〈Dϕ, F 〉 dµ = −

∫
H

div F ϕ dµ +
∫

H
〈Q−1x, F 〉 ϕ dµ.

It follows that

|ΛF (ϕ)| ≤
[(∫

H
|div F |2dµ

)1/2

+
(∫

H
|〈Q−1x, F 〉|2dµ

)1/2
]

×
(∫

H
|ϕ|2)dµ

)1/2

,

for all ϕ ∈ E (H). Since E (H) is a core for D it follows that F belongs
to the domain of D∗ and (10.26) holds. �

Exercise 10.19 Prove that for any k ∈ N and any ϕ ∈ W 1,2(H, µ) we
have

D∗
kϕ = −Dkϕ +

xk

λk
ϕ.

In the infinite dimensional case we are not able to give a meaning
to formula (10.26) in general, but only for special vector fields F .

Proposition 10.20 Let ψ ∈ W 1,2(H, µ), z ∈ Q1/2(H) and let F be
given by

F (x) = ψ(x)z, x ∈ H.

Then F belongs to the domain of D∗ and we have

D∗F (x) = −〈Dψ(x), z〉 + WQ−1/2z(x)ψ(x), x ∈ H. (10.27)
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Proof. Let ϕ ∈ E (H). Then by (10.13) we have

ΛF (ϕ) =
∫

H
〈Dϕ, z〉 ψ dµ = −

∫
H
〈Dψ, z〉 ϕ dµ +

∫
H

WQ−1/2z ϕ ψ dµ,

so that ΛF is continuous and the conclusion follows. �
Proposition 10.21 Assume that ψ0 ∈ W 1,2(H, µ) and that F belongs
to the domain of D∗. Assume that ψ0 and Dψ0 are bounded. Then ψ0F
belongs to the domain of D∗ and

D∗(ψ0F ) = ψ0D
∗(F ) − 〈Dψ0, F 〉. (10.28)

Proof. For any ϕ ∈ E (H) we have

Λψ0F (ϕ) =
∫

H
〈Dϕ, F 〉 ψ0 dµ =

∫
H
〈ψ0Dϕ, F 〉 dµ.

Using (10.11) we can write

Λψ0F (ϕ) =
∫

H
〈D(ψ0ϕ), F 〉 dµ −

∫
H
〈Dψ0, F 〉 ϕ dµ

=
∫

H
ϕψ0D

∗F dµ −
∫

H
〈Dψ0, F 〉 ϕ dµ.

and the conclusion follows. �

10.4 The Dirichlet form associated to µ

In this section we write D = D for simplicity.
Let us consider the bilinear form,

a : W 1,2(H, µ) × W 1,2(H, µ) → R,

(ϕ, ψ) 
→ a(ϕ, ψ) =
1
2

∫
H
〈Dϕ, Dψ〉dµ.

Clearly a is continuous, symmetric and coercive. Therefore, by the
Lax–Milgram theorem there exists a unique negative self-adjoint
operator

L2 : D(L2) ⊂ L2(H, µ) → L2(H, µ)

such that

a(ϕ, ψ) = −
∫

H
L2ϕ ψ dµ = −

∫
H

ϕ L2ψ dµ.
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We want now to identify the operator L2. For this it is useful to intro-
duce the negative self-adjoint operator A := −1

2 Q−1 and to consider
the subspace EA(H) of E (H) defined by (8.28).

Let ϕ, ψ ∈ EA(H). Then by the integration by parts formula (10.1)
it follows that

∫
H
〈Dϕ, Dψ〉dµ=

∞∑
k=1

∫
H

Dkϕ Dkψ dµ

=−
∞∑

k=1

∫
H

ϕD2
k ψ dµ +

∞∑
k=1

1
λk

∫
H

xkϕ Dkψ dµ

=−
∫

H
ϕ Tr [D2ψ]dµ +

∫
H
〈x, Q−1Dψ〉ϕdµ.

Notice that the term Q−1Dψ is meaningful since ψ ∈ EA(H) (this is
the reason for choosing EA(H) instead of E (H)).

Therefore it follows that

L2ϕ =
1
2

Tr [D2ϕ] + 〈x, ADϕ〉, ϕ ∈ EA(H). (10.29)

This fact leads us to introduce the following Ornstein–Uhlenbeck semi-
group

Rtϕ(x) =
∫

H
ϕ(etAx + y)NQt(dy), ϕ ∈ Bb(H), (10.30)

where

Qtx =
∫ t

0
e2sAxds = Q(1 − e2tA)x, x ∈ H. (10.31)

In the next proposition we list several properties of Rt.

Proposition 10.22 The following statements hold.

(i) Rt is strong Feller.
(ii) µ is the unique invariant measure of Rt. Moreover, it is ergodic and

strongly mixing,

lim
t→+∞

Rtϕ(x) =
∫

H
ϕ(y)µ(dy) := ϕ in L2(H, µ). (10.32)

(iii) Rt can be uniquely extended to a strongly continuous semigroup of
contractions in L2(H, µ) (which we still denote by Rt).
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(iv) EA(H) is a core for Rt and the infinitesimal generator of Rt is
precisely the operator L2 defined by (10.30).

(v) Rt is symmetric, so that its infinitesimal generator L2 is self-adjoint
in L2(H, µ).

Proof. (i) First notice that the controllability condition (8.18) is ful-
filled since C = I, see Remark 8.15. Now the conclusion follows from
Theorem 8.16.

Moreover (ii) follows from Theorem 8.20, (iii) from Proposition 8.21
and (iv) from Theorem 8.22.

Let us finally show (v) which is equivalent to
∫

H
Rtϕ ψ dµ =

∫
H

ϕ Rtψ dµ, ϕ, ψ ∈ L2(H, µ). (10.33)

Since EA(H) is dense in L2(H, µ), it is enough to prove (10.33) for
ϕ, ψ ∈ EA(H). Let ϕ = ϕh, ψ = ϕk with h, k ∈ D(A). Then we have

∫
H

Rtϕ ψ dµ =
∫

H
e−

1
2
〈Qth,h〉ei〈x,etAh〉ei〈x,k〉 dµ

= e−
1
2
〈(Qt+etAQ∞etA)h,h〉e−

1
2
[〈Q∞etAh,k〉+〈Q∞etAk,h〉]

= e−
1
2
〈(Q∞h,h〉e−

1
2
[〈Q∞etAh,k〉+〈Q∞etAk,h〉]

=
∫

H
ϕ Rtψ dµ.

The proof is complete. �

Proposition 10.23 We have D(L2) ⊂ W 1,2(H, µ) with continuous
and dense embedding. Moreover for all ϕ ∈ D(L2) we have

∫
H

L2ϕ ϕ dµ = −1
2

∫
H
|Dϕ|2dµ (10.34)

and for all ϕ, ψ ∈ D(L2)
∫

H
L2ϕ ψ dµ = −1

2

∫
H
〈Dϕ, Dψ〉dµ = −a(ϕ, ψ). (10.35)

Proof. We first prove (10.34) when ϕ ∈ EA(H). For this let us first
show the following identity,

L2(ϕ2) = 2ϕL2ϕ + |Dϕ|2, ϕ ∈ EA(H). (10.36)
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We have in fact

D(ϕ2) = 2ϕDϕ, D2(ϕ2) = 2ϕD2ϕ + 2Dϕ ⊗ Dϕ,

which implies that

Tr [D2(ϕ2)] = 2ϕ Tr [D2ϕ] + 2|Dϕ|2.

Consequently, since ϕ2 ∈ EA(H), we have

L2(ϕ2) = ϕ Tr [D2ϕ] + |Dϕ|2 + 2ϕ〈x, ADϕ〉

and so (10.36) holds.
Now integrating both sides of (10.36) with respect to µ, and taking

into account that
∫
H L2(ϕ2)dµ = 0 (because µ is invariant), yields

(10.34) when ϕ ∈ EA(H).
Let now ϕ ∈ D(L2). Since EA(H) is a core there exists a sequence

(ϕn) ⊂ EA(H) such that

ϕn → ϕ, L2ϕn → L2ϕ in L2(H, µ).

By (10.34) it follows that for n, m ∈ N,
∫

H
|Dϕn − Dϕm|2dµ = −2

∫
H

L2(ϕn − ϕm) (ϕn − ϕm) dµ.

This implies that the sequence (ϕn) is Cauchy in W 1,2(H, µ), and so,
ϕ ∈ W 1,2(H, µ) as claimed. Finally, (10.35) can be proved similarly, we
leave the proof to the reader. �

We end this subsection by giving another interesting proof of Propo-
sition 10.9.

Proposition 10.24 Assume that ϕ : H → R is Lipschitz continuous.
Then ϕ ∈ W 1,2(H, µ).

Proof. For any t > 0 we have Rtϕ ∈ C1
b (H) (by Theorem 8.16) and

for any h ∈ N we have,

DhRtϕ(x) =
∫

H
〈Γ(t)eh, Q

−1/2
t y〉ϕ(etAx + y)NQt(dy),

where Γ(t) = Q
−1/2
t etA. It follows that

|DhRtϕ(x)|2 ≤ 1
t

Rt(ϕ2)(x), x ∈ H, t ≥ 0,

which implies that
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∫
H
|DhRtϕ(x)|2dµ ≤ 1

t

∫
H

ϕ2dµ.

Consequently there is a sequence tn → +∞ such that DhRtϕ converges
weakly to some element g ∈ L2(H, µ). This implies that Dhϕ = gh, and,
due to the arbitrariness of h, that ϕ ∈ W 1,2(H, µ). �

10.5 Poincaré and log-Sobolev inequalities

Let us fix some notations. Setting ω = 1
2 infk∈N

1
λk

, we have clearly
ω = ‖Q‖−1 > 0. Moreover, since

etAx =
∞∑

k=1

e
− t

2λk 〈x, ek〉ek, x ∈ H,

it follows by the Parseval identity that

|etAx|2 =
∞∑

k=1

e
− t

λk |〈x, ek〉|2, x ∈ H,

and consequently
‖etA‖ ≤ e−ωt, t ≥ 0, (10.37)

We start with the Poincaré inequality.

Theorem 10.25 For all ϕ ∈ W 1,2(H, µ) we have
∫

H
|ϕ − ϕ|2dµ ≤ 1

2ω

∫
H
|Dϕ|2dµ, (10.38)

where
ϕ =

∫
H

ϕdµ.

Proof. Thanks to Proposition 10.23, it is enough to prove (10.38) for
ϕ ∈ D(L2). In this case we have, by Proposition A.7,

d

dt
Rtϕ = L2Rtϕ, t ≥ 0.

Multiplying both sides of this identity by Rtϕ, integrating with respect
to µ over H and taking into account (10.34), we find

1
2

d

dt

∫
H
|Rtϕ|2dµ =

∫
H

L2Rtϕ Rtϕ dµ = −1
2

∫
H
|DRtϕ|2dµ. (10.39)
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Now we need a suitable estimate for |DRtϕ|2. First we notice that for
any h ∈ H we have

〈DRtϕ(x), h〉 =
∫

H
〈Dϕ(etAx + y), etAh〉NQt(dy), x ∈ H.

It follows, by using the Hölder inequality and (10.37), that

|〈DRtϕ(x), h〉|2 ≤ e−2ωt
∫

H
|Dϕ(etAx + y)|2NQt(dy)

= e−2ωtRt(|Dϕ|2) |h|2, x, h ∈ H.

The arbitrariness of h yields

|DRtϕ(x)|2 ≤ e−2ωtRt(|Dϕ|2)(x), x ∈ H.

Now, substituting |DRtϕ(x)|2 in (10.39) and taking into account the
invariance of the measure µ, we obtain

d

dt

∫
H
|Rtϕ|2dµ ≥ − e−2ωt

∫
H

Rt(|Dϕ|2)dµ = − e−2ωt
∫

H
|Dϕ|2dµ.

Integrating in t yields
∫

H
|Rtϕ|2dµ −

∫
H

ϕ2dµ ≥ − 1
2ω

(1 − e−2ωt)
∫

H
|Dϕ|2dµ.

Finally, letting t tend to +∞, and recalling (10.32), yields

(ϕ)2 −
∫

H
ϕ2dµ ≥ − 1

2ω

∫
H
|Dϕ|2dµ

and the conclusion follows, since
∫

H
|ϕ − ϕ|2dµ =

∫
H

ϕ2dµ − (ϕ)2.

�

A first immediate consequence of the Poincaré inequality is the fol-
lowing.

