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Preface

This volume is a revised and extended version of the lecture notes
concerning a one-year course on infinite dimensional analysis delivered
at Scuola Normale Superiore in recent years, see [6]. The lectures were
designed for an audience having basic knowledge of functional analysis
and measure theory but not familiar with probability theory.

The main aim was to give an introduction to the analysis in a sep-
arable Hilbert space H of infinite dimensions. It is well known that
there is no natural analogue of the Lebesgue measure on an infinite di-
mensional Hilbert space. A natural substitute is provided by Gaussian
measures which are introduced in Chapter 1. They are first defined
on a finite dimensional space and then, through an infinite product of
measures, on the infinite dimensional Hilbert space H. Moreover, given
a Gaussian measure, the useful concepts of Cameron—Martin space and
white noise mapping are presented.

Chapter 2 is devoted to the Cameron—Martin formula. This is a basic
tool in discussing absolute continuity and singularity of a Gaussian
measure and its translates.

In Chapter 3 we introduce in a simple way, using the white noise
mapping, Brownian motion and the Wiener integral. Using these con-
cepts, in Chapter 4 we consider dynamical systems (governed by or-
dinary differential equations) perturbed by white noise and introduce
the corresponding transition semigroups. It is the first example of a
Markov semigroup we meet in this course. General Markov semigroups
are presented in Chapter 5 where their asymptotic behaviour as ¢t — oo
is studied introducing concepts such as: invariant measures, ergodicity,
mizing. Chapter 6 is devoted to the Prokhorov theorem about weak
convergence of measures, and Chapter 7 to existence and uniqueness of
invariant measures including theorems due to Krylov-Bogoliubov and
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Khas’minskii. These results are illustrated in Chapter 8, through a
discussion of the infinite dimensional Heat equation and the Ornstein—
Uhlenbeck semigroup.

In Chapter 9, we consider the space L%(H, p1) where y is a nondegen-
erate Gaussian measure on H, proving the [t6—Wiener decomposition
in terms of generalized Hermite polynomials. Then in Chapter 10 we
define the Sobolev spaces W2 (H, i) and W22(H, p1); we prove that the
embedding L?(H, u) € WY2(H, u) is compact and that the Poincaré
and log-Sobolev inequalities hold. Finally, Chapter 11 is devoted to an
introduction to gradient systems. Here we start from a nondegenerate
Gaussian measure p on H and define a probability measure of the form

v(dz) = Z e V@ y(dz), =€ H,

where U is a potential and Z a normalization constant. A typical ex-
ample of such a measure is provided by the Gibbs measures, see e.g.
[25].

We show that there exists a transition semigroup P; for which
the measure v is invariant and extend to P; several properties of the
Ornstein—Uhlenbeck semigroup.

An appendix about linear operators, including closed and clos-
able operators, cores, strongly continuous semigroups, Hille-Yosida and
Lumer—Phillips theorems, has been added in order to make the book
as self-contained as possible.

The text [6] has been completely revised, in particular some proofs
have been simplified and several misprints and mistakes have been cor-
rected. Moreover, several details have been added as well as some new
material: Dynamical systems with dissipative nonlinearities in Chap-
ter 7 and the asymptotic behaviour (including ergodicity, mixing and
spectral gap) for gradient systems.

Several concepts and results contained in the book are taken from
the monographs [9], [10] and [11].

Pisa, 1 January 2006 Giuseppe Da Prato
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1

Gaussian measures in Hilbert spaces

1.1 Notations and preliminaries

We assume that the reader is familiar with the basic notions of prob-
ability theory and functional analysis; some of them will be recalled
when needed. One can look for instance at the books by P. Billingsley
[1], L. Breiman [2] and M. Métivier [21].

Let (2, #,P) be a probability space. For any A € .% we shall denote
by A¢ the complement of A and by 14 the function

1 ifweAd
La(w) = {o ifwe A°.

Moreover, given any complete metric space E, we shall denote by A(E)
the o-algebra generated by all closed (or equivalently open) subsets of
E.

By a random wvariable in (Q,.#,P) with values in £ we mean a
mapping X :  — F such that

IcBE)=X1I)ecZ.
The law of X is the probability measure X4P on (E, #(F)) defined as
XyP(I)=P(X YI)=P(X €I), IcBE).

We recall the basic change of variables formula,

Proposition 1.1 Let X be a random variable in (2, F,P) with values
in E. Let moreover p: E — R be a bounded Borel mapping. Then we
have

| X @)P() = [ p(@)XyP(dr). (11)
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Proof. It is enough to prove (1.1) when ¢ = 1; and I € B(FE). In this
case we have
p(X(w) =1x-1)(w), we

So,

L oK @) = BOXCHD) = XB() = [ ola) X pB(da).

O

This chapter is devoted to the concept of Gaussian measure on
(H,#(H)), where H is a real separable Hilbert space with inner prod-
uct (-,-) and norm | - |. We denote by L(H) the Banach algebra of
all continuous linear operators from H into H, by L*(H) the set of
all T € L(H) which are symmetric ((T'z,y) = (x,Ty),z,y € H) and
positive ((T'z,x) > 0,z € H).

Finally, we denote by Li (H) the set of all operators Q € L*(H) of
trace class that is such that Tr Q = >-72; (Qey, ex) < +oo for one (and
consequently for all) complete orthonormal system (eg) in H. If @ is
of trace class then it is compact and Tr @) is the sum of its eigenvalues
repeated according to their multiplicity, see e.g. [15].

A Gaussian measure will be defined in section 1.2 when H is one-
dimensional and in section 1.3 when it is finite dimensional. Section
1.4 is devoted to some general properties of Borel measures in Hilbert
spaces and section 1.5 to the definition of Gaussian measure in a in-
finite dimensional Hilbert space. Finally, section 1.6 is devoted to the
concept of Gaussian random variable and section 1.7 to the definition
of Cameron—Martin space and white noise mapping.

1.2 One-dimensional Hilbert spaces

For any couple of real numbers (a, \) with a € R and A\ > 0 we define
a probability measure N,y in (R, Z(R)) as follows. If A\ = 0 we set

Na,O = 5(17
where J, is the Dirac measure at a,

1 ifaeB,
6a(B)_{O tech  Beam.
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If A > 0 we set

E*(ZQ
Nux(B) = \/2% /Be_( *-dr, Be BR).

N\ is a probability measure in (R, Z(R)) since

1 T (z—a)? 1 too 2
Noa(R) = 5 / e = dr = o / e z2dx =1.
— oo vV —00

If X > 0, N, is absolutely continuous with respect to the Lebesgue
measure. In this case we shall write

1 7(15)‘\”2 d
e Z.
V2T A

When a = 0 we shall write N instead of N, ) for short.

No(dx) =

In the following proposition we list some basic properties of the
probability N, y; the simple proofs are left to the reader as an exercise.

Proposition 1.2 Let a € R and A > 0. Then we have

/R:cNa,A(d:c) = a,
/R(x @)’ Na(dz) = A,

Nga(h) = /Reitha,A(dx) = eiah_%Ahz, h e R.

)

a is called the mean, A the variance, and Na\ A the Fourier transform
(or the characteristic function) of Ng, x.

1.3 Finite dimensional Hilbert spaces

We assume here that H has finite dimension equal to d € N. Before
defining Gaussian measures on (H, %(H)) we recall some concepts on
product probabilities.

1.3.1 Product probabilities

Let d € N and (Q;,.%;,P;), 1 = 1,...,d, be probability spaces. Denote
by € the product space : = Q1 x Q9 X -+ x Q4. A subset R of Q is
said to be a measurable rectangle if it is of the form
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R=B1 X Byx---xBy, Be%, i=1,...,d.

The c-algebra . generated by the set of all measurable rectangles is
called the product o-algebra of .%;, i = 1,...,d. For any measurable
rectangle R = By X By X ... X By, we define

]P)(R) = Pl(Bl) X ]PQ(BQ) X X ]Pd(Bd)

Then P can be uniquely extended to a probability measure on (2, .%),
denoted by Py x --- x Py, see e.g. [18].

1.3.2 Definition of Gaussian measures

We are going to define a Gaussian measure N, g for any a € H and
any Q € LT(H).

Let Q € LT(H) and let (eq,...,eq) be an orthonormal basis on H
such that Qer = M\ge, k=1,...,d, for some A\ > 0. We set

xp = (r,ep), x€H k=1,...,d,
and we identify H with R? through the isomorphism -,
v:H—RY 2 y(x) = (x1,...,2q).
Now we define a probability measure N, g on (R? Z(R9)) by setting

A,

d
Nog = X Nopap-
k=1

When a = 0 we shall write Ng instead of N, for short.
The proof of the following proposition is easy; it is left to the reader.

Proposition 1.3 Leta € H, Q € LT (H) and pn = Ny q. Then we have
/H Ny (dz) = a,

/H(y,x —a)(z,x —a)Nyg(dr) = (Qu,z), vy,z€ H.

Moreover the Fourier tranform of N, g is given by
Nog(h) = / ei<h’x>Na,Q(d:L‘) = eilah)—3 (@) h e H.
H

Finally, if the determinant of Q is positive, N, g is absolutely contin-
uous with respect to the Lebesque measure in R% and we have

1
Noglde) = ——— ¢~

(2m)d det Q

(Q M (e—a)e—a) g,

(NI

a is called the mean and @ the covariance operator of N, q.
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The following result is a consequence of the uniqueness of the Fourier
transform, see for instance |21, page 154].

Proposition 1.4 Let H be a finite dimensional Hilbert space. Let a €
H, Q € LT (H) and let u be a probability measure on (H, B(H)) such
that

/ ei<h’“>ﬂ(dx) — ¢ilah)—3 <Qh’h>, heH.
H

Then p = Ny q.

1.4 Measures in Hilbert spaces

In this section H represents an infinite dimensional separable Hilbert
space and (ey) a complete orthonormal system in H. For any n € N we
consider the projection mapping P,,: H — P,(H) defined as

n

P,z = Z(:{:,ek>ek, r € H. (1.2)
k=1

Obviously we have lim,, .o P,z = x for all x € H.

Proposition 1.5 Let u,v € M(H) be such that

| @tdn) = [ plavida), (13)
H H

for all continuous and bounded functions p: H — R in H. Then = v.

Proof. Let C C H be closed and let (¢,) be a sequence of continuous
and bounded functions in H such that

on(z) — 1o(x), x € H,
(1.4)

sup |¢n(z)] < 1,
rzeH

where 1¢ is the characteristic function of C. A sequence (¢,,) C Cy(H)
such that (1.4) holds is provided by,

1 if xeC,

on(r) =< 1—nd(z,C) if d(z,C)

IN

3=

0 if d(z,C)

Vv
S|=
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Now, by the dominated convergence theorem it follows that

| ondn= [ endv = u(C) = ().