Proposition 10.26 Let ϕ ∈ W 1,2(H, µ) such that Dϕ = 0. Then
ϕ = ϕ.

Next we show that the spectrum σ(L2) of L2 consists of 0 and a set
included in a half-space {λ ∈ C : �e λ ≤ −ω} (spectral gap). We have
in fact the following result.
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Proposition 10.27 We have

σ(L2)\{0} ⊂ {λ ∈ C : �e λ ≤ −ω} . (10.40)

Proof. Let us consider the space

L2
π(H, µ) :=

{
ϕ ∈ L2(H, µ) : ϕ = 0

}
.

Clearly
L2(H, µ) = L2

π(H, µ) ⊕ R.

Moreover if ϕ = 0 we have

(Rtϕ) =
∫

H
Rtϕdµ =

∫
H

ϕdµ = 0,

so that L2
π(H, µ) is an invariant subspace of Rt. Denote by Lπ the

restriction of L2 to L2
π(H, µ). Then we have clearly

σ(L2) = {0} ∪ σ(Lπ).

Moreover if ϕ ∈ L2
π(H, µ) we see, using the Poincaré inequality, that∫

H
Lπϕ ϕ dµ = −1

2

∫
H
|Dϕ|2dµ ≤ −ω

∫
H

ϕ2dµ, (10.41)

which yields
σ(Lπ) ⊂ {λ ∈ C : Re λ ≤ −ω} . �

The spectral gap implies the exponential convergence of Rtϕ to the
equilibrium, as the following proposition shows.

Proposition 10.28 For any ϕ ∈ L2(H, µ) we have∫
H
|Rtϕ − ϕ|2dµ ≤ e−ωt

∫
H
|ϕ|2dµ, ϕ ∈ L2(H, µ). (10.42)

Proof. Let first ϕ ∈ L2
π(H, µ). Then by (10.41) and the Hille–Yosida

theorem (Theorem A.15), we have∫
H
|Rtϕ|2dµ ≤ e−ωt

∫
H
|ϕ|2dµ, ϕ ∈ L2(H, µ). (10.43)

Now let ϕ ∈ L2(H, µ) be arbitrary. Then, replacing in (10.43) ϕ with
ϕ − ϕ, we obtain∫

H
|Rtϕ − ϕ|2dµ =

∫
H
|Rt(ϕ − ϕ)|2dµ

≤ e−ωt
∫

H
|ϕ − ϕ|2dµ ≤ e−ωt

∫
H
|ϕ|2dµ.

So, (10.42) is proved. �
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We are going to prove the logarithmic Sobolev inequality. For this
we need a lemma.

Lemma 10.29 For any g ∈ C2(R) such that g(ϕ) ∈ D(L2) we have

L2(g(ϕ)) = g′(ϕ)L2ϕ +
1
2

g′′(ϕ)|Dϕ|2, ϕ ∈ EA(H), (10.44)

and∫
H

L2ϕ g′(ϕ) dµ = −1
2

∫
H

g′′(ϕ)|Dϕ|2dµ, ϕ ∈ EA(H). (10.45)

Proof. Let ϕ ∈ EA(H). Since

Dg(ϕ) = g′(ϕ)Dϕ, D2g(ϕ) = g′′(ϕ)Dϕ ⊗ Dϕ + g′(ϕ)D2ϕ,

we have

L2(g(ϕ)) =
1
2

g′′(ϕ)|Dϕ|2 +
1
2

g′(ϕ)Tr [D2ϕ] + g′(ϕ)〈x, Dϕ〉.

So, (10.44) follows. Finally integrating (10.44) with respect to µ over
H yields ∫

H
L2(g(ϕ))dµ = 0,

by the invariance of µ. So, (10.45) is proved. �
We are now ready to prove the log-Sobolev inequality.

Theorem 10.30 For all ϕ ∈ W 1,2(H, µ) we have
∫

H
ϕ2 log(ϕ2)dµ ≤ 1

ω

∫
H
|Dϕ|2dµ + ‖ϕ‖2

L2(H,µ) log(‖ϕ‖2
L2(H,µ)).

(10.46)

Proof. It is enough to prove the result when ϕ ∈ EA(H) is such that
ϕ(x) ≥ ε > 0, x ∈ H. In this case we have

d

dt

∫
H

(Rt(ϕ2)) log(Rt(ϕ2))dµ =
∫

H
L2Rt(ϕ2) log(Rt(ϕ2))dµ

+
∫

H
L2Rt(ϕ2)dµ.

Now the second term in the right-hand side vanishes, due to the in-
variance of µ. For the first term we use (10.45) with g′(ξ) = log ξ. (6)

Therefore we have
(6) Indeed, we should take a suitable regularization of g in order to use Lemma 10.29.
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d

dt

∫
H

Rt(ϕ2) log(Rt(ϕ2))dµ = −1
2

∫
H

1
Rt(ϕ2)

|DRt(ϕ2)|2dµ. (10.47)

For any h ∈ H we have

〈DRt(ϕ2)(x), h〉 = 2
∫

H
ϕ(etAx + y)〈Dϕ(etAx + y), etAh〉NQt(dy).

It follows by the Hölder inequality that

|〈DRt(ϕ2)(x), h〉|2 ≤ 4e−2tω
∫

H
ϕ2(etAx + y)NQt(dy)

×
∫

H
|Dϕ(etAx + y)|2NQt(dy),

which yields

|DRt(ϕ2)|2 ≤ 4e−2tωRt(ϕ2) Rt(|Dϕ|2).

Substituting in (10.47) gives

d

dt

∫
H

Rt(ϕ2) log(Rt(ϕ2))dµ ≥ −2e−2tω
∫

H
Rt(|Dϕ|2)dµ

= −2e−2tω
∫

H
|Dϕ|2dµ,

due to the invariance of µ. Integrating in t gives

∫
H

Rt(ϕ2) log(Rt(ϕ2))dµ−
∫

H
ϕ2 log(ϕ2)dµ ≥ 1

ω
(1−e−2tω)

∫
H
|Dϕ|2dµ.

Finally, letting t tend to +∞, and recalling (10.32), yields,

‖ϕ‖2
L2(H,µ) log(‖ϕ‖2

L2(H,µ)) −
∫

H
ϕ2 log(ϕ2)dµ ≥ − 1

ω

∫
H
|Dϕ|2dµ

and the conclusion follows. �

10.5.1 Hypercontractivity

We consider here the semigroup Rt defined by (10.30) and its invariant
measure µ. We show now that Rt is hypercontractive, see [16].
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Theorem 10.31 For all t > 0 we have

‖Rtϕ‖Lq(t)(H,µ) ≤ ‖ϕ‖Lp(H,µ), p ≥ 2, ϕ ∈ Lp(H, µ), (10.48)

where
q(t) = 1 + (p − 1)e2ωt, t > 0. (10.49)

Proof. It is enough to show (10.48) for ϕ ≥ ε > 0 and ϕ ∈ EA(H).
We set

G(t) = ‖Rtϕ‖Lq(t)(H,µ), F (t) = G(t)q(t) =
∫

H
(Rtϕ)q(t)dµ.

We are going to show that

G′(t) ≤ 0. (10.50)

This will imply that G(t) ≤ G(0), which coincides with (10.48). Since

G′(t) = G(t)
(
− q′(t)

q2(t)
log F (t) +

1
q(t)

F ′(t)
F (t)

)
,

it is enough to show that

− 1
q(t)

F (t) log F (t) +
F ′(t)
q′(t)

≤ 0. (10.51)

Notice now that

F ′(t) =
∫

H
(Rtϕ)q(t)q′(t) log(Rtϕ)dµ + q(t)

∫
H

(Rtϕ)q(t)−1L2Rtϕdµ.

(10.52)
Setting f = (Rtϕ)

q(t)
2 and using (10.34), we find that

F ′(t)
q′(t)

=
∫

H
f2 log(f

2
q(t) )dµ +

q(t)
q′(t)

∫
H

f
2

q(t)−1
q(t) L2

(
f

2
q(t)

)
dµ

=
1

q(t)

∫
H

f2 log(f2)dµ − q(t)
2q′(t)

×
∫

H

〈
D

(
f

2
q(t)

)
, D

(
f

2
q(t)−1

q(t)

)〉
dµ

=
1

q(t)

∫
H

f2 log(f2)dµ − 2
q(t) − 1
q′(t)q2(t)

∫
H
|Df |2dµ.

Consequently (10.51) is equivalent to∫
H

f2 log(f2)dµ ≤ 2
q(t) − 1

q′(t)

∫
H
|Df |2dµ + f2 log(f2). (10.53)
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Since
2

q(t) − 1
q′(t)q(t)

=
1
ω

,

we see that (10.53) holds in view of the log-Sobolev inequality (10.46).
�

10.6 The Sobolev space W 2,2(H, µ)

To define W 2,2(H, µ) we need a result that it is a generalization of
Proposition 10.3. The simple proof is left to the reader.

Proposition 10.32 For any h, k ∈ N the linear operator DhDk, de-
fined in E (H), is closable.

We shall denote by DhDk the closure of DhDk. If ϕ belongs to the
domain of DhDk we say that DhDkϕ belongs to L2(H, µ).

Now we denote by W 2,2(H, µ) the linear space of all functions ϕ ∈
L2(H, µ) such that DhDkϕ ∈ L2(H, µ) for all h, k ∈ N and

∞∑
h,k=1

∫
H
|DhDkϕ(x)|2µ(dx) < +∞.

Endowed with the inner product

〈ϕ, ψ〉W 2,2(H,µ) = 〈ϕ, ψ〉L2(H,µ) +
∞∑

k=1

∫
H

(Dkϕ)(Dkψ)dµ

+
∞∑

h,k=1

∫
H

(DhDkϕ(x))(DhDkψ(x))µ(dx),

W 2,2(H, µ) is a Hilbert space.
If ϕ ∈ W 2,2(H, µ) we define D2ϕ as follows

〈D2ϕ(x)z, z〉 =
∞∑

h,k=1

DhDkϕ(x)zhzk, x, z ∈ H, µ-a.s.

It is easy to see that D
2
ϕ(x) is a Hilbert–Schmidt operator for almost

all x ∈ H.
The following result it is a generalization of Proposition 10.12. The

proof is left to the reader as an exercise.
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Proposition 10.33 If ϕ ∈ W 2,2(H, µ) then |x|ϕ ∈ W 1,2(H, µ), and
|x|2ϕ ∈ L2(H, µ).

We can now characterize the domain of the infinitesimal generator
L2 of the Ornstein–Uhlenbeck semigroup Rt defined by (10.30).

Proposition 10.34 We have

D(L2) =
{

ϕ ∈ W 2,2(H, µ) :
∫

H
|(−A)1/2Dϕ|2dµ < ∞

}
. (10.54)

Proof. We have

(−A)1/2Dϕ(x) =
1√
2

∞∑
k=1

1√
λk

Dkϕ(x)ek.

By (10.19) it follows that
∫

H
|(−A)1/2Dϕ|2dµ =

1
2

∑
γ∈Γ

〈γ, λ−2〉|ϕγ |2.

Thus it is enough to prove that if ϕ ∈ D(L) the following identity holds

∑
γ∈Γ

|〈γ, λ−1〉|2 |ϕγ |2 =
∞∑

h,k=1

∫
H
|DhDkϕ|2dµ +

∑
γ∈Γ

〈γ, λ−2〉|ϕγ |2.

(10.55)
We have in fact for any h ∈ N,

D2
hHγ =

√
γh(γh − 1)

λh
Hγ(h,h) ,

where

γ(h,h)
n =

⎧⎨
⎩

γn if n 
= h,

γh − 2 if n = h,

and we have set H−2(ξ) = 0. Moreover if h, k ∈ N with h 
= k we have

DhDkHγ =
√

γhγk

λhλk
Hγ(h,k) ,

where

γ(h,k)
n =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

γn if n 
= h, n 
= k

γh − 1 if n = h,

γk − 1 if n = k.
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It follows that

D2
hϕ =

∑
γ∈Γ

√
γh(γh − 1)

λh
ϕγHγ(h,h) ,

and
DhDkHγϕ =

∑
γ∈Γ

√
γhγk

λhλk
ϕγHγ(h,k) .

Therefore ∞∑
h=1

∫
H
|Dhϕ|2dµ =

∫
γ∈Γ

γh(γh − 1)
λ2

h

|ϕγ |2, (10.56)

and
∞∑

h,k=1

∫
H
|DhDkϕ|2dµ =

∑
γ∈Γ

[〈γ, λ−1〉]2|ϕγ |2−
∑
γ∈Γ

〈γ, λ−2〉|ϕγ |2. (10.57)

Now (10.55) follows from (10.56) and (10.57). �
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Gradient systems

11.1 Introduction and setting of the problem

We are given a separable real Hilbert space H (norm | · |, inner product
〈·, ·〉), a self-adjoint strictly negative operator A : D(A) ⊂ H → H such
that A−1 is of trace class and a non-negative mapping U : H → [0, +∞]
(the potential).

We consider the Gaussian measure µ = NQ where Q = −1
2 A−1 and

the probability measure (Gibbs measure)

ν(dx) = Z−1e−2U(x)µ(dx), x ∈ H,

where Z is the normalization constant

Z =
∫

H
e−2U(x)µ(dx).

Then we consider the following Kolmogorov operator

N0ϕ = L2ϕ − 〈DxU, Dxϕ〉, ϕ ∈ EA(H),

where L2 is the Ornstein–Uhlenbeck operator

L2ϕ =
1
2

Tr [D2
xϕ] + 〈x, ADxϕ〉, ϕ ∈ EA(H),

studied in section 8.3. (1)

The goal of the chapter is to show that, under suitable assumptions
on U , N0 is essentially self-adjoint in L2(H, ν). Then, denoting by N2

the closure of N0, we study several properties of the Markov semigroup
Pt = etN2 .
(1) E A(H) is the space of exponential functions defined in (8.28).
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We will not attempt to develop a general theory of Gibbs mea-
sures; we will discuss only a significant situation, see section 11.2 for
a motivating example. For an introduction to spin systems and Gibbs
measures see for instance [25] and [10, Chapter 11].

11.1.1 Assumptions and notations

Concerning A we shall assume that

Hypothesis 11.1
(i) A is self-adjoint and there exists ω > 0 such that

〈Ax, x〉 ≤ −ω|x|2, x ∈ D(A).

(ii) There exists β ∈ (0, 1) such that Tr[(−A)β−1] < +∞.

We set Q = −1
2 A−1 and consider the nondegenerate Gaussian mea-

sure µ = NQ. We denote by (ek) a complete orthonormal system of
eigenvectors of Q and by (λk) the corresponding eigenvalues. For any
x ∈ H we set xk = 〈x, ek〉, k ∈ N.

Moreover, we consider the Ornstein–Uhlenbeck semigroup Rt in
Lp(H, µ) where p ≥ 1 (introduced in Chapters 8 and 10, see in partic-
ular (10.30)),

Rtϕ(x) =
∫

H
ϕ(etAx+ y)NQt(dy), x ∈ H, t ≥ 0, ϕ ∈ Bb(H), (11.1)

where
Qt = Q(1 − e2tA), t ≥ 0. (11.2)

We recall that, for any p ≥ 1, Rt is a strongly continuous semigroup
of contractions in Lp(H, µ) and that the space of all exponential func-
tions EA(H) is a core for its infinitesimal generator Lp (Theorem 8.22).
Finally,

Lpϕ =
1
2

Tr [D2
xϕ] + 〈x, ADxϕ〉, ϕ ∈ EA(H). (11.3)

Concerning the potential U : H → R ∪ {+∞} we shall assume that

Hypothesis 11.2
(i) U belongs to W 1,2(H, µ) and it is non-negative.
(ii) Setting

Z :=
∫

H
e−2U(y)µ(dy)

and
ρ(x) = Z−1e−2U(x), x ∈ H,
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we have
ρ,

√
ρ ∈ W 1,2(H, µ). (11.4)

Then we define the probability measure ν on (H, B(H)),

ν(dx) = ρ(x)µ(dx). (11.5)

Let us explain the content of this chapter. After a motivating exam-
ple presented in section 11.2, section 11.3 is devoted to the definition of
the Sobolev space W 1,2(H, ν). In section 11.4 we introduce the linear
operator

N0ϕ = L2ϕ − 〈DxU, Dxϕ〉, ϕ ∈ EA(H), (11.6)

and show that it is symmetric in L2(H, ν) and consequently, closable
(see Step 1 in the proof of Theorem A.21).

In order to prove that N0 is essentially self-adjoint we need some
other tools as the notion of cylindrical Wiener process and some results
on stochastic differential equations in Hilbert spaces which we introduce
in section 11.5.

Section 11.6 is devoted to proving, under the additional assumption
that U is convex and lower semicontinuous, that N0 is essentially self-
adjoint (the reader interested to the case when U is not convex can
look at [10, Chapter 10]).

In this section an important rôle will be played by the Moreau–
Yosida approximations Uα, α > 0, of U (we shall recall some properties
of Uα at the end of this section) and by the approximating equation, (2)

λϕα − L2ϕα − 〈DxUα, Dxϕα〉 = f, α > 0. (11.7)

We shall show that the solution of equation (11.7) is given by the
formula

ϕα(x) =
∫ +∞

0
e−λt

E[f(Xα(t, x))]dt, x ∈ H,

where Xα(t, x) is the solution to the stochastic differential equation
⎧⎨
⎩

dXα = (AXα − DxUα(Xα))dt + dW (t)

Xα(0) = x, (11.8)

and W (t) is a cylindrical Wiener process in H.
Finally, in section 11.7 we study the semigroup generated by the

closure of N0, the Poincaré and log-Sobolev inequalities and the com-
pactness of the embedding of W 1,2(H, ν) into L2(H, ν).
(2) Indeed, we shall need a further approximation, see section 11.6.
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Remark 11.3 Once we have defined the space W 1,2(H, ν), we can
consider the symmetric Dirichlet form

a(ϕ, ψ) =
1
2

∫
H
〈Dxϕ, Dxψ〉dν, ϕ, ψ ∈ W 1,2(H, ν). (11.9)

Since a is obviously coercive, by the Lax–Milgram theorem there exists
a negative self-adjoint operator N2 in L2(H, ν) such that

a(ϕ, ψ) = −1
2

∫
H

N2ϕ ψ dν, ϕ, ψ ∈ D(N2). (11.10)

One can show that N2 can be identified with the closure of the differ-
ential operator N0 above, see e.g. [24] and references therein.

11.1.2 Moreau–Yosida approximations

Let U : H → (−∞, +∞] be convex and lower semi-continuous. Then
the Moreau–Yosida approximations Uα of U are defined by,

Uα(x) = inf
{

U(y) +
1
2α

|x − y|2 : y ∈ H

}
, x ∈ H, α > 0.

Let us recall some properties of Uα, for proofs see e.g. [3].

Lemma 11.4 Let α > 0. Then the following properties hold.

(i) Uα is convex, differentiable, and Uα(x) ≤ U(x) for all x ∈ H.
(ii) We have

|DxUα(x)| ≤ |DxU(x)|, for all x ∈ H,

where |DxU(x)| is the element of the subdifferential ∂U(x) (which
is a non-empty convex closed set) of minimal norm.

(iii) We have

lim
α→0

Uα(x) = U(x), for all x ∈ H,

lim
α→0

DxUα(x) = DxU(x), for all x ∈ H.

11.2 A motivating example

Let us consider the linear operator in H := L2(0, 1) defined as
{

Ax = D2
ξx, x ∈ D(A),

D(A) = H2(0, 1) ∩ H1
0 (0, 1), (11.11)
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where ξ ∈ [0, 1], Hk(0, 1), k = 1, 2, are the usual Sobolev spaces and

H1
0 (0, 1) = {x ∈ H1(0, 1) : x(0) = x(1) = 0}.

It is well known that A is self-adjoint and that

Aek = −π2k2ek, k ∈ N,

where (ek) is the complete orthonormal system on H defined as

ek(ξ) =
√

2
π

sin(kπξ), ξ ∈ [0, 1], k ∈ N. (11.12)

It is easy to see that A fulfills Hypothesis 11.1 with ω = π2 and with
β equal to any number in (0, 1). So, we have Q = −1

2 A−1, and λk =
1

2π2k2 , k ∈ N.

Remark 11.5 The measure µ = NQ is the law of the Brownian bridge
in [0, 1], see subsection 3.4.1. Therefore µ is concentrated on the space,

{x ∈ C([0, 1]) : x(0) = x(1) = 0}

(we shall not use this fact in what follows).

We are interested in the following potential

Um(x) =

⎧⎪⎪⎨
⎪⎪⎩

1
2m

∫ 1

0
|x(ξ)|2mdξ, if x ∈ L2m(0, 1),

+∞, if x /∈ L2m(0, 1), (11.13)

where m ∈ N is given. We are going to show that U fulfills
Hypothesis 11.2. For this we need some preliminary result on random
variables in L2(0, 1), interesting in itself.

Remark 11.6 The measure ν, defined by

ν(dx) = Z−1e−2Umµ(dx),

is the Gibbs measure corresponding to the stochastic reaction-diffusion
equation

dX = (AX − X2m−1)dt + dW (t),

where W (t) is a cylindrical Wiener process in L2(0, 1), see subsection
11.5.1 below and [7].
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11.2.1 Random variables in L2(0, 1)

We set here H = L2(0, 1). Let us first define the Dirac delta at ξ for
any ξ ∈ [0, 1] on L2(H, µ). For any x ∈ H and N ∈ N we set

δN
ξ (x) = xN (ξ) =

N∑
k=1

〈x, ek〉ek(ξ), ξ ∈ [0, 1],

where the system (ek) is defined by (11.12). Consequently,

δN
ξ (x) =

〈
x,

N∑
k=1

ek(ξ)ek

〉
=

1√
2π

〈x, Q−1/2ηN,ξ〉 = WηN,ξ
(x),

where

ηN,ξ =
1√
2π

N∑
k=1

1
k

ek(ξ)ek, ξ ∈ [0, 1].

Notice that ηN,ξ ∈ W 1,2(0, 1) for all ξ ∈ [0, 1] and that

lim
N→∞

ηN,ξ = ηξ in H, for all ξ ∈ [0, 1],

where

ηξ =
1√
2π

∞∑
k=1

1
k

ek(ξ)ek, ξ ∈ [0, 1]. (11.14)

It follows that there exists the limit

lim
N→∞

WηN,ξ
= Wηξ

in L2(H, µ).

So, we define

δξ(x) = x(ξ) := Wηξ
(x), for all ξ ∈ [0, 1] and for µ-almost x ∈ H.

Notice that, by the Parseval identity, we have

|ηξ|2 =
1

2π2

∞∑
k=1

1
k2

|ek(ξ)|2 ≤ 1
6π

, ξ ∈ [0, 1]. (11.15)

Exercise 11.7 Show that ηξ is continuous in ξ.

Now, we shall write the potential Um as

Um(x) =
1

2m

∫ 1

0
W 2m

ηξ
(x)dξ, x ∈ H.
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Proposition 11.8 Um belongs to Lp(H, µ) for any p ≥ 1.

Proof. Let us consider the case p = 1. Then, by the Fubini theorem
and taking into account (9.11) and (11.15), we find that

∫
H

(∫ 1

0
W 2m

ηξ
(x)dξ

)
µ(dx) =

∫ 1

0

(∫
H

W 2m
ηξ

(x)µ(dx)
)

dξ

≤ Cm

∫ 1

0
(1 + |ηξ|m)dξ < +∞.

So, Um ∈ L1(H, µ). The case p > 1 can be handled similarly. �

Proposition 11.9 Um belongs to W 1,2(H, µ) and (3)

DxUm(x)(ξ) = W 2m−1
ηN,ξ

(x) = x2m−1(ξ), µ-a.e. (11.16)

Proof. Set

Um,N (x) =
1

2m

∫ 1

0
W 2m

ηN,ξ
(x)dξ, x ∈ H.

Then Um,N is a C1 function and, for any h ∈ H, we have

DxUm,N (x) · h =
∫ 1

0
W 2m−1

ηN,ξ
(x)h(x)dξ =

∫ 1

0
x2m−1

N (ξ)h(ξ)dξ.

It is easy to see that

lim
N→∞

Um,N = Um in L2(H, µ),

lim
N→∞

DxUm,N = DxUm in L2(H, µ; H).

Consequently, Um belongs to W 1,2(H, µ) and (11.16) holds. �

Exercise 11.10 Prove that Um belongs to W 1,p(H, µ) for all p ≥ 1.