H H

Since closed sets generate the Borel o-algebra of H this implies that
w=v.0

Proposition 1.6 Let p and v be probability measures on (H,%(H)).
If (Pn)yp = (Pn)gv for any n € N we have pp = v.

Proof. Let ¢: H — R be continuous and bounded. Then, by the dom-
inated convergence theorem, we have

| @) = tim [ o(Pu)u(d).
H H

n—oo

Therefore, by the change of variables formula (1.1), it follows that

[ entr) = tim [ o(Puutdn) = lim [ o(©)(Pa)nlde)
H H P,(H)
=Jim [ @ ae) = B [ o(Pain) = [ (@i

So, by the arbitrariness of ¢, we have u = v thanks to Proposition 1.5.
0
Let us consider now the Fourier transform of p,

a(h): :/ e (dx), heH.
H

Proposition 1.7 Let p and v be probability measures on (H, B(H)).
Then if i(h) = v(h) for all h € H, we have = v.

Proof. For any n € N, we have by (1.1),

AP = [

[y = [ BRI P) (e

n(H)

and

D(Puh) = /

ei<x7P"h>1/(dx) = / P& Puh) (Pp)4v(dE).
H

n (H)

Since f(P,h) = v(P,h) by assumption, the measures (P,)xp and
(Pp)4v have the same Fourier transforms and so they coincide from
Proposition 1.4. The conclusion follows now from Proposition 1.6. [
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Let us now fix a probability measure p on (H, Z(H)). We are going
to define the mean and the covariance of p.
Assume that

/ l|(dz) < +oc.
H
Then for any h € H the linear functional F': H — R defined as
F(h) = / (w, Wu(dx), he H,
H
is continuous since
PO < [ lelu(do) bl he d.

By the Riesz representation theorem there exists m € H such that

(m, ) = /H (@, Wu(dz), heH.

m is called the mean of y. We shall write

m:/H:Uu(d:c).

Assume now that
/ 22 p(d) < +oo.
H

Thus we can consider the bilinear form G: H x H — R defined as

G(h,k) = /H<h,x—m><k,a:—m>u(da:), h,k e H.

G is continuous since
G| < [ o= ml*u(do) [B] Kl ke H.
H

Therefore, again by the Riesz theorem, there is a unique linear bounded
operator ) € L(H) such that

<Qh,k>:/H<h,:c—m><k,x—m)u(dx), hk e H.

Q is called the covariance of u.

Proposition 1.8 Let p be a probability measure on (H,B(H)) with
mean m and covariance Q. Then Q) € LT(H), i.e. Q is symmetric,
positive and of trace class.
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Proof. Symmetry and positivity of @) are clear. To prove that @ is of
trace class, write

(@erer) = [ 1@ = m en)fu(da), keN.

By the monotone convergence theorem and the Parseval identity, we
find that

Q= kz:l/H [z —m, ep)|*p(dr) = /H |z — m|?u(dz) < .

1.5 Gaussian measures

Let @ € H and Q € L{(H). A Gaussian measure u := N,¢g on
(H,#(H)) is a measure p having mean a, covariance operator () and
Fourier transform given by

—

Nog(h) = exp {i(a, B — % (Qh, h>} , heH. (1.5)

The Gaussian measure N, ¢ is said to be nondegenerate if Ker (Q) =
{r e H: Qz =0} = {0}.

We are going to show that for arbitrary @ € H and Q € L (H)
there exists a unique Gaussian measure 1 = N, ¢ in (H, Z(H)).

First notice that, since Q € L] (H), there exists a complete ortho-
normal basis (e;) on H and a sequence of non-negative numbers ()
such that

Qe = \peg, keN.

For any x € H we set z, = (x,ex), k € N.
Let us consider the natural isomorphism ~ between H and the
Hilbert space £2 of all sequences (zj) of real numbers such that

o0

> Jakl* < oo,

k=1

defined by
H— 2z ~(z) = (x3).

In this section we shall identify H with ¢2. Then we shall consider the
product measure
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o0
W= X Napag-
k=1
Though p is defined on the space R®: = X ;ozl R (instead on £2), we
shall show that it is concentrated on ¢2. Finally, we shall prove that u
is a Gaussian measure N, g.
We need some results on countable product of measures which we
recall in the next subsection.

1.5.1 Some results on countable product of measures

Let (ur) be a sequence of probability measures on (R, Z(R)). We want
to define a product measure on the space R® = X 1;“;1 R, consisting of
all sequences x = (xy) of real numbers. We shall endow R*> with the
distance

oo

d(z,y) = Z 27"

n=1

}

n
<n}’

max{|zr —yr|: 1 <
1

<
1+ max{|zy — yi| : k

k
<
It is easy to see that R°°, with this distance, is a complete metric

space and that the topology corresponding to its metric is precisely the
product topology.

We are going to define yp = X Zozl pr on the family € of all cylin-
drical subsets I, 4 of R>, where n € N and A € Z(R"),

Ina= {r = (z1) e R (21,...,2,) € A}
Notice that

In,A = In+k,A><Xn+1><--~><Xn+ka k,n € N.

Using this identity one can easily see that € is an algebra. In fact, if
I, 4 and I,,, p are two cylindrical sets we have

InAUInB = IntnAxXpi1 5% Xnim Y Intn, Bx X 15X Ximin
(1.6)

= Im4n, AxXp 11X X XppmUBX X1 XX Xongom s

and I7 4 = Ip Ac.

Mofeover, the o-algebra generated by € coincides with Z(R°) since
any ball (with respect to the metric of R*>) is a countable intersection
of cylindrical sets.



10 Gaussian measures in Hilbert spaces
Finally, we define the product measure

p(In,a) = (1 X -+ X pp)(A),  Ina €.

Using (1.6) we see that u is additive. We want now to show that p is o-
additive on €. This will imply by the Caratheodory extension theorem,
see e.g. [18], that p can be uniquely extended to a probability measure
on the product o-algebra Z(R>).

Theorem 1.9 p is o-additive on € and it possesses a unique extension
to a probability measure on (R°, B(R>)).

Proof. To prove o-additivity of u it is enough to show continuity of p
at @. This is equivalent to prove that if (EF;) is a decreasing sequence
on % such that

w(E;) >¢e, jeN,

for some ¢ > 0, we have

m E; #+ .
j=1

To prove this fact, let us consider the following sections of Fj,
Ej(a) ={z e R : (a,2) € Ej}, «a€R,
where we have used the notation R® = X :O:n+1 R, n € N. Set
Fj(l) = {a eR: M(l)(Ej(a)) > ;}, jeN,

o0

where (" = X k=nt1 Mk, 7 € N. Then by the Fubini theorem we have

p(E;) = [ W OB, (@) (da)

= [ O Dm0 + [ (B () s )

Therefore

Since p is a probability measure on (R, #(R)), it is continuous at @.

(
Therefore, since the sequence (F j(l)) is decreasing, there exists a; € R
such that
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pH(Ej(ar)) =

and consequently we have

e
o 'EN,
9 J

Ej(on) # 2.

Now set

11

(1.7)

Ej(ch, ag) = {1‘2 S Rgo : (071, O[Q,CC) S Ej}, 7 €N, as € R,

and

FO® = {042 eR: u?(Ej(a)) >

! } jeN.

| ™

Then, again by the Fubini theorem, we have

W (By(am) = [ W@, 0)s(da)
= [ O (BT, 02)pa(dar)

+/ @) p® (B;(a1, az))pa(das)
F?)e

(2) €
< m2(F57) + -
Therefore @

:L"Q(Fj ) =z

NG

Since (F ]-(2)) is decreasing, there exists az € R such that

12 (Ej(ar, @) > jEN,

€
Z?
and consequently we have

Ej(o1, o) # 2.

(1.8)

Arguing in a similar way as before we see that there exists a sequence

(@) € R such that

E](Oéilaaain) 7é 9,

where

Ej(at,...;an) ={z e R}’ : (a1,...,apn,z) € E;}, neN.

(1.9)
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This implies, as easily seen,
[ee]
(an) € ﬂ Ej.
j=1

Therefore ﬂ;; E; is not empty as required. Thus we have proved that
w is o-additive on ¢ and consequently on Z(R*°). O

1.5.2 Definition of Gaussian measures

We are going to show that
o
:LL = k>—<1 Nak,)\k (110)

is a Gaussian measure on H = ¢? with mean a and covariance Q.
We first show that y is concentrated in ¢2.

Exercise 1.10 Prove that ¢2 is a Borel subset of R*.
Proposition 1.11 We have u(?) = 1.

Proof. From the monotone convergence theorem we have in fact

/ Z rip(de) = Z/ 23 Noy a, (dog) = Z()\k +a2).  (1.11)
R =1 k=1"K k=1
Therefore
i ({x ER™®: |z2|% < oo}) =1.
O

Theorem 1.12 There ezists a unique probability measure p on (H,
HB(H)) with mean a, covariance Q) and Fourier transform

1
fi(h) = exp {i(a, n) 5 (@ h)} . hed (1.12)
p will be denoted by Ng . If a = 0 we shall write Ng instead of Np ¢.

Proof. We check that the restriction to £2 of the product measure s,
defined by (1.10), fulfills the required properties.
First notice that by (1.11) we have

/ e?u(dz) = Tr Q + |a|®. (1.13)
H
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From now on we assume, for the sake of simplicity, that Ker (Q) = {0}
and (this is not a restriction) that
MZX 2N 2
Let (P,) be the sequence of projectors defined by (1.2) and let h € H.

Since |[(x, h)| < |z| |h] and [ |z|p(dz) is finite by (1.13), we have, by
the dominated convergence theorem,

/H (o, Wp(dz) = lim [ (Poa, h)u(de).

n—oo H

But

/H(an,h>u(dx) = I;/kahku(dm)

= th/kaNak,Ak (dxy) = thak = (Pya, h) — (a,h),
k=1

k=1

as n — 00. Thus the mean of p is a.
In a similar way, to determine the covariance of p we fix y,2z € H
and write

[ @—am)@=audn) = lm [ (Pua=a).5)(Paa=a),2)u(da).

n—oo H

Moreover

[ (Pule = @) ){Pala — a). 2}l
- Y —a 2 z X
= %/H(%k k) Ykzrp(de)
_ ~an)? "
—%:lykzk /R(W: %)°Nay , (dzg)
=3 yrzhe = (PaQy, 2) — (Qy, 2),
k=1

as n — 00. So, the covariance of i is equal to Q.
Finally, for any h € H we have

/Hei@’mu(da:): lim [ ey (dr)

n—oo
. h
=, H / Ny . (de)
= lim H eiakhi=3 Aehi — iy @i(Prash) =5 (PaQhih)

_ €z<a,h> o3 (Qhh)
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So, the Fourier transform of y is given by (1.12). The proof is complete. [J
We conclude this section by computing some Gaussian integrals
which will be useful later. We still assume that Ay > Ay > ... >
Ay > e
To formulate the next result, notice that for any ¢ < )\%, the linear
operator 1 — @ is invertible and (1 — eQ)~! is bounded. We have in
fact, as easily checked,

> 1
(1—eQ) te= Z —F (x,ep)ex, =€ H.
=1 1 —6)\k

In this case we can define the determinant of (1 — Q) by setting

8

i (1 —eXg)-

det(l —eQ) := lim ﬁ(l —EN\) =
k=1

k=1

It is easy to see that, in view of the assumption > 72 A\x < 400, the
infinite product above is finite and positive.