We can now check that Hypothesis 11.2 is fulfilled. We first notice
that ρ = Z−1e−2Um is bounded. Moreover, we prove the result

Proposition 11.11 ρ and
√

ρ belong to W 1,2(H, µ) and

Dxρ = −2DxUmρ. (11.17)

Proof. Since ρ = Z−1e−2Um and Um ∈ W 1,2(H, µ), we can apply
Proposition 10.8 to conclude that ρ ∈ W 1,2(H, µ) and (11.17) holds. In
a similar way, one can prove that

√
ρ ∈ W 1,2(H, µ). �

(3) Throughout this chapter we shall write D = D = Dx for simplicity.
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11.3 The Sobolev space W 1,2(H, ν)

We proceed here to define the Sobolev space W 1,2(H, µ) as in
Chapter 10. So, we start by proving an integration by parts formula.

Lemma 11.12 Assume that Hypotheses 11.1 and 11.2 hold. Let ϕ, ψ ∈
E (H) and k ∈ N. Then we have
∫

H
Dkϕ ψ dν = −

∫
H

ϕ Dkψ dν +
∫

H

[
xk

λk
− Dk log ρ

]
ϕ ψ dν. (11.18)

Proof. Write ∫
H

Dkϕ ψ dν =
∫

H
Dkϕ ψ ρ dµ.

Since ψρ ∈ W 1,2(H, µ), we can apply the integration by parts formula
(10.1), and we get

∫
H

Dkϕ ψ dν = −
∫

H
ϕDk(ψρ)dµ +

1
λk

∫
H

xkϕ ψ dν

= −
∫

H
ϕ Dkψ dν −

∫
H

ϕ ψ Dk log ρ dν +
1
λk

∫
H

xkϕ ψ dν,

which yields (11.18). �
Before proving closability of the derivative, we need a lemma.

Lemma 11.13 Assume that Hypotheses 11.1 and 11.2 hold. Then we
have DxU = −1

2 Dx log ρ ∈ L2(H, ν; H).

Proof. Since
U = −1

2
log ρ − 1

2
log Z,

and Dx log ρ ∈ L2(H, µ; H), we have

DxU = −1
2

Dx log ρ = −1
2

Dxρ

ρ
.

Consequently,
∫

H
|Dx log ρ|2dν =

∫
H

|Dxρ|2
ρ

dµ = 4
∫

H
|Dx

√
ρ|2dµ.

�
Proposition 11.14 Assume that Hypotheses 11.1 and 11.2 hold. Then
for any k ∈ N the operator Dk is closable on L2(H, ν).
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We shall still denote by Dk its closure.
Proof. Let (ϕn) be a sequence in E (H) and g ∈ L2(H, ν) such that

ϕn → 0, Dkϕn → g in L2(H, ν).

We have to show that g = 0. Let ψ ∈ E (H). Then by Lemma 11.12 we
have ∫

H
Dkϕn ψ dν = −

∫
H

ϕn Dkψ dν +
∫

H

xk

λk
ϕn ψ dν

−
∫

H
Dk log ρ ϕn ψ dν. (11.19)

Moreover, taking into account Lemma 11.13, we have
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

lim
n→∞

∫
H

Dkϕn ψ dν =
∫

H
gψdν,

lim
n→∞

∫
H

ϕn Dkψ dν = 0

lim
n→∞

∫
H

Dk log ρ ϕn ψ dν = 0. (11.20)

We also claim that
lim

n→∞

∫
H

xkϕnψdν = 0. (11.21)

We have in fact
∣∣∣∣
∫

H
xkϕnψdν

∣∣∣∣
2

≤
∫

H
ϕ2

ndν

∫
H

x2
kψ

2ρdµ

≤
∫

H
ϕ2

ndν

(∫
H

ρ2dµ

)1/2 (∫
H

x4
kψ

4dµ

)1/2

→ 0,

as n → ∞. So, (11.21) follows. Now (11.20) and (11.21) yield
∫

H
gψdν = 0,

so that the conclusion follows from the arbitrariness of g. �
We now define W 1,2(H, ν) as the linear space of all functions ϕ ∈

L2(H, ν) such that Dkϕ ∈ L2(H, ν) for all k ∈ N and

∞∑
k=1

∫
H
|Dkϕ(x)|2ν(dx) < +∞.
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W 1,2(H, ν), endowed with the inner product,

〈ϕ, ψ〉W 1,2(H,ν) = 〈ϕ, ψ〉L2(H,ν) +
∞∑

k=1

∫
H

Dkϕ Dkψ dν,

is a Hilbert space.
If ϕ ∈ W 1,2(H, ν) we set

Dxϕ(x) =
∞∑

k=1

Dkϕ(x)ek, ν-a.e. in H.

Since

|Dxϕ(x)|2 =
∞∑

k=1

|Dkϕ(x)|2, ν-a.e. in H,

the series is convergent for ν-almost all x ∈ H. We call Dxϕ(x) the
gradient of ϕ at x.

In an analogous way we can define W k,2(H, ν), k ≥ 2.

11.4 Symmetry of the operator N0

Let us consider the linear operator

N0ϕ = L2ϕ − 〈DxU, Dxϕ〉, ϕ ∈ EA(H). (11.22)

We want to consider N0 as an operator in L2(H, ν). This is possible
thanks to the following lemma.

Lemma 11.15 Assume that Hypotheses 11.1 and 11.2 hold. Then

(i) N0 respects ν-classes. That is if ϕ and ψ are two functions in EA(H)
such that ϕ = ψ ν-a.e. then ϕ is identically equal to ψ.

(ii) N0ϕ ∈ L2(H, ν) for all ϕ ∈ EA(H).

Proof. Let us prove (i). Let ϕ, ψ ∈ EA(H) such that ϕ = ψ, ν-a.e.
Then we have

ϕ(x)ρ(x) = ψ(x)ρ(x), µ-a.e.

On the other hand, ρ(x) = Z−1e−2U(x) > 0 µ-a.e. since U(x) < +∞
µ-a.e. thanks to Hypothesis 11.2(i). So, we have ϕ = ψ µ-a.e. Since the
measure µ is full this implies that ϕ is identically equal to ψ.

Let us finally prove (ii). Write
∫

H
|N0ϕ|2dν ≤ 2

∫
H
|L2ϕ|2dν + 2

∫
H
|〈DxU, Dxϕ〉|2dν.
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Let a, b > 0 be such that

|L2ϕ(x)| ≤ a + b|x|, x ∈ H,

then we have∫
H
|L2ϕ|2dν ≤ 2a2 + 2b2

∫
H
|x|2ρdµ

≤ 2a2 + 2b2
(∫

H
ρ2dµ

)1/2 (∫
H
|x|4dµ

)1/2

< +∞.

Moreover,
∫

H
|〈DxU, Dxϕ〉|2dν ≤ ‖ϕ‖1

∫
H
|DxU |2dν < +∞.

So, the conclusion follows. �

Proposition 11.16 Assume that Hypotheses 11.1 and 11.2 hold. Then
for all ϕ, ψ ∈ EA(H) we have

∫
H

N0ϕ ψdν = −1
2

∫
H
〈Dxϕ, Dxψ〉dν. (11.23)

Therefore N0 is symmetric in L2(H, ν).

Proof. Let ϕ, ψ ∈ EA(H). Then we have
∫

H
N0ϕ ψ dν =

∫
H

L2ϕ ψ ρdµ −
∫

H
〈DxU, Dxϕ〉ψdν.

Since ρ ∈ W 1,2(H, µ) we have ψρ ∈ W 1,2(H, µ) and
∫

H
Lϕψρdµ =−1

2

∫
H
〈Dxϕ, Dx(ψρ)〉dµ

=−1
2

∫
H
〈Dxϕ, Dxψ〉dν − 1

2

∫
H
〈Dxϕ, Dx log ρ〉ψdν

=−1
2

∫
H
〈Dxϕ, Dxψ〉dν +

1
2

∫
H
〈Dxϕ, DxU〉ψdν,

and the conclusion follows. �
Since N0 is dissipative in L2(H, ν), it is closable (see Theorem A.21);

we shall denote by N2 the closure of N0.
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11.5 Some complements on stochastic differential
equations

11.5.1 Cylindrical Wiener process and stochastic convolution

Let us define a cylindrical Wiener process on the probability space
(Ω, F , P) where Ω = H = L2(0, +∞; H), F = B(H ), and P = NQ,
where Q is any operator in L+

1 (H ) such that Ker Q = {0}. Then we
set (4)

βk(t) = W1
[0,t]

ek
, t ≥ 0, k ∈ N.

Clearly (βk) is a sequence of independent standard Brownian motions
in (Ω, F , P).

Now the cylindrical Wiener process W can be defined formally by
setting

W (t) =
∞∑

k=1

ekβk(t), t ≥ 0.

Note that this series is P-a.s. divergent since

E(|W (t)|2) =
∞∑

k=1

t = +∞, t ≥ 0.

However, the stochastic convolution

WA(t) =
∫ t

0
e(t−s)AdW (s) =

∞∑
k=1

∫ t

0
e(t−s)Aekdβk(s), (11.24)

is well defined as the next proposition shows.

Proposition 11.17 Assume that Hypothesis 11.1 holds. Then for each
t > 0 the series defined by (11.24) is convergent on L2(Ω, F , P; H) to a
Gaussian random variable WA(t) with mean 0 and covariance operator
Qt, where

Qt = Q(1 − e2tA), t > 0.

We shall denote by µt the Gaussian measure NQt .

Proof. Let t > 0, and n, p ∈ N. Taking into account the independence
of the real Brownian motions (βk), we find that

E

∣∣∣∣∣∣
n+p∑

k=n+1

∫ t

0
e(t−s)Aekdβk(s)

∣∣∣∣∣∣
2

=
n+p∑

k=n+1

∫ t

0
|e(t−s)Aek|2ds.

(4) See Chapter 1 for the definition of the white noise mapping W.
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Since
∞∑

k=1

∫ t

0
|e(t−s)Aek|2ds = Tr Qt < +∞,

the series
∞∑

k=1

∫ t

0
e(t−s)Aekdβk(s),

is convergent in L2(Ω, F , P; H), to a random variable WA(t) ∈ L2(Ω, F ,
P; H).

By Proposition 1.16 it follows that WA(t), as the limit of Gaussian
random variables, is a Gaussian random variable as well. By a simple
computation we find finally

E [〈WA(t), h〉〈WA(t), k〉] = 〈Qth, k〉, h, k ∈ H.

Therefore the covariance operator of WA(t) is Qt and consequently the
law of WA(t) is NQt . �

Now we are going to show that, thanks to Hypothesis 11.1(ii), WA(·)
is continuous P-almost surely.

We shall use again the factorization method introduced in
section 3.1. Using identity (3.1) we can write the stochastic convolution
WA as follows,

WA(t) =
sin πα

π

∫ t

0
e(t−σ)A(t − σ)α−1Y (σ)dσ, (11.25)

where α ∈ (0, 1) and

Y (σ) =
∫ σ

0
e(σ−s)A(σ − s)−αdW (s), σ ≥ 0. (11.26)

To prove continuity of WA we need an elementary analytic lemma which
is a generalization of Lemma 3.2.

Lemma 11.18 Let m > 1, T > 0, α ∈ (1/(2m), 1) and g ∈ L2m

(0, T ; H). Set

G(t) =
∫ t

0
e(t−σ)A(t − σ)α−1g(σ)dσ, t ∈ [0, T ].

Then G ∈ C([0, T ]; H) and there is Cm,T > 0 such that

|G(t)| ≤ Cm,T ‖g‖L2m(0,T ;H), t ∈ [0, T ]. (11.27)
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Proof. Let t ∈ [0, T ], then by Hölder’s inequality we have (notice that
2mα − 1 > 0),

|G(t)| ≤ MT

(∫ t

0
(t − σ)(α−1) 2m

2m−1 dσ

) 2m−1
2m

|g|L2m(0,T ;H), (11.28)

which yields (11.27).
It remains to show the continuity of F. Continuity at 0 follows from

(11.28). Let t0 > 0. We are going to prove that F is continuous on
[ t0

2 , T ]. Let us set for ε < t0
2

Gε(t) =
∫ t−ε

0
e(t−σ)A(t − σ)α−1g(σ)dσ, t ∈ [0, T ].

Gε is obviously continuous on [ε, T ]. Moreover, using once again Hölder’s
inequality, we find

|G(t) − Gε(t)| ≤
(

2m − 1
2mα − 1

) 2m−1
2m

εα− 1
2m |f |L2m(0,T ;H), t ≥ 0.

Thus limε→0 Gε(t) = G(t), uniformly on [ t02 , T ], and G is continuous as
required. �

Proposition 11.19 Assume that Hypothesis 11.1 holds. Let m > 1
and T ∈ (0, +∞). Then there exists a constant Cm,T > 0 such that

E

(
sup

t∈[0,T ]
|WA(t)|2m

)
≤ Cm,T . (11.29)

Moreover WA(·)(ω) is P-a.e. continuous on [0, T ].

Proof. Let Y be defined by (11.26). Then, in view of Proposition 11.17,
Y (σ) is a Gaussian random variable NSσ for all σ ∈ (0, T ], where

Sσx =
∫ σ

0
s−2αe2sAxds, x ∈ H.

We set Tr Sσ = Cα,σ. Consequently, for any m > 1 there exists a
constant Dm,α > 0 such that

E

(
|Y (σ)|2m

)
≤ Dm,ασm, σ ∈ [0, T ]. (11.30)

This implies that
∫ T

0
E

(
|Y (σ)|2m

)
dσ ≤ Dm,α

m + 1
Tm+1,
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so that Y (·)(ω) ∈ L2m(0, T ; H) for almost all ω ∈ Ω. Therefore
WA(·)(ω) ∈ C([0, T ]; H) for almost all ω ∈ Ω. Moreover, recalling
(11.28), we have

sup
t∈[0,T ]

|WA(t)|2m ≤
(

MT

π

)2m (
2m − 1
2mα − 1

)2m−1

T 2mα−1
∫ T

0
|Y (σ)|2mdσ.

Now (11.29) follows, taking expectation. �

11.5.2 Stochastic differential equations

Consider the following stochastic differential equation
⎧⎨
⎩

dX(t) = (AX(t) + F (X(t)))dt + dW (t),

X(0) = x ∈ H, (11.31)

where F : H → H is Lipschitz continuous. We shall denote by K the
Lipschitz constant of F , so that

|F (x) − F (y)| ≤ K|x − y|, x, y ∈ H.

By a mild solution of problem (11.31) on [0, T ] we mean a stochastic
process X = C([0, T ]; L2(Ω, F , P; H)) such that (5)

X(t) = etAx +
∫ t

0
e(t−s)AF (X(s))ds + WA(t), (11.32)

where WA is the stochastic convolution defined before.
By C([0, T ]; L2(Ω, F , P; H)) we mean the space of all stochastic

processes X(t) such that,

(i) X(t) ∈ L2(Ω, F , P; H) for all t ∈ [0, T ].
(ii) The mapping [0, T ] → L2(Ω, F , P; H), t 
→ X(t), is continuous.

C([0, T ]; L2(Ω, F , P; H)), endowed with the norm

‖X‖C([0,T ];L2(Ω,F ,P;H)) := sup
t∈[0,T ]

(
E(|X(t)|2)

)1/2
,

is a Banach space.

Proposition 11.20 For any x ∈ H equation (11.32) has a unique mild
solution X.
(5) We do not need here that the process is adapted to W.
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Proof. Setting ZT = C([0, T ]; L2(Ω, F , P; H)), (11.32) is equivalent to
the following equation in ZT ,

X(t) = etAx + γ(X)(t) + WA(t), t ∈ [0, T ],

where

γ(X)(t) =
∫ t

0
e(t−s)AF (X(s))ds, X ∈ ZT , t ∈ [0, T ].

It is easy to check that γ maps ZT into itself and that

‖γ(X) − γ(X1)‖ZT
≤ T‖X − X1‖ZT

, X, X1 ∈ ZT .

Now let T1 ∈ (0, T ] be such that T1 < 1. Then γ is a contraction on ZT1 .
Therefore, equation (11.32) has a unique mild solution on [0, T1]. By a
similar argument, one can show existence and uniqueness on [T1, 2T1]
and so on. �

We shall denote by X(·, x) the mild solution to problem (11.32). Let
us study the continuous dependence of X(·, x) by x.

Proposition 11.21 Let x, y ∈ H. Then for any x, y ∈ H we have

|X(t, x) − X(t, y)| ≤ eTK |x − y|. (11.33)

Proof. In fact, for t ∈ [0, T ], we have

X(t, x)−X(t, y) = etA(x− y) +
∫ t

0
e(t−s)A[F (X(s, x))−F (X(s, y))]ds.

Consequently

|X(t, x) − X(t, y)| ≤ |x − y| + K

∫ t

0
|X(s, x) − X(s, y)|ds

and (11.33) follows from Gronwall’s lemma. �
Now assume that F is of class C2. Our goal is to prove that in this

case the mild solution X(t, x) of (11.32) is differentiable with respect
to x and that for any h ∈ H we have

DxX(t, x) · h = ηh(t, x), t ≥ 0, x ∈ H,

where ηh(t, x) is the mild solution of the equation
⎧⎪⎨
⎪⎩

d

dt
ηh(t, x) = Aηh(t, x) + DxF (X(t, x)) · ηh(t, x),

ηh(0, x) = h. (11.34)
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This means that ηh(t, x) is the solution of the integral equation

ηh(t, x) = etAh +
∫ t

0
e(t−s)ADxF (X(s, x)) · ηh(s, x)ds, t ≥ 0.

It is easy to see, proceeding as for the proof of Proposition 11.20, that
(11.34) has indeed a unique mild solution ηh(t, x).

Theorem 11.22 Assume, besides Hypothesis 11.1, that F is of class
C2 with bounded first and second derivatives. (6) Then X(t, x) is differ-
entiable with respect to x (P-a.s.) and for any h ∈ H we have

DxX(t, x) · h = ηh(t, x), P-a.s. (11.35)

where ηh(t, x) is the mild solution of (11.34). Moreover,

|ηh(t, x)| ≤ e(K−ω)t|h|, t ≥ 0, (11.36)

where K is the Lipschitz constant of F .

Proof. Multiplying both sides of (11.34) by ηh(t, x) and integrating
over H yields

1
2

d

dt
|ηh(t, x)|2 = 〈Aηh(t, x), ηh(t, x)〉 + 〈DxF (X(t, x)) · ηh(t, x), ηh(t, x)〉

≤ (−ω + K)|ηh(t, x)|2,

which implies (11.36) from the Gronwall lemma.
Let us prove now that ηh(t, x) fulfills (11.35). For this fix T > 0,

x ∈ H and h ∈ H such that |h| ≤ 1. We are going to show that there
is CT > 0 such that

|X(t + h, x) − X(t, x) − ηh(t, x)| ≤ CT |h|2, P-a.s. (11.37)

Setting
rh(t, x) = X(t, x + h) − X(t, x) − ηh(t, x),

we see that rh(t, x) satisfies the equation

rh(t, x) =
∫ t

0
e(t−s)A[F (X(s, x + h)) − F (X(s, x))]ds

−
∫ t

0
e(t−s)ADxF (X(s, x)) · ηh(s, x)ds.

(6) In particular, F is Lipschitz continuous.
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Consequently we have

rh(t, x) =
∫ t

0
e(t−s)A

[∫ 1

0
DxF (ρ(ξ, s))dξ

]
· (rh(s, x) + ηh(s, x))ds

−
∫ t

0
e(t−s)ADxF (X(s, x)) · ηh(s, x)ds,

where
ρ(ξ, s) = ξX(s, x + h) + (1 − ξ)X(s, x).

Therefore

rh(t, x) =
∫ t

0
e(t−s)A

[∫ 1

0
DxF (ρ(ξ, s))dξ

]
· rh(s, x)ds

+
∫ t

0
e(t−s)A

[ ∫ 1

0
(DxF (ρ(ξ, s))

−DxF (X(s, x)))dξ

]
· ηh(s, x)ds.

Setting γT = supt∈[0,T ] e
(−ω+K)t, and taking into account (11.36), we

find that ∣∣∣∣
∫ 1

0
(DxF (ρ(ξ, s)) − DxF (X(s, x)))dξ

∣∣∣∣
≤ 1

2
‖D2F‖0 |h||X(s, x + h) − X(s, x)|

≤ 1
2
‖D2F‖0 |h| (|rh(s, x)| + γT |h|).

It follows that

|rh(t, x)| ≤ (K + ‖D2F‖0)
∫ t

0
|rh(s, x)|ds + TγT ‖D2F‖0 |h|2.

Thus (11.37) follows from the Gronwall lemma. �

11.6 Self-adjointness of N2

In this section we assume that Hypotheses 11.1 and 11.2 are
fulfilled and, in addition, that U is convex, nonnegative and lower
semicontinuous. We shall approximate U by its Moreau–Yosida ap-
proximations Uα. However, Uα is not regular enough for our purposes
(it is only C1 with Lipschitz continuous derivative). So, we introduce a
further approximation. We set

Uα,β(x) : = RβUα(x) =
∫

H
Uα(eβAx + y)µβ(dy), α, β > 0, (11.38)
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where Rβ is the Ornstein–Uhlenbeck semigroup defined by (11.1). By
Remark 8.15, Rt fulfills (8.18) so that, in view of Theorem 8.16, Uα,β

is C∞ for any α, β > 0. In particular, for any h ∈ H we have

〈DxUα,β(x), h〉 =
∫

H
〈DxUα(eβAx + y), eβAh〉µt(dy), β > 0. (11.39)

It is easy to check that DxUα,β is Lipschitz continuous, of class C∞

and that its derivatives of all orders are bounded in H. Moreover, in
view of Lemma 11.4, we have

lim
α→0

lim
β→0

DxUα,β(x) = DxU(x), x ∈ H. (11.40)

Our goal is to show that N2 is self-adjoint or, equivalently, that for
any λ > 0 and any f ∈ L2(H, ν) there exists ϕ ∈ D(N2) solution of the
equation

λϕ − N2ϕ = f. (11.41)

We recall that, by a classical result due to Lumer and Phillips (see
Theorem A.21 in Appendix A), in order to show that N2 is self-adjoint
it is enough to prove that the range of λ − N2 is dense in L2(H, ν) for
one (and consequently for all) λ > 0.

It is convenient to introduce the approximating equation

λϕα,β − L2ϕα,β − 〈DxUα,β , Dxϕα,β〉 = f, α, β > 0. (11.42)

To solve equation (11.42) we introduce the stochastic differential
equation

⎧⎨
⎩

dXα,β = (AXα,β − DxUα,β(Xα,β))dt + dW (t)

Xα,β(0) = x, (11.43)

where W (t) is the cylindrical Wiener process in H introduced in
section 11.5. Notice that equation (11.43) has a unique solution Xα,β

in view of Proposition 11.20.
Now we are ready to prove the following result.

Proposition 11.23 For any f ∈ C1
b (H), α, β > 0, equation (11.42)

has a unique solution ϕα,β ∈ Lip H ∩ D(Lp) for any p ≥ 2. Moreover

‖ϕα,β‖Lip ≤ 1
λ
‖f‖1. (11.44)

Finally ϕα,β ∈ D(N2) and

N2ϕα,β = λϕα,β − f + 〈DxU − DxUα,β , Dxϕα,β〉. (11.45)
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Proof. We claim that the solution of (11.42) is given by

ϕα,β(x) =
∫ +∞

0
e−λt

E[f(Xα,β(t, x))]dt, x ∈ H, t ≥ 0,

where Xα,β is the solution to (11.43). First notice that ϕα,β is of class
C1 and for t > 0, x ∈ H

〈Dxϕα,β(x), h〉 =
∫ +∞

0
e−λt

E[〈Dxf(Xα,β(t, x)), DxXα,β(t, x)h〉]dt.

Moreover, it is not difficult to see that ϕα,β ∈ D(Lp) for all p ≥ 2 and

λϕα,β − Lpϕα,β + 〈DxUα,β , Dxϕα,β〉 = f.

To go further, we need the following continuous inclusion,

L4(H, µ) ⊂ L2(H, ν).

We have in fact, by the Hölder inequality,
(∫

H
ϕ2dν

)2

=
(∫

H
ϕ2ρdµ

)2

≤
∫

H
ϕ4dµ, ϕ ∈ L2(H, ν).

We are now ready to show that ϕα,β ∈ D(N2). Since ϕα ∈ D(L4),
and EA(H) is a core for L4, there exists a sequence (ϕα,β,n) ⊂ EA(H)
such that

lim
n→∞

ϕα,β,n = ϕα,β , lim
n→∞

L4ϕα,β,n = L4ϕα in L4(H, µ).