Proposition 1.13 Let ¢ € R. Then we have

[det(1 — EQ)]*l/ze_g«l—eQ)*lam, ife < )%1,

/ es1" u(dz) =
H

400, otherwise.
(1.14)

Proof. For any n € N we have

n
[, 8P utdn) =TT [ o8 Nop o ),
k=1

Since |P,z|? T |2|? as n — oo and, by an elementary computation,

2
1 —e %
2 T-exg

€2
59 Ny g (dirg) = ———e ,

the conclusion follows from the monotone convergence theorem. [

Exercise 1.14 Compute the integral
Im :/ |z|*™u(dz), m € N.
H
Hint. Notice that .J,, = 2™F)(0), where

F(e) :/ e%‘x|2u(da:), e >0.
H
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Proposition 1.15 We have
/He<h’x>u(da:) = e<a’h>e%<Qh’h>, h e H. (1.15)
Proof. For any € > 0 we have
o) < lal 1Al < pelal? eslhl?.

Choosing € < /\%, we have, by the dominated convergence theorem,

/He<hvf‘>u(dg;) = lim P 1y(de) = lim el Pnr) xl Na,x, (dz)
j:

= lim ez h) = g3(@Mh),

1.6 Gaussian random variables

Let (2,.%#,P) be a probability space, K a separable Hilbert space and
X a random variable in (Q,.%,P) with values in K. If the law of X
is Gaussian we say that X is a Gaussian random variable with values
in K.

For any p > 1 we shall denote by LP(£,.7#,IP; K) the space of all
(equivalence class of) random variables X : 2 — K such that

[ 1X@)PP() < +oc.
Q

LP(H,A(H), 1; K), endowed with the norm

1/p
IXllo.pm0 = ( [ X @)

is a Banach space.

Let X € L*(Q,.%#,P; K). Let us compute the mean myx, the covari-
ance Qx and the Fourier transform iy of the law X 4P of X.

For any h € K we have, by (1.1)

(max, ) = [ () XpPy) = [ (X@).0E@E).  (116)

In a similar way, for any h, k € K, we have
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(@xhk) = [ (g=mx.h) (y = mx. K) X4P(dy)
(1.17)
_ /Q (X(w) = mx, h) (X(w) — mx, KYPd(w).

Finally,
fix (k) = /K R X, P(dy) = /Q X @R Py ().

Assume now that X € L?(Q,.#,P;R) is a real Gaussian random
variable with law Ny. Then for any m € N we have

[ X @) = o) 2 [ @metiag =
Q

oo 2™ m)!
Therefore X € L*™(Q,.7,P;R) for all m € N.

Proposition 1.16 Let (X,,) be a sequence of Gaussian random vari-
ables in a probability space (0, %, P) with values in the separable Hilbert
space K. Assume that for any n € N, X,, has mean a, and covari-
ance operators Q, and that X,, — X in L*(Q,.7,P;K). Then X is a
Gaussian random variable with law N, o where

(a,h) = nli_)ng()(an,h), he K,

and

(Qh.K) = lim (Quh.k), h.k € K.

Proof. Denote by a, (resp. a) the mean and by @,, (resp. @) the co-
variance of (X;,) 4P (resp. XxP). We first notice that by the dominated
convergence theorem we have for each h, k € K,

lim (an, B) = lim | (Xp(w), h)P(dw) = / (X (), hYP(dw) = (a, h)

and

lim (Qph, k) = lim | (X, (w) — an, h) (Xp(w) — an, k)P(dw)

n—oo n—o0 (9]

— /Q (X (@) = a,h) (X(w) — a, k)P(dw) = (Qh, k),

for all h, k € K.
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Now, to show that X is Gaussian it is enough to prove (thanks to
the uniqueness of Fourier transform) that

/ ei@’k)X#IP’(dx) — ¢ilak) =3 <Qk’k>, keK.
H
We have in fact
/ ¢ X, P(dy) = / HX@RP(d) = Tim [ @R P(dw)
K Q

n—0o0 9]

— im eflank) =3 (Qukik) _ gilak) ,—3 (Qkk)

n—oo

Therefore X is Gaussian and X4P = N, g as claimed. [J

1.6.1 Changes of variables involving Gaussian measures

Proposition 1.17 Let pn = N, g be a Gaussian measure on (H, B(H)).
Let X(x) =x+b, x € H, where b is a fized element of H. Then X is
a Gaussian random variable and Xyup = Nyyp -

Proof. We have in fact by (1.1)
/H €i<k’y>X#/J,(dy) _ /H ei(:erb,k)'u(dx) _ ei(aer,k)ef%(Qk,k)? ke H.

0

Proposition 1.18 Let u = N, ¢ be a Gaussian measure on (H, %(H))
and let T € L(H,K) where K is another Hilbert space. Then T is
a Gaussian random variable and Tyup = Nro 1T+, where T is the
transpose of T.

Proof. We have in fact by (1.1)

/ ¢! Ty p(dy) = / Ty (d)
K H

:/ TR () = TR =3 TQTRR) .
H

0

Corollary 1.19 Let n = Ng be a Gaussian measure on (H,%(H))
and let z1,...,2z € H. Let T: H — R"™ defined as

T(z) = ((x,21),...,(z,2n)), =€ H.
Then T is a Gaussian random variable Nqr with values in R™ where

Qi; = (Qzi,2j), 4,j=1,...,n.
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Proof. By a direct computation we see that the transpose T*: R — H
of T is given by
n
T*(g):z:€lzlv 62(51,3571) € R"™
i=1

Consequently we have

k k
TQT () =Ty &(Qz) =Y & ((Qzi,21), -, (Qzi, 21))
i=1 i=1
and the conclusion follows. [J

1.6.2 Independence

Let (92, .#,P) be a probability space and let X1, ..., X,, be real random
variables in H. Consider the random variable X with values in R"”,

X(W) = (X1(w), ..., Xp(w)), weH.

We say that Xi,...,X,, are independent if

n
XyP = X (X;)4P.
j=1

Proposition 1.20 Let X1,..., X be real independent random vari-
ables in (2, #,P), k € N. Let moreover ¢1, ...,k be Borel real positive
functions. Then we have

Awwmmw%mmmwm>
(1.18)

= [ oK) B() - [ or(Xalw) B(d).
[e) Q

Conversely, if (1.18) holds for any choice of ¢1,..., ¢k positive Borel,
then X1,..., Xy are independent.

Proof. Set X = (X1,...,X}) and let ¥: R¥ — R be defined as

V&, &) =e1&)on(&),  (&,....&) RN

Then by the change of variable formula (1.1) we have, taking into ac-
count the independence of X1, ..., Xy,
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| o)) o @)Bldw) = [ 6(X(w)P(de)
Q Q

= [ HOX4PE) = [ erE)(X0)4P(dE) - [ prl6) (Xe)p(dss)

— / ©1(X1(w))P(dw) - - - / o1 (Xk(w))P(dw).
Q Q

Assume conversely that (1.18) holds for any choice of @1, ..., ¢k
positive Borel. It is enough to show that

X#P(Il X o+-e X Ik) = (Xl)#]P) . (Xk)#P forall I,..., I} € %(R)
But this follows immediately setting in (1.18)

go’b(é.l):l[zy Zzl,,k
]

Exercise 1.21 Let X; and X5 be independent real Gaussian random
variables with laws N, x, and N, », respectively. Show that X7 + X5
is a real Gaussian random variable with law Ny, {a, 242,

Example 1.22 Let Q = H, yp = Ng, (ej) an orthonormal basis in H
and (M) a sequence of positive numbers such that

Qe = \pep, keN.
Let X1,...,X,, be defined by
Xi(z) = (z,e1),..., Xn(x) = (x,€,), x€ H.
Then, by Corollary 1.19 we see that

(Xj)#k = N@ej ;) = Nay
and
Xoypp = N(Qi,j)’
where
Qij = (Qei,ej) = Nidij, 1,7=1,...,n.
Therefore we have

n n
Xyp = ~><1 Ny, = ,Xl(Xj)#Mv
J= J=

so that X4,..., X, are independent.
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Example 1.23 Let H = R", Q = (Qi ;)i j=1,...n € LT(R") such that
det @ > 0 and pu = Ng, so that

1
(2m)™ det Q

Let X1,...,X,, be random variables defined as

p(dx) = e 2 (Q7'0r) gy g e R™

Xi(z)=21,..., Xp(2x) =24, z=(21,...,2,) €ER"
and set
X = (X1,...,X,).
By Corollary 1.19 we have

(XJ)#M:NQLJv j:17"'ana
and
Xyp =N, -
Therefore X1,..., X are independent if and only if the matrix @) is
diagonal.

Proposition 1.24 Let y1 = Ng be a Gaussian measure on (H, %(H))
and let f1,..., fn € H. Set

Xfl(‘T):<xvfl>7"‘7an(1"):<x7fn>7 r € H,

and X = (Xp,...,Xy,). Then Xy,,..., Xy, are independent if and
only if
(Qfi, f5) =0 it fi # fj. (1.19)

Proof. By Corollary 1.19 we see that

K= N(Qi,j)’ Qij = (sz‘:fj>, ,7=1,...,n,

and
(ij)#[t = N(ij,fj>7 ] = 1,...,7’L.

Therefore, X = X (X;)4p if and only if (1.19) holds. O

Notice that if fq,..., f, are mutually orthogonal the random vari-
ables Xy ,..., Xy, are not necessarily independent.

We end this section by proving that any nondegenerate Gaussian
measure £ is full. This means that p(D) > 0 for any open non-empty
subset D of H or, equivalently, that the support of i is the whole H @)

(M We recall that the support. of a probability measure p in (H,%(H)) is the inter-
section of all closed subsets of 2 of probability 1.
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Proposition 1.25 Let 1 = N, be a nondegenerate Gaussian mea-
sure in H. Then p is full.