Since D(L4) ⊂ W 1,4(H, µ) with continuous embedding (this fact is an
obvious generalization of Proposition 10.22), we also have

lim
n→∞

Dxϕα,β,n = Dxϕα,β in L4(H, µ; H).

Set
fn = λϕα,β,n − L4ϕα,β,n + 〈DxUα,β , Dxϕα,β,n〉.

We claim that
lim

n→∞
fn = f in L2(H, ν).

For this it is enough to show that

lim
n→∞

∫
H
|〈DxUα,β , Dxϕα,β − Dxϕα,β,n〉|2dν = 0.

We have in fact, since there is cα,β > 0 such that |DxUα,β(x)| ≤ cα,β

(1 + |x|), x ∈ H,
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∫
H
|〈DxUα,β , Dxϕα,β − Dxϕα,β,n〉|2dν ≤

∫
H
|DxUα,β |2|Dxϕα,β

−Dxϕα,β,n|2ρdµ≤ c2
α,β

∫
H
|Dxϕα,β − Dxϕα,β,n|4dµ

∫
H

(1 + |x|2ρ2)dµ.

Since fn → f in L2(H, ν), it follows that ϕα,β ∈ D(N2) and (11.45)
holds.

Finally (11.44) follows from (11.36). �
We are now ready to prove the main result of this chapter.

Theorem 11.24 N2 is self-adjoint in L2(H, ν).

Proof. We shall prove that for any λ > 0 the range of λ−N2 is dense
in L2(H, ν).

Let f ∈ C1
b (H), α > 0, β > 0 and let ϕα,β be the solution of (11.42).

By Proposition 11.23 we have

λϕα,β − N2ϕα,β = f − 〈DxU − DxUα,β , Dxϕα,β〉. (11.46)

Taking into account (11.44) we find that
∫

H
|〈DxU − DxUα, Dxϕα,β〉|2dν ≤ 1

λ
‖f‖1

∫
H
|DxU − DxUα,β |2dν

≤ 1
λ
‖f‖1

∫
H
|DxU − DxUα|2dν +

1
λ
‖f‖1

∫
H
|DxUα − DxUα,β |2dν

: =
1
λ
‖f‖1(Iα + Iα,β).

Since DxUα is Lipschitz continuous, there exists cα > 0 such that

|DxUα,β(x)| + |DxUα(x)| ≤ cα(1 + |x|), x ∈ H.

Consequently,

|DxUα(x) − DxUα,β(x)|2 ≤ 4c2
α(1 + |x|)2, x ∈ H,

and since ∫
H

(1 + |x|)2ν(dx) =
∫

H
(1 + |x|)2ρ(x)µ(dx) < +∞,

we can conclude, by the dominated convergence theorem, that

lim
β→0

Iα,β = 0, α > 0.
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Since, again by the dominated convergence theorem,

lim
α→0

Iα = 0,

we have proved that

lim
α→0

lim
β→0

〈DxU − DxUα,β , Dxϕα,β〉 = 0 in L2(H, ν).

This implies that the closure of (λ − N2)(L2(H, ν)) includes C1
b (H)

which is dense on L2(H, ν). Therefore the range of λ − N2 is dense in
L2(H, ν), and the conclusion follows from the Lumer–Phillips theorem
(Theorem A.21). �

By Proposition 11.16 it follows that

Proposition 11.25 Assume that Hypotheses 11.1 and 11.2 hold. Then
for all ϕ, ψ ∈ D(N2) we have

∫
H

N2ϕ ψdν = −1
2

∫
H
〈Dxϕ, Dxψ〉dν. (11.47)

Proof. Let ϕ, ψ ∈ D(N2). Since EA(H) is a core for N2 there exist
sequences (ϕn), (ψn) in EA(H) such that

lim
n→∞

ϕn = ϕ, lim
n→∞

ψn = ψ in L2(H, ν).

In view of (11.23) we have
∫

H
N0ϕn ψndν = −1

2

∫
H
〈Dxϕn, Dxψn〉dν.

Now, the conclusion follows, letting n → ∞. �
We shall denote by Pt the semigroup generated by N2. We can prove

now an interesting identity.

Proposition 11.26 Assume that Hypotheses 11.1 and 11.2 hold. Then
for all ϕ ∈ D(N2) we have
∫

Rd
(Ptϕ)2 ν(dx) +

∫ t

0
ds

∫
Rd

|DxPsϕ|2 ν(dx) =
∫

Rd
ϕ2 ν(dx). (11.48)

Proof. Let ϕ ∈ D(N2) and write

1
2

d

dt
(Ptϕ)2 = N2Ptϕ Ptϕ.
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Integrating this identity over H with respect to ν and taking into ac-
count (11.47), yields

1
2

d

dt

∫
H
|Ptϕ|2dν =

∫
H

N2Ptϕ Ptϕ dν = −1
2

∫
H
|DxPtϕ|2dν.

Now, (11.47) follows, integrating with respect to t. �

11.7 Asymptotic behaviour of Pt

Proposition 11.27 For any ϕ ∈ L2(H, ν) we have

lim
n→∞

Ptϕ =
∫

H
ϕdν in L2(H, ν). (11.49)

Proof. Let ϕ ∈ L2(H, ν). By (11.48) we deduce that the function

[0,∞) → R, t 
→
∫

H
(Ptϕ)2dν

is decreasing. So, there exists γ(ϕ) ≥ 0 such that

lim
t→+∞

‖Ptϕ‖2
L2(H,ν) = γ(ϕ).

It follows that

lim
t→∞

〈Ptϕ,Ptψ〉L2(H) =
1
2

[γ(ϕ + ψ) − γ(ϕ) − γ(ψ)] for all ϕ,ψ ∈ L2(H, ν).

This implies, in view of the symmetry of Pt, that there exists the limit

lim
t→∞

〈Ptϕ, ψ〉L2(H,ν) for all ϕ, ψ ∈ L2(H, ν).

By the uniform boundedness theorem, there exists a bounded operator
G in L2(H, ν) and it is easy to see that

lim
t→∞

Ptϕ = Gϕ for all ϕ ∈ L2(H, ν). (11.50)

Now, let ϕ ∈ D(N2). Then from (11.48) it follows that
∫ +∞

0
‖DxPtϕ‖2

L2(H,ν)ds ≤ ‖ϕ‖2
L2(H,ν), (11.51)

and ∫ +∞

0
‖DxPtN2ϕ‖2

L2(H,ν)ds ≤ ‖ϕ‖2
L2(H,ν). (11.52)
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Set

α(t) = ‖DxPtϕ‖2
L2(H,ν), β(t) = ‖DxPtN2ϕ‖2

L2(H,ν), t ≥ 0.

Then we have
α′(t) = 2〈α(t), β(t)〉, t ≥ 0.

Therefore

α(t) ≤ ‖ϕ‖2
L2(H,ν), |α′(t)| ≤ 2‖ϕ‖2

L2(H,ν) ‖N2ϕ‖2
L2(H,ν),

so that α ∈ W 1,1(0, +∞). Consequently,

lim
t→∞

α(t) = 0. (11.53)

Finally, let tn ↑ +∞ and ψ ∈ L2(H, ν) such that Ptnϕ → ψ weakly. So,

Ptnϕ ⇀ ψ, DxPtnϕ → 0.

This implies that ψ is constant and

ψ =
∫

H
ϕ(y)ν(dy).

The conclusion follows. �
From Proposition 11.27 it follows that the measure ν is ergodic and

strongly mixing.

11.7.1 Poincaré and log-Sobolev inequalities

We assume here that Hypotheses 11.1 and 11.2 hold and that U is
convex. For any α > 0 and β > 0 we denote by να,β the probability
measure

να,β(dx) = Z−1
α,βe−2Uα,β(x) µ(dx),

where
Zα,β =

∫
H

e−2Uα,β(y)µ(dy),

and Uα,β is defined by (11.38).
By the dominated convergence theorem we have

lim
α→0

lim
β→0

να,β = ν weakly. (11.54)

Moreover, we denote by Xα,β(t, x) the solution of (11.43) and set
ηh

α,β(t, x) = DxXα,β(t, x). By (11.34) it follows that for any h ∈ H,
we have

|ηh
α,β(t, x)| ≤ e−ωt|h|, x ∈ H, t ≥ 0. (11.55)
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Lemma 11.28 For all ϕ ∈ W 1,2(H, να,β) we have
∫

H
|ϕ − ϕα,β |2dνα,β ≤ 1

2ω

∫
H
|Dxϕ|2dνα,β , (11.56)

where
ϕα,β =

∫
H

ϕdνα,β .

and∫
H

ϕ2 log(ϕ2)dνα,β ≤ 1
ω

∫
H

|Dxϕ|2dνα,β + ‖ϕ‖2
L2(H,να,β) log(‖ϕ‖2

L2(H,να,β)).

(11.57)

Proof. To prove (11.56) we proceed as for the proof of Theorem 10.25,
using the basic ingredients (11.49) and (11.55). Similarly, to prove
(11.57) we proceed as in the proof of Theorem 10.30. �

Finally, letting α, β → 0 and invoking (11.54) we find the following
results.

Proposition 11.29 Assume that Hypotheses 11.1 and 11.2 hold and
U is convex. Then, for any ϕ ∈ W 1,2(H, ν) we have

∫
H
|ϕ − ϕ|2 dν ≤ 1

2ω

∫
H
|Dxϕ|2dµ, (11.58)

where ϕ =
∫
H ϕdν and

∫
H

ϕ2 log(ϕ2)dν ≤ 1
ω

∫
H
|Dxϕ|2dν + ‖ϕ‖2

L2(H,ν) log(‖ϕ‖2
L2(H,ν)).

(11.59)

By Proposition 11.29 (arguing as in the proof of Propositions 10.27
and 10.28) we obtain a spectral gap of N2 and exponential convergence
to equilibrium for Pt.

Corollary 11.30 Under the assumptions of Proposition 11.29 we have

σ(N2) ⊂ {λ ∈ C : �e λ ≤ ω} ,

where σ(N2) is the spectrum of N2. Moreover,
∫

H
|Ptϕ − ϕ|2dν ≤ e−2ωt

∫
H

ϕ2dν, t ≥ 0.

Finally, with the same proof as Theorem 10.31, we obtain the hyper-
contractivity of Pt.
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Theorem 11.31 Assume that Hypotheses 11.1 anrd 11.2 hold and U
is convex. Then for all t > 0 we have

‖Rtϕ‖Lq(t)(H,µ) ≤ ‖ϕ‖Lp(H,µ), p ≥ 2, ϕ ∈ Lp(H, µ), (11.60)

where
q(t) = 1 + (p − 1)e2ωt, t > 0. (11.61)

11.7.2 Compactness of the embedding
of W 1,2(H, ν) in L2(H, ν)

In this section we follow [8].

Theorem 11.32 Assume that Hypotheses 11.1 and 11.2 are fulfilled
and, in addition, that there exists ε ∈ [0, 1] such that

∫
H
|Dx log ρ|2+εdν < +∞. (11.62)

Then the embedding W 1,2(H, ν) ⊂ L2(H, ν) is compact.

Proof. Let (ϕn) ⊂ W 1,2(H, ν) be such that
∫

H
|ϕn|2dν +

∫
H
|Dxϕn|2dν ≤ 1, n ∈ N.

We have to show that there exists a subsequence (ϕnk
) which is con-

vergent in L2(H, ν). Notice that, in view of the log-Sobolev inequality
(11.59), the sequence (ϕ2

n) is uniformly integrable. Thus it is enough
to find a subsequence (ϕnk

) which is pointwise convergent, since then,
by the Vitali theorem, one can conclude that (ϕnk

) is convergent in
L2(H, ν).

To construct a pointwise convergent subsequence, we proceed as
follows. First for any R > 1 we set

GR =
{

x ∈ H : ρ(x) ≥ 1
R

}
,

and notice that limR→∞ ν(GR) = 1. Then we consider a function θ :
[0, +∞) → [0, +∞) of class C∞ such that

θ(r)

⎧⎨
⎩

= 1 if r ∈ [0, 1]
= 0 if r ≥ 2
∈ [0, 1] if r ∈ [1, 2],

and set
ϕn,R(x) = θ

(−2 log ρ(x)
log R

)
ϕn(x), x ∈ H,
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so that

ϕn,R(x)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

≤ |ϕn(x)|, x ∈ H

= 0 if ρ(x) < 1
R

= ϕn(x) if ρ(x) ≥ 1√
R

.