Proof. It is enough to show that any ball B(z,r) of centre x and
radius r has a positive probability. Let us fix » > 0 and take x = 0 for
simplicity. Write for any n € N,

n r2 o0 7"2
An:{mEH:sz§2 , B,=Szrze€H: Z xz<? .

k=1

Then we have

w(B(0,7)) > p(An N By) = p(An)u(By),

because A,, and B, are independent (recall Example 1.22). Since clearly
w(Ay) > 0 it is enough to show that u(B,) > 0, provided n is suffi-
ciently large. We have in fact by the Chebyshev inequality,

C 2 S
pBa) =1-p(B) 2 1= 5 > [ atu(dn)
k=n+1 H

p— 9
k=n-+1

if n is large. [J

1.7 The Cameron—Martin space and the white noise
mapping

In this section we consider a separable infinite dimensional Hilbert
space H and a nondegenerate Gaussian measure p = Ng (that is such
that Ker @ = {0}). We denote by (ej) a complete orthonormal system
on H such that Qe = \ger, k € N, where (\;) are the eigenvalues of
Q. We set xp, = (x,eg), k € N.

We notice that @' is not continuous, since

1
Q_lek = " er, keN
k

and A\, — 0 as k — oo.
Let us now assume that 21, . .., z, € QY/?(H) and consider the linear
functionals,

W, (@) = (2,Q ?z), i=1,...,n
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Proposition 1.26 Let z1,...,2, € H. Then the law of the random
variable (with values in R™) (W,,..., W) is given by

(Wz17 ey Wzn)#u = N(<Z7Q7Zj>)i,j:1,..,n' (120)

Moreover, the random variables W, ,..., W, are independent if and
only if z1,...,zn 1s an orthogonal system, that is if and only if

(2i,2j) =0 foralli#3j, i,7=1,...,n. (1.21)

Proof. Since
W (x) = Fg-1y2,.(x), x€H, i=1,...,n,

the first statement follows from Corollary 1.19 and the second one from
Proposition 1.24. O

We want now to define a random variable W, on (H, #(H), i) for
all z € H such that (1.20) holds for all zq,...,2, € H. This random
variable will be very useful in what follows, in particular in defining the
Brownian motion. A first idea would be to define W, by

W.(z) = (Q %z, 2), x e QY?(H).
However this definition does not produce a random variable in H since
QY?(H) is a p-null set, as the following proposition shows.
Proposition 1.27 We have u(Q'/?(H)) = 0.
Proof. For any n, k € N set

oo
U, = {yEH: Z)\,:Iy,%<n2},
h=1

and
2k
Uni = {y cH: Zx\ﬁly% < nQ}.
h=1
Clearly U, T QY2(H) as n — oo, and for any n € N, Uni | Uy as
k — o00. So it is enough to show that

w(Uy) = kILrEO p1(Un i) = 0. (1.22)

We have in fact

2k

U, ) = / X Ny (dy),
1(Un ) {yeRk:Zik:lA;ly%<n2}h=1 e (dyk)
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which, setting z, = )\;1/ th, is equivalent to

w(Un i) :/{26R2k1|z|<n} Np,, (dz),

where Iy, is the identity in R?*. Let us compute 1(Up i;). We have

7‘2
w(Ung)  Joe Tr®lar [P erpi-lgp

WU i) = = = .
H(H) Jo™ ekl Jo T emPpEldp
Therefore
w gt L [ g
1#(Un,i) 1), ; PG )y, P

and (1.22) follows. [

Q'/2(H) is called the Cameron—Martin space.

Let now extend the definition on W, for all z € H as follows. Con-
sider the mapping W,

W:QY?(H)C H — L*(H,p), z— W,, W.(z)=(z,Q Y?2), z € H.

If 21, 20 € QY2(H) we have
| Wal@Wes @de) = Q@217 2) = ar2) - (123)

and so the mapping W is an isometry. Since QY 2(H) is dense in H the
mapping W can be uniquely extended to H. It is called the white noise
mapping.

Proposition 1.28 Let n € N, z1,...,2, € H. Then the law of
(W, o, Wa,) in R™ is given by

N(<Zzyzj>)7, Jj=1,..., n' (124)
The random wvariables W, ..., W, are independent if and only if
21, ..., 2n are mutually orthogonal.
Proof. Let
N

Pyz = Z(az,q}ei, x € H, NeN.
i=1
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Then, since W is an isomorphism, we have

im (Wpyzys--o Weya,) = (Way, ..o, Ws, ) in L2(H, ; R™).

N—oo

But by Corollary 1.19 it follows that (Wpy ., ..., Wp,2,) is a random
variable in R" with law N% with

QN = ((Pvzi, PNZj))ij=1,..n-

So, by Proposition 1.16 we can conclude that (W,,,..., W, ) is a ran-
dom variable in R" with law Ng/ with

Q/ = (<Zi7 Zj>)i,j:1,...7n.
The conclusion follows. [J

Exercise 1.29 Let f € H. Prove that
/ V@) (de) = ez P, (1.25)
H
Finally, we consider the function f — e"7.

Proposition 1.30 The mapping
H— L*(H,p), f e’

18 continuous.

Proof. Taking into account (1.25) it follows that

/H {ewf — eWgr dNg = /H [eQWf — 2eWrto —1—62W9} dNg

2 1 2 2
= 2P _ 9ealft+el® 4 24l

_ [ew _ ewr 4 9P Hgl? [1 _ sl

which shows continuity in f of e"7s. O
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The Cameron—Martin formula

2.1 Introduction and setting of the problem

We are given an infinite dimensional separable Hilbert space H and
a nondegenerate Gaussian measure y = Ng, where Q € Li(H).
We denote by (ex) a complete orthonormal system on H such that
Qe = A\pex, k € H, where (\;) are the eigenvalues of @ and set
xp = (z,er), k€ N.

The main goal of this chapter is to study, following [11], equivalence
and singularity of measures Ng and N, g, where a € H.

We recall that if p and v are measures on (2,.%) we say that pu is
absolutely continuous with respect to v (and we write p << v) if for all
sets A € . such that v(A) = 0 we have u(A) = 0.

If 4 << v then by the Radon—Nikodym theorem, see e.g. [2], there
exists a unique function p € L*(Q,.%,v) such that

M(A):/pdy forall A e 7.
A

If p << v and v << p we say that p and v are equivalent.
Let first H be finite dimensional. Then, since () is nondegenerate
we have det ) > 0. So, Ng and N, ¢ are equivalent and we have

AN, o o3 (@ @—a)z—a)

iNg &)= — 3 QTP HQ Q) e gy

e_% <Q_1I7I> ’
2.1)

We shall prove that

(i) If a € QY/?(H) then N, and Ng are equivalent.
(i) If a ¢ Q'/?(H) then N, g and Ng are singular.
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Moreover, in the first case we shall prove that formula (2.1) still holds,
provided we interpret the term (Q~2a,Q~'/2z) as Wo-1/24().

We shall need a theorem of Kakutani about equivalence and singu-
larity of products of infinitely many measures, proved in section 2.2.
Section 2.3 is devoted to the proof of the Cameron—Martin theorem.
Finally, in section 2.4 we shall study equivalence of two Gaussian mea-
sures Ng and Ng with Q, R € L (H) (Feldman-Hagek theorem) in the
particular case when ) and R commute.

2.2 Equivalence and singularity of product measures

Let us start with the notion of Hellinger integral. Let p and v be
two probability measures on (§2,.%#). It is obvious that p and v are
absolutely continuous with respect to the probability measure ¢ :=
3 (n+v) on (Q,F). Then the Hellinger integral of y and v is de-
fined by

i dv
d¢ d¢
Notice that 0 < H(u,rv) < 1. In fact, by the Holder inequality, we have

s (2 4)" ()"

Remark 2.1 Let A be a probability measure on (£2,.%#) such that p <
A and v < \. Then we have obviously ( < A and consequently,

du _dud\ dv _dv iy
aC _dxd¢ ° dC  dx dC
Therefore in this case H(u,v) can also be written as

du dv
dX dA

Remark 2.2 Assume that p and v are equivalent. Then we have

dp dv dp dvdp [dur dv
dg

¢ d¢  d¢ dpd¢ du

e [
H(M,V)—/Q\/;dc dC—/Q\/;du-

and therefore
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Example 2.3 Let Q@ =R, p = Ny, v = Ny, a € R, A\ > 0, then we

have d )
d—y(a:) = e*%+%, reR,
1

and so

a2 axr a2
H(p,v)=e ax / e2x Ny (dx) = e” 8x.
R

Let us prove an important property of the Hellinger integral.

Proposition 2.4 Assume that H(pu,v) = 0. Then p and v are singu-
lar.

Proof. Let us denote by f and g the Radon—-Nikodym derivatives

du dv
f_d7C, g_d7€7

where ¢ = 3 (u+ v). Since

H(pv) = [ VFgdc =0,
we have that fg = 0, C-a.e. Set

A={weQ: fw)=0},

B={we®: glw) =0},

C={weQ: fwg(w)=0}.

Then we have ((C) =1 so that u(C) = v(C) = 1. Moreover,

p) = [ rac=0, up) = [ gac=o.

Consequently, p is concentrated on B\ A and v on A\B. Therefore,
and v are singular. [J

If H(p,v) > 0 the measures p and v are not necessarily equivalent in
general. However, this happens for the product of equivalent measures,
see Theorem 2.7 below. We first need a lemma.

Lemma 2.5 Let py, vy, po, va be probability measures on (Q, .F). Then
we have
H(p1 x p2,v1 x v2) = H(p1,v1)H (2, v2).
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Proof. Let (i, (2 be probability measures on (2,.%#) such that

pr LG, v L CQ1, o e K Gy v K G
Then by the Fubini theorem

/1,1><M2<<<1><C2, I/1><V2<<<1><C2-

Set din iy
fi(wr) = dT‘l(wl)’ gi(wr) = dT‘l(wl)
and dis dvs
fa(ws) = dT'Q(W)’ g2(w2) = T@(Wﬁ-
Consequently
dd((lg i 522)) (wi,w2) = fi(w1) f2(w2), M(M,Wﬂ = g1(w1)g2(w2)
so that,

Hpr % paon xm) = [/ iwn)gr(n) fa(wa)galion) G (don)aldn)

= H(p1,v1)H (p2,v2).
]

Exercise 2.6 Let (u) and () be sequences of probability measures
on (R, A(R)). Consider the product measures on (R*, B(R>)),

00 0o
n= >< Mg, V= >< V.
k=1 k=1

Prove that
oo
H(p,v) = [T H (s vi)-
k=1
We are now ready to prove the following result.

Theorem 2.7 (Kakutani) Let (u;) and (v;) be sequences of proba-
bility measures on (R, #(R)) such that py and vy, are equivalent for all
EeN, and let p = X g pig, v = X oy vp. If H(p,v) > 0, then p
and v are equivalent and we have

dv . n dl/k» . 1

— () = lim — (x in L (R, ). 2.2

o 0= m TT G ) 2 (22

If H(p,v) =0, then u and v are singular.



Chapter 2

Proof. Write
dVi L .
7(‘7"%)7 fn(xlw"axn) :le(xl)a i,n €N,
i=1
and for any n € N define the measures
p =X e, v =Xy, neN
k=1 k=1

Then we have (see Remark 2.2),

Hu ) = [T on(ew) o) (o).
k=1

Obviously p(™ is equivalent to v(™ and

dp(™)
dy(™)

($) :fn(x)a nEN, z € R,

We claim that the sequence (f,,) is convergent in L'(H, p).

29

To prove the claim it is enough to show that the sequence (v/f,) is
convergent in L2(H, ut). If n,p € N we have in fact, taking into account

independence of the random variables (z,)nen,

n+p
/ |\/fn+p \/f>n| dp = / Hpk T) H \/ P k(zg) — 1
k=n+1
n—+p
/R Hpkl“k / H \/ pe(zg) — 1] p(dx)
k=1
n-+p
:/]Roo H v pre(zk) — 1 p(dx)
n+p n+p
[HPkwk—2H\/ (xp)+1
k=n+1 k=n+1
n+p n+p
_2(1— H /\/pk:ck dac)—Z— H H(ug, vi).
k=n+1 k=n+1

On the other hand, we know by assumption that

00
H :U‘k7Vk

wu(dz)

(2.3)
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or, equivalently, that

—log H(u, v Zlog (ks vg)] < +00.

Consequently, for any € > 0 there exists n. € N such that if n > n,
and p € N, we have

n-+p

— > log [H(pk,vi)] <

k=n-+1

y (2.3) it follows that for all n > n,

/ROO |\/f7””_ Va2 < 2(1 — e79),

and the claim is proved.
We can now conclude the proof. Let f be the limit of (f,) in
LY(H,p). It is enough to prove that f coincides with the density g—

Let ¢ be a real Borel function on (R*, Z(R*)) depending only on
x1,...,2TE. Then for any n > k we have

[ o) = [ o@)fala)nt™ do)
If n > k the identity above is equivalent to
[ vlawide) = [ ol@)ful)nlda).
As n — oo we obtain finally
o Plwlde) = | o) f(z)u(dz).

This proves that v < p in view of the arbitrariness of k and ¢. Similarly
we have u < v. Finally, the last statement follows from Proposition 2.4.
O

2.3 The Cameron—Martin formula

Here we consider two Gaussian measures y = Ng and v = N, on
(H,%(H)), where a € H and Q € L (H).
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Theorem 2.8 (i) If a ¢ Q'Y/?(H) then p and v are singular.
(ii) If a € QY?(H) then p and v are equwalent.
(iii) If i and v are equivalent the denszty v s given by

d 1
ﬁ(m) = exp {—2 1Q™12al? + WQ_l/za(:L')} , x€H. (24)

Proof. Let us prove (i). Assume that a ¢ Q'/2(H). Then H(u,v) = 0
and, by the Kakutani theorem it follows that y and v are singular.
Let us prove (ii). Notice first that, recalling Example 2.3, we have

o0

Hpv) = T] Hue ) ﬁ

k=1

a2
K
8\

which implies that

1
| & a 5 Q7 1%a)? ifa € QY2(H),
—log H(pv) =2 > & =

+o00 otherwise.

Now, if a € QY/?(H) we have
|Q 1/2CL|2 Z k

and so H(u,v) > 0 and, again by the Kakutani theorem, p and v are
equivalent and (ii) is proved.

It remains to prove (iii). Assume that a € QY/2(H). Then, by (2.2)
we know that

Wt Tl YEHSE 2.5
@(x)—nggo]_[e in L'(H, ). (2.5)
k=1
For any n € N denote by P, the othogonal projector on the span of
el,...,e, and set Q, = P,Q. Then we can write (2.5) as
w (z) = lim e~2 1Qn2alP+(Qn2a,Q  Pa)
d/,t n—o0
_1 Q;l/2 24w
= lim e 2 | W@ in L'(H,p).  (2.6)
n—oo

On the other hand, since a € QY?(H) we have lim, .. Qn1/2 =

Q;l/Q. So, recalling Proposition 1.30, we see that (2.4) is fulfilled. O
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2.4 The Feldman—Hajek theorem

We are given two nondegenerate Gaussian measures j = Ng, and v =
Npg where Q, R € LT (H). We are going to show that y and v are either
singular or equivalent. For the sake of simplicity we only consider the
special case when () and R commute. For the general case see e.g. [11].

The main tools are, as before, the Hellinger integral and the Kaku-
tani theorem. Since @) and R commute there exists a complete ortho-
normal system (eg) in H, and sequences (), (1) of positive numbers
such that

Qer = M\pe, Rep =rrep, keN.

Theorem 2.9 Let Q, R € LT (H) be such that [Q, R]: =QR—RQ =0.
Let n = Ng and v = Ng. Then p and v are equivalent if and only if

(g —73)?
> (Ak k:)2 < o
= (M + k)
If 1 and v are not equivalent they are singular.
Proof. Write

o0

o0
Ng= X Ny, Nr=XN,,.
k=1 k=1

In order to apply the Kakutani theorem, let us compute the Hellinger
integral

H(p,v) = [ H (s va)-
k=1

2
d [N~ (2
ﬁ(xk): r—ke Q(T’“A’“>, r, €R, k€N,
k k

Since

we have

_ dvy, [ A 1/4_ 4 7
H@kvw—ém mian) = o255 = [aver

where &, = ;\—: Consequently,

PR | . (1 - W) @

Havge A (1+&,)?
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So, H(u,v) > 0 if and only if

o —&)? (A — 75 )2
2(1 &k) :Z(k k)

< Q.
= (L &k)? = (At 1 )2

Then the conclusion follows from the Kakutani theorem. [J

Remark 2.10 Let R = a@) with a > 0. Then by the previous theorem
it follows that if o # 1, Ng and Ny are singular.
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Brownian motion

Let (2, #,P) be a probability space. An arbitrary family X (¢),¢ > 0, of

real random variables X (¢) defined on € is called a stochastic process.

The functions ¢t — X (t)(w), w € Q are called the trajectories of X (t).
A stochastic process Y'(t) is said to be a version of X(t) if

P(X(t) #Y(t)) =0 forallt>0.
A stochastic process X (t) is said to be measurable if the mapping
[0,400) x 2 = R, (t,w) — X(t)(w)

is A([0,400)) x F-measurable. X (t) is said to be continuous if its
trajectories are continuous for almost all w € Q).
A real Brownian motion B = (B(t));>0 is a continuous real stochas-
tic process such that
(i) B(0) =0 and if 0 < s < t, B(t) — B(s) is a real Gaussian random
variable with law N;_g.
(ii) If 0 <ty < --- < tp, the random variables

B(tl)a B(t2) - B(tl)v ce 7B(tn) - B(tn—l)

are independent.

Property (ii) is expressed by saying that the Brownian motion has
independent increments.
3.1 Construction of a Brownian motion

We shall construct a Brownian motion in the probability space (H,
$(H),p) where H = L*(0,+00), u = Ng, and @Q is any operator in



36 Brownian motion

L{(H) such that Ker Q = {0}. Let (e,) be a complete orthonormal
system in H and (\,) a sequence of positive numbers such that

Qen = Apen, neN.

Moreover, set
n
P,x = Z(m, ex)er, x € H, neN.
k=1

Theorem 3.1 Let B(t) =W, t > 0, where

1[0,¢]?

1 ifse0,t,
Log(s) = {

0 otherwise,

and W 1s the white noise mapping. Then a version of B is a real Brown-
ian motion on (H, B(H), ).
Proof. Clearly B(0) = 0. Moreover, since for t > s,

B(t)— B(s) =W, , - W, =W

(0,¢] 1[0,s] L(s,t]?

we know by Proposition 1.28 that B(t)—B(s) is a real Gaussian random
variable with law N;_g, and (i) is proved. Let us prove (ii). Since the
system of elements of H,

(1[0,251}7 1(t1,t2}7 LR 1(tn,1,tn])7

is orthogonal, we have again by Proposition 1.28 that the random vari-
ables B(t1), B(t2) — B(t1),...,B(ty,) — B(t,—1) are independent. Thus
(ii) is proved. It remains to show that almost all trajectories of (a ver-
sion) of B are continuous. It is easy to see that B(t) is measurable, (1
and that its trajectories belong to L?™(0,T) for all m € N, T > 0 and
almost all z € H. In fact, since the law of B(t) is IV; we have

[ 1BO@E ) = [ e niig) = S,

so that, using the Fubini theorem,

[ U mevermsa- | moea]

_ (2m)! el
(m + 1)2mm] '

This shows that the mapping t — B(t)(z) € L*™(0,T), p-a.e.

M Tt is enough to approximate B(t) by Wr,10.1
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To show continuity of the trajectories, we shall represent B(t) as the
integral of a suitable L™ function; this will yield continuity of B(t) by
an elementary analytic lemma. We shall use the factorization method,
see e.g. [9]. It is based on the following elementary identity

/:(t —0)* Yo - 5) o =

0<s<o<t, (3.1)

where v € (0,1). To check (3.1) it is enough to set o = r(t — s) + s so
that (3.1) becomes

™

1
/ (1—r)lr—adr =
0

sinTa’

which can easily be proved.
From now on we take o < 1/2. Identity (3.1) can be written as

sin T
1, (s) =

t
- /O (t—0)* 11, ()0 — ) do, t>0,5>0,

We also write equivalently

sin T

t
1,, = /0 (t = 0)* g, do, (3.2)

™

where
9o (s) = 1[()#(7] (s)(o—s)~

Since o < 1/2, we have g, € H and |g,|*> = ‘11:22:. Recalling that the
mapping

H — LQ(H’ILL)7 f = Wfa
is continuous, we obtain the following representation formula for B,

sin T

B(t) = /0 (¢ — o)W, do (3.3)

™

Now it is enough to prove that the mapping o — W,_(x) belongs to
L*™(0,T), p-a.e. for any T' > 0; in fact this implies that B is continuous
by Lemma 3.2 below.