Finally, we prove that there exists CR > 0 and α ∈ (0, 1) such that∫
H
|ϕn,R|2dµ +

∫
H
|Dxϕn,R|1+αdµ ≤ CR. (11.63)

Once the claim is proved, since the embedding W 1,1+α(H, µ) ⊂ L1+α

(H, µ) is compact, see [5], we can construct a subsequence (ϕnk,R) which
is convergent in L1+α(H, ν) and then another subsequence which is
pointwise convergent. Now, by a standard diagonal procedure we can
find a subsequence (ϕnk

) pointwise convergent as required.
It remains to show (11.63). We have in fact
∫

H
|ϕn,R|2dµ =

∫
{ρ≥ 1

R
}
|ϕn,R|2

dν

ρ
≤ R

∫
H
|ϕn|2dµ ≤ R. (11.64)

Moreover

Dxϕn,R(x) = −2θ′
(−2 log ρ(x)

log R

)(
Dx log ρ(x)

log R

)
ϕn(x)

+θ

(−2 log ρ(x)
log R

)
Dxϕn(x) := Fn,R(x) + Hn,R(x)

and∫
H
|Hn,R|2dµ ≤

∫
{ρ≥ 1

R
}
|Dxϕn,R|2

dν

ρ
≤ R

∫
H
|Dxϕn|2dµ ≤ R. (11.65)

Also, for any α ∈ (0, 1) we have, using the Hölder inequality∫
H
|Fn,R|1+αdµ ≤

(
2

log R

)1+α

R

∫
H
|D log ρ|1+α|ϕn|1+αdµ

≤
(

2
log R

)1+α

R

(∫
H
|D log ρ|

2(1+α)
1−α dν

) 1−α
2

(∫
H
|ϕn|2dν

) 1+α
2

.

(11.66)
Choosing α = ε

4+ε we have 2(1+α)
1−α = 2+ε. Then by (11.65) and (11.66),

(11.63) follows. �

Exercise 11.33 Consider the motivating example in section 11.2.
Show that in this case the assumption (11.62) is fulfilled.
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Linear semigroups theory

Throughout this appendix X represents a complex (1) Banach space
(norm |·|), and L(X) the Banach algebra of all linear bounded operators
from X into X endowed with the sup norm

‖T‖ = sup{|Tx| : x ∈ X, |x| ≤ 1}.

A.1 Some preliminaries on spectral theory

A.1.1 Closed and closable operators

Let T : D(T ) ⊂ X → X be a linear operator. The graph of T is de-
fined by

GT = {(x, y) ∈ X × X : x ∈ D(T ), y = Tx},
where X×X denotes the product Banach space endowed with the norm

|(x, y)| : = |x| + |y|, (x, y) ∈ X × Y.

The operator T is said to be closed if its graph GT is a closed subset of
X × X.

It is easy to check that T is closed if and only if for any sequence
(xn) ⊂ D(T ) such that

lim
n→∞

xn → x, lim
n→∞

Txn → y,

where y ∈ X, one has x ∈ D(T ) and y = Tx.
If T is closed, we endow D(T ) with the graph norm setting

|x|D(T ) = |x| + |Tx|, x ∈ D(T ).

(1) All results of this section have a natural extension to real Banach spaces.
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It is easy to see that, since T is closed, D(T ) is a Banach space.
The operator T is said to be closable if there exists a linear operator

T from X into X (necessarily unique) whose graph coincides with the
closure of GT . If T is closable we call T the closure of T .

It is easy to check that T is closable if and only if for any sequence
(xn) ⊂ D(T ) such that

lim
n→∞

xn → 0, lim
n→∞

Txn → y,

where y ∈ X, one has y = 0.
Let A : D(A) ⊂ X → X be a linear closed operator. We say that

λ ∈ C belongs to the resolvent set ρ(A) of A if λ − A is bijective and
(λ − A)−1 ∈ L(X); in this case the operator R(λ, A) : = (λ − A)−1 is
called the resolvent of A at λ. The complement σ(A) of ρ(A) is called
the spectrum of A.

Example A.1 Let X = C([0, 1]) be the Banach space of all contin-
uous functions on [0, 1] endowed with the sup norm and let C1([0, 1])
be the subspace of C([0, 1]) of all functions u which are continuously
differentiable. Let us consider the following linear operator A on X,{

Au = u′, u ∈ D(A),

D(A) = C1([0, 1]).

Then,
ρ(A) = ∅, σ(A) = C.

In fact, given λ ∈ C, the mapping λ − A is not injective since for all
c ∈ C the function u(ξ) = ceλξ belongs to D(A) and (λ − A)u = 0.

Consider now the linear operator,{
Bu = u′, u ∈ D(A),

D(B) = {u ∈ C1([0, 1]); u(0) = 0}.
Then we have

ρ(B) = C, σ(A) = ∅

and

(R(λ, B)f)(ξ) = −
∫ ξ

0
eλ(ξ−η)f(η)dη, λ ∈ C, f ∈ X, ξ ∈ [0, 1].

In fact λ ∈ ρ(B) if and only if the problem
{

λu(ξ) − u′(ξ) = f(ξ)

u(0) = 0

has a unique solution f ∈ X.
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Let us prove the resolvent identity.

Proposition A.2 Let A be a closed operator. If λ, µ ∈ ρ(A) we have

R(λ, A) − R(µ, A) = (µ − λ)R(λ, A)R(µ, A). (A.1)

Proof. For all x ∈ X we have

(µ − λ)R(λ, A)x = (µ − A + A − λ)R(λ, A)x = (µ − A)R(λ, A)x − x.

Applying R(µ, A) to both sides of the above identity, we find

(µ − λ)R(µ, A)R(λ, A)x = R(λ, A)x − R(µ, A)x

and the conclusion follows. �
Proposition A.3 Let A be a closed operator. Let λ0 ∈ ρ(A) and let λ
be such that |λ − λ0| < 1

‖R(λ0,A)‖ . Then λ ∈ ρ(A) and

R(λ, A) = R(λ0, A)(1 + (λ − λ0)R(λ0, A))−1. (A.2)

Thus ρ(A) is open and σ(A) is closed. Moreover

R(λ, A) =
∞∑

k=1

(−1)k(λ − λ0)kRk+1(λ0, A), (A.3)

and so R(λ, A) is analytic on ρ(A).

Proof. Let λ0 ∈ ρ(A) and |λ − λ0| < 1
‖R(λ0,A)‖ . Equation λx − Ax = y

is equivalent to
(λ − λ0)x + (λ0 − A)x = y,

and, setting z = (λ0 − A)x, to

z + (λ − λ0)R(λ0, A)z = y.

Since ‖(λ − λ0)R(λ0, A)‖ < 1 it follows that

z = (1 + (λ − λ0)R(λ0, A))−1y,

which yields the conclusion. �

A.2 Strongly continuous semigroups

A strongly continuous semigroup of linear operators on X is a mapping

T : [0,∞) → L(X), t 
→ T (t)
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such that

(i) T (t + s) = T (t)T (s) for all t, s ≥ 0, T (0) = I.
(ii) T (·)x is continuous for all x ∈ X.

Remark A.4 Assume that T is a strongly continuous semigroup.
Then ‖T (·)‖ is locally bounded by the uniform boundedness theorem.

The infinitesimal generator A of T (·) is defined by
⎧⎪⎨
⎪⎩

D(A) =
{

x ∈ X : ∃ lim
h→0+

∆hx

}

Ax = lim
h→0+

∆hx,
(A.4)

where
∆h =

T (h) − I

h
, h > 0.

Proposition A.5 Let T be a strongly continuous semigroup and let A
be its infinitesimal generator. Then D(A) is dense in X.

Proof. For all x ∈ H and a > 0 we set

xa =
1
a

∫ a

0
T (s)xds.

Since lima→0 xa = x, it is enough to show that xa ∈ D(A). We have in
fact for any h ∈ (0, a),

∆hxa =
1
ah

[∫ a+h

a
T (s)xds −

∫ h

0
T (s)xds

]
,

and, consequently xa ∈ D(A) since

lim
h→0

∆hxa = ∆ax.

�

Exercise A.6 Prove that D(A2) is dense in X.

We now study the derivability of the semigroup T (t). Let us first
notice that, since ∆hT (t)x = T (t)∆hx, if x ∈ D(A) then T (t)x ∈ D(A)
for all t ≥ 0 and AT (t)x = T (t)Ax.

Proposition A.7 Assume that x ∈ D(A), then T (·)x is differentiable
for all t ≥ 0 and

d

dt
T (t)x = AT (t)x = T (t)Ax. (A.5)
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Proof. Let t0 ≥ 0 be fixed and let h > 0. Then we have

T (t0 + h)x − T (t0)x
h

= ∆hT (t0)x
h→0→ AT (t0)x.

This shows that T (·)x is right differentiable at t0. Let us show left
differentiability, assuming t0 > 0. For h ∈ (0, t0) we have

T (t0 − h)x − T (t0)x
h

= T (t0 − h)∆hx
h→0→ T (t0)Ax,

since ‖T (t)‖ is locally bounded by Remark A.4. �

Proposition A.8 Let T be a strongly continuous semigroup and let A
be its infinitesimal generator. Then A is a closed operator.

Proof. Let (xn) ⊂ D(A), and let x, y ∈ X be such that

xn → x, Axn = yn → y

Then we have

∆hxn =
1
h

∫ h

0
T (t)yndt.

As h → 0 we get x ∈ D(A) and y = Ax, so that A is closed. �
We end this section by studying the asymptotic behaviour of T (·).

We define the type of T (·) by

ω0 = inf
t>0

log ‖T (t)‖
t

.

Clearly ω0 ∈ [−∞, +∞).

Proposition A.9 We have

ω0 = lim
t→+∞

1
t

log ‖T (t)‖. (A.6)

Proof. It is enough to show that

lim sup
t→∞

1
t

log ‖T (t)‖ ≤ ω0.

Let ε > 0 and tε > 0 be such that

1
tε

log ‖T (tε)‖ < ω0 + ε.
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Set
t = n(t)tε + r(t), n(t) ∈ N, r(t) ∈ [0, tε).

Since ‖T (·)‖ is locally bounded (see Remark A.4), there exists Mε > 0
such that

‖T (t)‖ ≤ Mε for all t ∈ [0, tε].

Write
1
t

log ‖T (t)‖=
1
t

log ‖T (tε)n(t)T (r(t))‖

≤ 1
n(t)tε + r(t)

(n(t) log ‖T (tε)‖ + log ‖T (r(t))‖)

≤ 1

tε + r(t)
n(t)

(
log ‖T (tε)‖ +

Mtε

n(t)

)
.

As t → +∞, we obtain

lim sup
t→∞

1
t

log ‖T (t)‖ ≤ 1
tε

log ‖T (tε)‖ ≤ ω0 + ε.

�
Corollary A.10 Let T be a strongly continuous semigroup of type ω0.
Then for all ε > 0 there exists Nε ≥ 1 such that

‖T (t)‖ ≤ Nεe
(ω0+ε)t, t ≥ 0. (A.7)

Proof. Let tε, n(t), r(t) as in the previous proof. Then we have

‖T (t)‖ ≤ ‖T (tε)‖n(t)‖T (r(t))‖ ≤ etεn(t)(ω0+ε)Mtε ≤ Mtεe
(ω0+ε)t

and the conclusion follows. �
We shall denote by G (M, ω) the set of all strongly continuous semi-

groups T such that

‖T (t)‖ ≤ Meωt, t ≥ 0.

Example A.11 Let X = Lp(R), p ≥ 1, (T (t)f)(ξ) = f(ξ − t), f ∈
Lp(R). Then we have ‖T (t)‖ = 1 and so ω0 = 0.

Example A.12 Let X = Lp(0, T ), T > 0, p ≥ 1, and let

(T (t)f)(ξ) =

⎧⎨
⎩

f(ξ − t) if ξ ∈ [t, T ]

0 if ξ ∈ [0, t).

Then we have T (t) = 0 if t ≥ T and so ω0 = −∞.



Appendix A 199

Exercise A.13 Let A ∈ L(X) be a compact operator and let (λi)i∈N

be the set of its eigenvalues. Set T (t) = etA. Prove that

ω0 = sup
i∈N

�e λi.