To show 2m-summability of the mapping o — W, (x) we notice

that, since W, is a real Gaussian random variable with law N ,1-2a,
1-2a

we have

/H W, ()™ pu(dx) = (;:2: (1—2a) mgm1—20), (3.4)
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Since v < 1/2 we have, by the Fubini theorem,

/OT [ W @) (o) | do = [ UOT\WU(@’)FWU] R

(3.5)
Therefore the mapping o +— W,_(z) belongs to L*™(0,T), p-a.e. and
the conclusion follows. [J

Lemma 3.2 Letm > 1,a € (1/(2m),1),T > 0, and f € L*™(0,T; H).
Set

t
F(t) = / (t — o)\ f(o)do, te[0,T].
0
Then F € C([0,T]; H).
Proof. By Hélder’s inequality we have (notice that 2ma — 1 > 0),
2m—1

t a—1)=2m_ 2m
FOI< ([ -0 55d0) 7 fgrm:  (30)

Therefore F' € L*>°(0,T; H). It remains to show continuity of F. Con-
tinuity at O follows from (3.6). Let us prove that F' is continuous on
(%, T for any to € (0,T]. Let us set for & < 2,

F.(t) = /Ot_a(t —0)* 1 f(o)do, t €]0,T).

F. is obviously continuous on [%’,T}. Moreover, using once again
Holder’s estimate, we find

2m—1

2m Oé*L
g m |f|L2m(O,T;H)-

2m —1
Ft)-F-t)|<M|——
F (O~ (0] < M (s
Thus lim. . F-(t) = F(t), uniformly on [%,T], and F is continuous as
required. [

Exercise 3.3 Prove that [,; B(t)B(s)dy = min{t, s} for all ¢,s > 0.

Exercise 3.4 Prove that for any 7' > 0, B(-)x is Hélder continuous in
[0, 7] with any exponent 5 < 1/2 for u-almost all x € H.

Exercise 3.5 Let B be a Brownian motion in a probability space
(Q,.7,P). Prove that the following are Brownian motions.

(i) Invariance by translation
Bi(t)=B(t+h)—B(h), t>0, whereh >0 is given.
(ii) Self-similarity,
Bs(t) = aB(a™?t), where a > 0 is given.
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(iii) Time reversal
Bs(t) =tB(1/t), t>0, B3(0)=0.

(iv) Symmetry
By(t) = —B(t), t>0.

Let us now introduce the standard Brownian motion and the Wiener
measure. Set

X ={z € H: B(-,z) is continuous}.

Then the restriction of B(t) to the probability space (X, Z(H)N X, )
(which we still denote by B(t)) is a Brownian motion having all trajec-
tories continuous.
Let now Cy([0,7]) = {w € C([0,T]) : w(0) = 0} and consider the
mapping B(-)
X — Co([0,T), x — B(-, ).

B(:) is clearly measurable from (X, Z(H) N X,u) into (Co([0,T7]),
HB(Cp(]0,T7))). The law of B(t) P := B(-)xp is called the Wiener mea-
sure on (Cy([0,T7), B(Co([0,T7))). P is obviously defined by the change

of variables formula
[ F@BCaputn) = [ Pw)P(d) (3.7)
X Co([0,T7)

Consider the following stochastic process W in (Cy([0,T]), %4
(Co([0,77)), )

W(t)(w) = w(t), weCy([0,T]), t>0.

Using formula (3.7) one can check easily that W is a Brownian motion
in (Cy([0,T7),(Co(]0,TY))),P), called the standard Brownian motion.

3.2 Total variation of a Brownian motion

We are here concerned with a Brownian motion B in a probability space
(Q,.#,P). We are going to show that the total variation of B(-)(w) in
[0, 77 is infinite for all 7" > 0 and P-almost all w € €.

Let us denote by X the set of all decompositions

c={0=ty<t1 <---<t,=T}
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of the interval [0,T]. For any o € ¥ we set

lo| =  nax (ty — te—1)-

=1,..,n

The set ¥ is endowed with the usual partial ordering
o1 < 0y <= |o1| < |oa|.

Let f € C([0,T]). Let us recall that the total variation Vp(f) of f in
[0, 7] is defined as

Vi —suleftk fer)|, o={0=tg<ty<---<t,=T}
O’le

If Vi(f) < 400 we say that f has bounded total variation in [0, T].
Let us also introduce the quadratic variation of f setting,

= lim Z]ftk fte)?, o={0=to<ti<---<t,=T},

cr|—>

whenever the limit above exists.

Exercise 3.6 Let f € C([0,7]) and assume that J(f) > 0. Prove that
Vr(f) = +o0.

We shall prove first that J(B(-)) = T, P-a.e. Then, taking into
account Exercise 3.6, it will follow easily that V(B(-)) = +oo, P-a.e.

Lemma 3.7 Set

|B(te) = B(tr-1)I%,

M=

Jo =

B
Il

1
foro={0=ty <ty <---<t, =T} €X. Then we have

lim J, =T in L*(Q,.7,P). (3.8)

jo|—0
Proof Let c ={0 =ty <t; <---<t, =T} € X. Then we have
/ |J, — T*dP = / J2dP — 2T/ J,dP +T?. (3.9)
Q Q Q

But

/Jd]P’ Z/|Btk Blte)/2dP =3 (b — tr1) =T, (3.10)

k=1
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since B(ty) — B(tx—1) is a Gaussian random variable with law Ny, ¢, .
Moreover

/ A
Q

2

— B(tk_1)|2 dPP

:/ zn:yB(tk)_B(tk,l)ﬁdP
Q1

2y /yB (tn) — B(ta_1)2|B(tr) — Blts_1)|2dP.

h<k=1

Now, using again the fact that B(t;) — B(tx—1) is a Gaussian random
variable with law Ny, 4, |, we have

/QZ\B tr) — B(tp—1)| dP—3Z te —th-1)? (3.11)

k=1

and, since B(t,) — B(ty—1) and B(tx) — B(tx—1) are independent,

> [ 1B~ Bl PIB) Bt

h<k=1
= Z (th — th-1)(tk — ti—1)- (3.12)
h<k=1
Therefore
/|J | dP_?)Z th— te—1)® + 2 Z (th = th—1)(tk — th-1)

h<k=1

n n 2
= Z th — th—1) <Z(tk—tk—1)>

k=1
n
Z th— th1)? + 17 (3.13)
Now, substituting (3.10) and (3.13) in (3.9), we obtain
n
/ |Jo = 1PdP =2 (ty — tp—1)®> — 0,
@ k=1

as o] — 0. O
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We can now prove,

Proposition 3.8 Let B be a Brownian motion in a probability space
(Q, %, P) and let T > 0. Then, for almost all w € ), the total variation
of B(:)(w) in [0,T] is infinite.

Proof. Set
' ={weQ: t— B(t)(w) is continuous}.

We know by Theorem 3.1 that P(I';) = 1. Moreover, by Lemma 3.7
it follows that there exists a sequence (o,,) of decompositions of [0, 7]
and a set I'y C .% of probability 1 such that

nlingo Jo,(w) =T forallw e I'y.

By Exercise 3.6 we know that Vp(B(-)(w)) = 400 for all w € I'y N Ts.
Since P(I'y NI'y) = 1 the conclusion follows. [J

3.3 Wiener integral

Let B be a Brownian motion in a probability space (£2,.%#,P) and let
T > 0. We want to define the integral

1) = [ 55)iBG),

for any f € H = L?(0,T). We notice that we cannot give a meaning to
the formula

T
[(f)(w) = /O F(8)dB(s)(w), weQ,

for almost all w € Q because, as we have seen in the previous section,
B(-)(w) has no finite total variation for almost all w € Q. Thus, we
shall define I(f) as an element of L?(Q,.7,P).

Let us first define the integral on the subspace S(0,7") of step func-
tions, that is of all functions having the following form:

n
F=> a1, . (3.14)

j=1

where n € Ny a1,...,ap, E R,and 0 =tg <t1 < ---<t, =T.1If fis
given by (3.14) we set
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Proposition 3.9 The mapping
I:500,T) C L2(0,T) — L*(Q, 7, P), f > I(f),

can be uniquely extended to an isometry of H into L*(Q,.F,P).
Moreover

/ I(f)dP = 0, (3.15)
Q

and
LGRS (316)
Proof. Let f € S(0,T) of the form (3.14). Then we have

Jy 101 =Y [ () = Bl-))a =0

so that (3.16) follows. Moreover

J e = | Zrajr B(t;-1)) dP

2[5 flt ) @ B) - BB — Bl @

j<k=1
(3.17)

Since B(t;) — B(tj—1) and B(ty) — B(tx—1) are independent, it follows

that .
[ 1P =3 las Pt — 1) = 1512
j=1

which yields (3.17). So, we have proved that I is an isometry. Since
S(0,T) is dense in L?(0,T), we can extend I to the whole L?(0,T) and
the extension still fulfills (3.15) and (3.16). OJ

The element fOT f(s)dB(s) of L*(Q, % ,P), is called the Wiener in-
tegral of f in [0, 7.

Exercise 3.10 Let f,g L%(0,T). Prove that

T T T
E(/o f(s)dB(s) /0 g(s)dB<s>>= /0 f(s)g(s)ds.  (3.18)

We define in an obvious way the Wiener integral [, b f(s)dB(s) in any
interval [a, b] C R. It is easy to see that, for any a,b, c € [0,T] we have

/de /de+/de
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Proposition 3.11 Let f € L*(0,T). Then I(f) is a real Gaussian
random variable with mean 0 and covariance f(;f |f(s)]?ds.

Proof. Let (f,) be a sequence in S(0,T) convergent to f in L?(0,T).
We know that I(f,) — I(f) in L*(Q,.#,P) as n — oo. On the other
hand, we have (recall Exercise 1.21),

I(fn)4P = NZ::1 P20 E—tj-1)

Now the conclusion follows from Proposition 1.16. [J

We note that if f € C1([0,T]) it is possible to express the Wiener
integral fOT f(s)dB(s) in terms of a Riemann integral as the following
integration by parts formula shows.

Proposition 3.12 If f € C'([0,T]) we have
/OTf(s)dB(s) _ f(T)B(T)—/OT F/(5)B(s)ds in L3(Q, Z,P). (3.19)

Proof. Let c = {0 =ty <t1 <--- <t, =T} € ¥(0,7T). Then we have

L) =3 Ft)(Blt) — Bltxr))
k=1

= S ) Bt — () Bty))

— FD)BT) — 3 (F(t) — F(te) B(t)

— T)BT) 3 o) Bl (b — t).
k=1

where o is a suitable number lying in the interval [tg_1,tx],k =
1,...,n. It follows that

lim I,(f) = f(T)B(T) —/OTf’(s)B(s)ds in I2(Q, 7, P).

|lo|—0



Chapter 3 45

Remark 3.13 Let B(t) = W, be the Brownian motion in (H, Z(H),
), where H is a Hilbert space and p a Gaussian measure Ng with Ker
@ = {0} introduced in section 3.1. Then there is a simple interpretation
of the Wiener integral of a function f € L?(0,T). In fact if o € ¥ we

have
n

kZ: tk 1 Wl(ik 15t WZZZI Fe—1)1, e
=1

Since
lim Zf (th—1)1y ity = f iIn L2(O,T),

jorl—0
T
- / F(s)dB(s) =
0

Consequently, we recover the result, proved in Proposition 3.11 that
I(f) is a real Gaussian random variable with law N|g2.

it follows that

3.4 Law of the Brownian motion in L?(0,T)

We use here notations of section 3.1. In particular, we consider the
probability space (H,Z(H), i), where H = L*(0,+0c0) and u = Ng,
where @ is any operator in L] (H) such that Ker Q = {0}. Let B(t) =

WI[O g 020, As we have seen, a version of B is real Brownian motion.

Let us consider the mapping
B:H — L*0,T), z+— B(-)(x).
Notice that B € L?(H, u; L?(0,T)) since

/H (/OTB(t)(w)lzdt> p(dz) —/OTdt/HyWIMPM(dx)
= /OT tdt = T;

Let us denote by IP := By the law of B, it is a probability measure on
(L?(0,T),%(L?*(0,T))) which extends in an obvious way the Wiener
measure (which was defined in Cy([0,77)).

Proposition 3.14 P is a nondegenerate Gaussian measure on L*(0,T)
with mean 0 and covariance operator Zr defined by

Rrh(t) = /OT min{t, s}h(s)ds, he L*0,T), t€[0,7].  (3.20)
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Proof. Define for any n € N
n ¢
Bn(t) = Wp,1, = (2, Qu Pap ) =Y A?/ka/o er(s)ds, =0
k=1

and consider the mapping
B, : H — L*(0,T), x +— B,(-)(x).

B,, is a linear bounded operator from H into L?(0,T). Therefore its
law is Gaussian (Proposition 1.18). We claim that

B, — B in L*(H, u; L*(0,T)), (3.21)

so that the law P of B is also Gaussian (Proposition 1.16). We have in
fact, using the Fubini theorem,

| 1B(@) = B @i 7 nlde)

[T
= [ ] Wi @) = Wiy (@) Pt | ()

T
_ 2
— [ W pgug o)t

B /0 UH (WP (Jf)!zu(d:c)] dt

T
T 2
:/0 (1= Po)1pg. |t

So, (3.21) follows from the dominated convergence theorem.
Clearly the mean of P is 0; let us compute its covariance Zr. We
have, using (1.17),

(Zrh;h)r20.1) :/H|<B$ah>H|2/~L(d$)

p(dz)

T T

:‘/H/L(dx)/o Wl[o’t](x)h(t)dt/o Wl[oysl(x)h(S)dS
T T

:/0 /0 dt ds h(t)h(s)/le[O,t] <$)W1[O,s] (x)li(d.’ﬂ)

_ /0 ! /0 " mint, sYh(t)h(s)dtds
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and the conclusion follows.

It remains to show that the law of P is nondegenerate. Assume that
h € L?(0,T) is such that Zrh(t) = 0 in L*(L?(0,T), Z(L?*(0,T)),P).
Then we have

T t T
/ min{t, s}h(s)ds :/ sh(s)ds—l—t/ h(s)ds =0, t a.e.in [0,7].

0 0 t
Differentiating this identity with respect to t yields

T
/ h(s)ds =0, t-ace. in [0, 7],
t
which implies h identically equal to 0. The proof is complete. []
Exercise 3.15 Let Ar = %, !, Show that
{ATh(t) = —h"(t), Vh e D(Ar)
D(A) ={h € H*(0,T) : h(0) =K (T) =0},

where H?(0,T) denotes the usual Sobolev space.

3.4.1 Brownian bridge

Let consider the stochastic process in [0, 7]

B(t): = B(t) — % B(T), te[0,T).

B is called the Brownian bridge in [0,T]. Clearly (3 is a continuous
stochastic process.

Exercise 3.16 Prove that the law of 3(:) in L?(0,T) is a Gaussian
measure N g,., where /7 is defined by

yTh(t):/OTK(t,s)h(s)ds, h e L*0,T), telo,1], (3.22)
and

[s(T—1),if0<s<t,
K(t’s)_{t(T—s), ift<s<T.

Moreover setting Br = ., ! show that
{ Brh(t) = —h"(t), he D(Br)

D(Br) = H?(0,T) N HL(0,T).
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3.5 Multidimensional Brownian motions

Let Xi,..., X, be real stochastic processes in a probability space
(Q, 7,P). They are said to be independent if for arbitrary t; > 0, i,j =
1,...,n, the random variables with values in R"

(Xl(tzl)’le(t:L))a 1=1,..,n,

are independent.
A Brownian motion in R" is a stochastic process

B=B(t) = (Bi(t),..., Ba(t)), t>0,

taking values in R" such that By, ..., B,, are mutually independent real
Brownian motions.
Let us construct a Brownian motion in R™. Denote by (eq,...,ey)

an orthonormal basis in R”. Then set H = L?(0, +-00; R"), ¥ = %(H),
and P = Ny, where Q is any operator in L} (H) such that Ker Q = {0}.

The following result can be proved as Theorem 3.1. The simple proof
is left to the reader.

Theorem 3.17 Let B;(t) = W.

1[0,t]e;
B, (t)), is a Brownian motion in R™.

, t > 0. Then B(t) = (Bi(t),...,

Remark 3.18 Let B be a Brownian motion in R"™. Then the following
properties are easy to check.

(i) For all t > s > 0, B(t) — B(s) is a Gaussian random variable with
law N(;_g)1,, where I, is the identity operator in R".
(ii) For all t,s > 0, E(B;(t)B;(s)) =0 ifi#j, i,j7=1,...,n.
(iii) We have
E[|B(t) - B(s)]?] = n(t - s). (3.23)

Let us check (iii). We have
E|[|B(t) - B(s)P?] = Y E[|Bk(t) — Bi(s)P| = n(t - s).
k=1
Exercise 3.19 Prove that for 0 < s < ¢ we have
E [|B(t) - B(s)|"] = (2n+n?)(t - s)”. (3.24)

Now we define the Wiener integral

F(T) = /0 " GwdB).
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for a function G € C([0,T]; L(R™)). Set
Ghi(t) = (G(t)ek,en), te€[0,1], h,k=0,1,...,n,
and S
F(T), = 21/0 Gur(t)dBi(t), h=1,...,n. (3.25)
Proposition 3.20 Let G € C([0,T]; L(R™)), and let

F(T) = (F(T)1, ..., F(T)n)

E(F(T)) =0, (3.26)
and .
- / T [G(1)G* ()] dt. (3.27)
0
Proof. (3.26) is obvious, let us prove (3.27). We have in fact

n

E(I1%) = > E(1u)

h=1

_E CrrdB(t) [ Gip(t)dBy(
(z/ st [ 6 >)
/ G2, (t)dt = /T T [G(4)G* (1)) dt.

hk=1 0

O

Exercise 3.21 Let X (t) = [| G(s)dB(s). Prove that X (t) is a Gaussian
random variable with law Ng, where

Q1 :/0 Tr [G(s)G™(s)]ds.
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Stochastic perturbations of a dynamical system

4.1 Introduction

In this chapter we are given a Brownian motion B(t), ¢t > 0, in a
probability space (€2,.%#,P) with values in R™. Without any loss of
generality we can assume that B(-)(w) is continuous for all w € 2.

Let us consider a dynamical system in R"™ governed by the ordinary
differential equation

Z'(t) = b(Z(t)), t>0,
(4.1)
{ﬂm:xeRm

where b: R"™ — R” is Lipschitz continuous, that is there exists M > 0
such that

b(x) —b(y)| < M|z —y|, =z,yeR"
It is well known that equation (4.1) is equivalent to the integral equation
t
mw:x+/b@@mm £>0 (4.2)
0
and that equation (4.2) has a unique solution Z(-, z) € C1([0, +00); R™).

To take into account random perturbations one is led to consider
the following stochastic differential equation,

X(t)=x+ /Ot b(X(s))ds +VC B(t), t>0, (4.3)

where C is a symmetric and non-negative linear operator R" — R".
The unknown X (-) of (4.3) is a stochastic process on (2, .#, P).
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Usually, equation (4.3) is formally written as

dX (t) = b(X (t))dt +/C dB(t),

Setting
X(t,w) = X(t)(w), B(t,w) = B(t)(w), t>0, weq,

equation (4.3) can be regarded as a family of deterministic integral
equations indexed by w,

‘ﬂumZx+A%@@M%$+¢CB@@,t20 (4.5)

Consequently, to solve the integral equation (4.5), it is enough to solve
for any z € R™ and f € C([0,T];R")M) the deterministic integral
equation

u@:x+4%w@ﬂﬁj@,t€Mﬂ, (4.6)
whose solution we shall denote by (-, f), and then to set
X(-,2)(w) = u(e, VO BO)(@)), we Q.

Remark 4.1 When f € C([0,T]; H), equation (4.6) coincides with
the Cauchy problem

{U’(t) = b(u(t)) + f'(t),
(4.7)
u(0) = z + £(0).

Equation (4.6) can be easily solved by the classical method of successive
approximations. That is, setting

up(t) =z, upt1(t) = aH—/Ot b(un(s))ds+ f(t), meN, t>0, (4.8)

the following result holds,

W ([0, T);R™) is the space of all continuous functions f: [0, T] — R™ endowed with
the norm || fllo = sup;cpo, 7y | f(?)]- C* ([0, T]; R™) is the subspace of C([0,T];R™)
of all continuously differentiable functions. We set || f||1 = || f]lo + | Dfllo-
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Lemma 4.2 Let x € R", T' > 0, f € C([0, T];R™). Then there exists
a unique uw € C([0, T]; R™) fulfilling equation (4.6) and we have

w= lim u, in C([0,T];R™). (4.9)
Moreover, denoting by yr the mapping

we have

T
Ivr(z, ) =721, fi)llo < €Mz — 21 +/0 e*Mds || f — fillo, (4.11)

for any x,x1 € R"™, and any f, f1 € C([0,T]; R"™).
Finally, if in addition b is of class C* for some k € N, then yr is
of class C*.

Proof. We only sketch the proof (which is very similar to that of exis-
tence and uniqueness for the Cauchy problem in R™). We have

i (t) —uo(t)| < [b(z)|T + [ fllo, t€[0,T],
and, by recurrence on n,

M
n!

|unt1(t) — un(t)] < ([6(2)|T + ([ f]lo) , neN, tel0,T],

and so (4.9) follows easily by a classical argument.