A.3 The Hille–Yosida theorem

Proposition A.14 Let T be a strongly continuous semigroup belong-
ing to G(M, ω) and let A its infinitesimal generator. Then we have

ρ(A) ⊃ {λ ∈ C, �e λ > ω}, (A.8)

R(λ, A)y =
∫ ∞

0
e−λtT (t)ydt, y ∈ X, �e λ > ω. (A.9)

Proof. Set
Σ = {λ ∈ C; �e λ > ω},

F (λ)y =
∫ ∞

0
e−λtT (t)ydt, y ∈ X, �e λ > ω.

We notice that the function t 
→ e−λtT (t)y is integrable since T ∈
G (M, ω). We have to show that, given λ ∈ Σ and y ∈ X, the equation
λx − Ax = y has a unique solution given by x = F (λ)y.

Existence. Let λ ∈ Σ, y ∈ X, x = F (λ)y. Then we have

∆hx =
1
h

(eλh − 1)x − 1
h

eλh
∫ h

0
e−λtT (t)ydt

and so, as h → 0,
lim

h→0+
∆hx = λx − y = Ax

so that x is a solution of the equation λx − Ax = y.
Uniqueness. Let x ∈ D(A) be a solution of the equation λx−Ax = y.

Then we have∫ ∞

0
e−λtT (t)(λx − Ax)dt = λ

∫ ∞

0
e−λtT (t)xdt

−
∫ ∞

0
e−λt d

dt
T (t)xdt = x,

so that x = F (λ)y. �
We are now going to prove the Hille–Yosida theorem.
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Theorem A.15 Let A : D(A) ⊂ X → X be a closed operator. Then
A is the infinitesimal generator of a strongly continuous semigroup be-
longing to G (M, ω) if and only if

(i) ρ(A) ⊃ {λ ∈ R; λ > ω}.

(ii) ‖Rn(λ, A)‖ ≤ M

(λ − ω)n
for all n ∈ N, λ > ω.

(iii) D(A) is dense in X. (A.10)

Given a linear operator A fulfilling (A.10) it is convenient to introduce
a sequence of linear operators (called the Yosida approximations of A).
They are defined as

An = nAR(n, A) = n2R(n, A) − n. (A.11)

Lemma A.16 We have

lim
n→∞

nR(n, A)x = x for all x ∈ X, (A.12)

and
lim

n→∞
Anx = Ax for all x ∈ D(A). (A.13)

Proof. Since D(A) is dense in X and ‖nR(n, A)‖ ≤ Mn
n−ω , to prove

(A.12) it is enough to show that

lim
n→∞

nR(n, A)x = x for all x ∈ D(A).

In fact for any x ∈ D(A) we have

|nR(n, A)x − x| = |R(n, A)Ax| ≤ M

n − ω
|Ax|,

and the conclusion follows.
Finally if x ∈ D(A) we have

Anx = nR(n, A)Ax → Ax,

and (A.13) follows. �

Proof of Theorem A.15. Necessity. (i) follows from Proposition
A.14 and (iii) from Proposition A.5. Let us show (ii). Let k ∈ N and
λ > ω. Write
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dk

dλk
R(λ, A)y =

∫ ∞

0
(−t)ke−λtT (t)ydt, y ∈ X,

then ∥∥∥∥∥
dk

dλk
R(λ, A)

∥∥∥∥∥ ≤ M

∫ ∞

0
tke−λt+ωtdt

which yields the conclusion.

Sufficiency. Step 1. We have

‖etAn‖ ≤ Me
ωnt
n−ω for all n ∈ N. (A.14)

In fact, by the identity

etAn = e−ntetn2R(n,A) = e−nt
∞∑

k=0

n2ktkRk(n, A)
k!

,

it follows that

‖etAn‖ ≤ Me−nt
∞∑

k=0

n2ktk

(n − ω)kk!
.

Step 2. There exists C > 0 such that, for all m, n > 2ω, and
x ∈ D(A2),

‖etAnx − etAmx‖ ≤ Ct
|m − n|

(m − ω)(n − ω)
‖A2x‖. (A.15)

Setting un(t) = etAnx, we find that

d

dt
(un(t) − um(t)) = An(un(t) − um(t)) − (Am − An)um(t)

= An(un(t) − um(t)) − (n − m)A2R(m, A)R(n, A)um(t).

It follows that

un(t) − um(t) = (n − m)A2R(m, A)R(n, A)
∫ t

0
e(t−s)Anum(s)ds

= (n − m)R(m, A)R(n, A)
∫ t

0
e(t−s)AnesAmA2x.
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Step 3. For all x ∈ X there exists the limit

lim
n→∞

etAnx =: T (t)x (A.16)

and the semigroup T : [0,∞) → L(X), t 
→ T (t) is strongly continuous.
From the second step it follows that the sequence (un(t)) is Cauchy,

uniformly in t on compact subsets of [0, +∞), for all x ∈ D(A2). Since
D(A2) is dense in X (see Exercise A.6) this holds for all x ∈ X. Finally,
strong continuity of T (·) is easy to check.

Step 4. T (·)x is differentiable for all x ∈ D(A) and

d

dt
T (t)x = T (t)Ax = AT (t)x.

In fact let x ∈ D(A), and vn(t) = d
dtun(t). Then

vn(t) = etAnAnx.

Since x ∈ D(A) there exists the limit

lim
n→∞

vn(t) = etAAx.

This implies that u is differentiable and u′(t) = v(t) so that u ∈
C1([0, +∞); X). Moreover

A(nR(n, A)un(t)) = u′
n(t) → v(t).

Since A is closed and nR(n, A)un(t) → u(t) as n → ∞ it follows that
u(t) ∈ D(A) and u′(t) = Au(t).

Step 5. A is the infinitesimal generator of T (·).

Let B be the infinitesimal generator of T (·). By Step 4, B ⊃ A. (2)

It is enough to show that if x ∈ D(B) then x ∈ D(A). Let x ∈ D(B),
λ0 > ω, setting z = λ0x − Bx we have

z = (λ0 − A)R(λ0, A)z

= λ0R(λ0, A)z − BR(λ0, A)z = (λ0 − B)R(λ0, A)z.

Thus x = R(λ0, B)z = R(λ0, A)z ∈ D(A). �
(2) That is D(B) ⊃ D(A) and Ax = Bx for all x ∈ D(A).
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Remark A.17 To use the Hille–Yosida theorem requires to check in-
finite conditions. However if M = 1 it is enough to prove (ii) only for
n = 1. If ω ≤ 0 we say that T (·) is a contraction semigroup.

Example A.18 Let X = C0([0, π]) the Banach space of all continuous
functions in [0, π] which vanish at 0 and π endowed with the sup norm.
Let A be the linear operator in X defined as

⎧⎨
⎩

D(A) = {y ∈ C2([0, π]); y(0) = y′′(0) = y(π) = y′′(π) = 0}

Ay = y′′, y ∈ D(A).

It is easy to check that σ(A) = {−n2; n ∈ N}. Moreover any element of
σ(A) is a simple eigenvalue whose corresponding eigenvector is given by

ϕn(ξ) = sinnξ for all n ∈ N,

that is
Aϕn = −n2ϕn for all n ∈ N.

Moreover if λ ∈ ρ(A) and f ∈ C0([0, π]), u = R(λ, A)f is the solution
of the problem ⎧⎨

⎩
λu(ξ) − u′′(ξ) = f(ξ)

u(0) = u(π) = 0.

By a direct verification we find that

u(ξ) =
sinh(

√
λξ)√

λ sinh(
√

λπ)

∫ π

ξ
sinh[

√
λ(π − η)]f(η)dη

+
sinh[

√
λ(π − ξ)]√

λ sinh(
√

λπ)

∫ ξ

0
sinh[

√
λη]f(η)dη. (A.17)

From (A.17) it follows by a straightforward computation that

‖R(λ, A)‖ ≤ 1
λ

, for all λ > 0. (A.18)

Therefore all assumptions of the Hille–Yosida theorem are fulfilled.

A.3.1 Cores

We follows here [12]. Let T (·) be a strongly continuous semigroup in X
with infinitesimal generator A. A linear subspace Y of D(A) is said to
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be a core for T (·) (or for A) if it is dense in D(A) (endowed with its
graph norm). In other words, Y is a core for T (·) (or for A) if and only
if Y ⊂ D(A) and for any x ∈ D(A) there exists a sequence (xn) ⊂ Y
such that xn → x and Axn → Ax in X.

Proposition A.19 Let T (·) be a strongly continuous semigroup with
infinitesimal generator A, and let Y ⊂ D(A) be a subspace of X. As-
sume that

(i) Y is dense on X.
(ii) T (t)(Y ) ⊂ Y for all t ≥ 0.

Then Y is a core for T.

Proof. Let x ∈ D(A). Choose λ larger than the type of T (·). Set
y = λx − Ax, and denote by (yk) a sequence in Y such that yk → y
in X. Set xn = R(λ, A)yn. Then clearly

xn → x, Axn → Ax in X.

However xn does not belong necessarily to Y, since Y is invariant for
T (t) but not (in general) for R(λ, A). Then we consider an approxima-
tion xn,ε of xn that belongs to Y by setting

xn,ε =
Nε∑
k=1

e−λtεT (tεk)(t
ε
k+1 − tεk)yn,

where Nε and T (tεk), k = 1, . . . , Nε, are chosen such that

xn,ε → xn, Axn,ε → Axn, as ε → 0.

Finally, setting
xn = xn, 1

n
,

we have xn, 1
n
∈ Y and

xn, 1
n
→ x, Axn, 1

n
→ A, as n → ∞.

Therefore Y is a core for A. �

A.4 Dissipative operators

Let A : D(A) ⊂ X → X be a linear operator. A is said to be dissipa-
tive if

�e 〈Ax, x〉 ≤ 0 for all x ∈ D(A). (A.19)
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The dissipative operator A is called m-dissipative if (λ−A)(D(A)) = X,
for all λ such that Re λ > 0. For instance if A is the infinitesimal
generator of a contraction semigroup T (·), then it is m-dissipative. We
have in fact, for all x ∈ D(A),

�e 〈Ax, x〉 = lim
h→0

�e (〈T (h)x − x, x〉) ≤ 0.

A self-adjoint operator is an m-dissipative hermitian operator.

Proposition A.20 Assume that A is m-dissipative. Then A is the in-
finitesimal generator of a contraction semigroup.

Proof. Consider the equation

λx − Ax = y,

where y ∈ X and �e λ > 0. Multiplying both sides of the equation by
x and taking the real part we find

�e λ|x|2 + �e 〈Ax, x〉 = �e 〈x, y〉.

By the dissipativity of A it follows that

|x| ≤ 1
�e λ

|y|.

Therefore A fulfills the assumptions of the Hille–Yosida theorem and
the conclusion follows. �

We prove now an important result due to G. Lumer and R. S.
Phillips, see e.g. [23].

Theorem A.21 Let A : D(A) ⊂ X → X be a dissipative operator with
domain D(A) dense in X. Assume that for any λ > 0 the range of λ−A
is dense on X. Then A is m-dissipative.

Proof. We proceed in two steps.
Step 1. A is closable.

Let (xn) ⊂ D(A) be such that

xn → 0, Axn → y,

for some y ∈ X. Since A is dissipative for any λ > 0 and any u ∈ D(A)
we have

|u| ≤ 1
λ
|λu − Au|. (A.20)
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Let now z be any element in D(A). Setting u = z+λxn in (A.20) yields

|z + λxn| ≤
1
λ
|λ(z + λxn) − A(z + λxn)|,

which is equivalent to

|z + λxn| ≤ |z + λxn − 1
λ

Az − Axn|.

Letting n tend to infinity yields

|z| ≤ |z − 1
λ

Az − y|.

Now, letting λ tend to ∞, we obtain

|z| ≤ |z − y|,

which yields y = 0 since one can choose z arbitrarily close to y by the
density of D(A).

Let us now denote by A the closure of A. It is easy to see that A is
dissipative.

Step 2. (λ − A)(D(A)) is closed for any λ > 0.

In fact, let λ > 0 and let (yn) be a Cauchy sequence on X. Moreover
let xn ∈ D(A) be such that

λxn − Axn = yn, n ∈ N.

Since A is dissipative we have for any m, n ∈ N

|xn − xm| ≤ 1
λ
|yn − ym|.

Therefore the sequence (xn) is Cauchy and consequently is convergent
to some element x ∈ X. Since A is closed x ∈ D(A) and the conclusion
follows.

Now the theorem is proved since (λ − A)(D(A)) is both closed and
dense in X. �
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