Let us prove (4.11). Let z,z1 € R™, f, fi € C([0,T];R") and let
u="yp(x, ), uy = yr(z1, f1). Then we have

u(t)—u1(t) = $—$1+/Ot[b(u(s))—b(ul(8))]d8+(f(t)—f1(t))a t €10,T].
It follows that for ¢ € [0,T],
lu(t) —wr(t)] <[z — 2] + M/Ot u(s) —ui(s)lds + [ f(t) = fr(D)]-

Consequently, by the Gronwall lemma we have

) = a0 < Vo — il + [ Vp(6)  fio)lds, v e 0.T)

(4.12)
which yields (4.11).
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Finally the last statement is standard, its proof it left as an exercise
to the reader. [J

Now we come back to the stochastic differential equation (4.3).
Proposition 4.3 Let n € L*(Q),.%,P;R"™). Then the following state-
ments hold.

(i) There exists a unique continuous stochastic process X (-,m) in |0,
+00) solution of the integral equation

X(t,n) =n+ /Ot b(X (s,n))ds + VC B(t). (4.13)
X(-,m) is given by

X(n(w)) = yr(nw), VC B(-)(w)), we, (4.14)

where yp is defined by (4.10).
(ii) For any T > 0 we have
X () = lim Xo(,m) in C([0,T];L*(Q, 7, P;R™),  (4.15)

n—oo

where X, n € N, is defined by recurrence as
t
Xo(t,m) =n, Xnsa(t,n) = 77+/0 b(Xy(s,m))ds+VC B(t), t € [0,T].

(iii) If n = x is constant, the law of X (-, x) is independent of the choice
of the particular Brownian motion B.

Proof. (i) and (ii) are immediate consequences of Lemma 4.2. Finally,
since

X(-,x) = y7(x,VC B()), (4.16)

the law of X (-, x), is determined by that of B(-) which does not depend
on the choice of B (recall Proposition 3.14). OJ

Exercise 4.4 Show that if n = x is constant and ¢, h > 0, the random
variables X (¢,2) and B(t + h) — B(t), are independent.

Hint. Check by recurrence that X,,(¢t,z) and B(t+ h) — B(t) are inde-
pendent.

Remark 4.5 It is useful to study problems with a general initial time
sEeER,
Z'(t,x) =b(Z(t,x)), t>s,
{Z(s,x) =zeH.



Chapter 4 55

This problem is equivalent to the integral equation
t
Z(t,x) == +/ b(Z(u,x))du, t>0.
S
Similarly to the stochastic case we shall consider the equation

X(tss,) =n-+ [ WX(p.m)dp+VE (BO)~ BGs)), 125
(4.17)

where n € L?(€,.#,P;R"). Then, proceding as before, we can see that
the equation (4.17) has a unique solution X (-, s,n). Moreover we have
clearly

X(t,n) = X(t,0,n), t>0, neL*Q,7 P;R". (4.18)

Exercise 4.6 Prove that if 0 < s < ¢ < t, and 1 € L?(Q,.%,P;R"),
we have

X(t,0,X(0,s,m) = X(t,5,7). (4.19)
Hint: Use the uniqueness result for problem (4.17).

Proposition 4.7 Let x € H, t,s,h > 0, t > s. Then the random
variables X (t + h,s + h,z) and X(t,s,x) have the same law.

Proof. Write
X(ts,2) =+ /t b(X(u,5,2))du+ VT (B(t) — B(s)  (4.20)

and

t+h

X(t+h,s+h,x)=x+ b(X(u,s+ h,z))du

+VC (B(t + h) — B(s + h)).
Setting uw = v + h and B;(t) = B(t + h) — B(h), we can write (4.21) as

X(t+h,s+ h,x) :x—i—/tb(X(v—i—h,s—i-h,m))dv
+VC (By(t) — Bi(s)).

Recall that Bj(t) is a Brownian motion by the invariance by translation
(see Exercise 3.5). This shows that the process X (- + h, s+ h, z) fulfills
(4.20) with the Brownian motion B(t) replaced by Bj(t). Thus the
law of X(t + h,s + h,z) coincides with that of X(¢,s,z) thanks to
Proposition 4.3(iii). OJ

(4.22)
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Exercise 4.8 Show that if n € L?(Q,.%,P;R"), then the laws of
X(t,s,n) and X (t+ h,s + h,n) are different in general.
Hint: Take n = B(s).

4.2 The Ornstein—Uhlenbeck process

We assume here that b(x) = Az, where A € L(R"™). In this case we can
solve explicitly equations (4.3) and (4.6).

Lemma 4.9 Let A € L(R"), x € H and f € C([0,T];R™). Then the
solution to the equation

ult) =z + /Ot Au(s)ds + f(t), t>0, (4.23)

is given by
u(t) = e + f(t) + /0 " Aelt=oa f(s)ds, t>0. (4.24)
Proof. Recall that the solution of (4.23) is given by u = yp(x, f) where
4t is defined by (4.10), and that 47 is continuous. Since C'1([0,T]; R™)

is dense in C([0,T];R™), it is enough to prove (4.24) when f €
C1([0, T); R™). In this case (4.23) is equivalent to the initial value prob-

lem
{u’(t) — Au(t) + f'(2),
u(0) =z + f(0),

whose solution is given by the variation of constants formula,

u(t) = ez + £(0)) + /O s f'(s)ds.

Now, integrating by parts we obtain (4.24). O

Proposition 4.10 Let A € L(R"), x € R™. Then the solution to the
stochastic differential equation

dX = AXdt +VC dB(t), X(0) =z, (4.25)

is given by

t
X(t,2) = o + / =94 /C dB(s). (4.26)
0
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X(+,z) is called an Ornstein—Uhlenbeck process.
Proof. Taking into account (4.24) we have

t
X(t,z) = ez 4+ VC B(t) +/ A=A/ C B(s)ds.
0

Now the conclusion follows from the integration by parts formula (3.19).
O

Exercise 4.11 Prove that the law of X (¢, x) is given by
X(t,x)4P = N.iay o, (4.27)

where

t
Q+ :/ e ACes N ds. (4.28)
0

Hint. Use Exercise 3.21.

4.3 The transition semigroup in the deterministic case

We are here concerned with problem (4.1) under the assumption
that b: R® — R" is Lipschitz continuous and of class C''. We know
that for any « € R™ problem (4.1) has a unique solution Z(-,x) €
C*(]0,+00); H) and

Z(t+s,x)=2Z(t,Z(s,x)). (4.29)
Moreover Z(-,z) is differentiable in x as the following proposition
shows.

Proposition 4.12 For anyt > 0, Z(t, z) is differentiable on x and we
have
(Zy(t,x),h) =n"(t,x), x,heH, t>0, (4.30)

where 0" (t, ) is the solution to the initial value problem

ihtx:betm-htm
St n) = (2, 2) o' (1), .
n"(0,2) =h.

Moreover,
b(Z(t,x)) = Zy(t,x)b(x), x € H, t>0. (4.32)



58 Stochastic perturbations of a dynamical system

Proof. This proposition is well known. We only prove (4.32) for the
reader’s convenience. Differentiating (4.29) with respect to s yields

Zi(t+ s,x) = Zy(t, Z(s,x)) - Zi(s, x),
which is equivalent to
b(Z(t+ s,x)) = Zy(t, Z(s,x)) - b(Z(s, x)).
Setting s = 0, the identity (4.32) follows. [J

Now we associate to the dynamical system (4.1) (which is obviously
non-linear in general) a semigroup of linear operators defined on the
space Cy(R™) @) setting,

Pip(x) =p(Z(t,z)), x=e€H, t>0.

P, is called the transition semigroup related to the dynamical system
described by (4.1).

In the applications to physics a function ¢ € Cp(R™) is often inter-
preted as an “observable”. Then P;p describes the evolution in time of
the observable. The asymptotic behaviour of P,p gives important in-
formation on the dynamical system (4.1) as: invariant measures, ergod-
icity, mixing etc.; concepts that we shall introduce in the next chapter.

We notice that from (4.29) it follows immediately that the semigroup
law holds, namely
PtJrS == PtPS, t, S 2 0. (433)

The transition semigroup F; is related to the following partial differen-
tial equation of the first order, )

v (t,x) = (b(x), Dyv(t, x)),
(4.34)
’U(Oax) = 90('%')7

where p € CL(R™).
By a strict solution of (4.34) we mean a function v : [0, T]xR" — R"

of class C! such that (4.34) holds.

@ Cy»(R™) is the Banach space of all uniformly continuous and bounded mappings
¢: R" — R, endowed with the norm ||¢llo = sup,cpn |¢(2)|. For any k € N,
CF(R™) is the subspace of Cy(R™) of all functions which are continuous and
bounded together with their derivatives of order less than or equal to k. We set
lelle = liello + X5, sup,cp [Digp()]-

G)If o € CH(R™) and = € R" we shall identify D,o(x) with the unique element h
of R™ such that D,p(z)y = (h,y), Vy € R". If ¢ € CZ(R") and = € R™ we shall
identify DZp(x) with the unique element T of L(R™) such that D2p(x)(y, z) =
(Ty,z), Vy,z € R".
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Theorem 4.13 Let ¢ € C}(R"). Then problem (4.34) has a unique
strict solution v given by

v(t,x) = o(Z(t,z)) = Pip(x), t>0, xz€R™ (4.35)

Proof. Ezistence. We shall prove that v(t, z), given by (4.35), is a strict
solution of (4.34). We have in fact, for t > 0, z € R,

'Ut(t7$) - <D33§0(Z(t7 x))7 Zt(tax» = <D$(p(Z(t,$>), b(Z(t, .%'))) (4'36)
Moreover, taking into account (4.32), we have

(Dav(t,2),b(x)) = (Dap(Z(t, 2)), Ze(t, ) - b(2))
= (Dap(Z(t, ), b(Z(t, x)))-

Comparing with (4.36) yields the conclusion.

Uniqueness. Let ¢ be a strict solution of (4.34). Fix ¢ > 0. Then for
any s € [0,t] we have

% C(t =5, Z(s,2)) = —Ci(t — 5, Z(s, 2))

+(Dy((t —s,Z(s,x)),b(Z(s,x))) = 0.

It follows that ((t — s, Z(s,x)) is constant for s € [0,¢]. Setting s = ¢
and s = 0 we see that p(Z(t,z)) = ((t,z). O

4.4 The transition semigroup in the stochastic case

Here we want to associate to the solution X (¢,z) of the stochastic
differential equation

t
X(t,2) = +/ b(X(s,2))ds +vC B(t), t>0,z€H (4.37)
0
a transition semigroup F;. It is natural to set
Piol@) = [ p(X(t,a)(@)B(dw) = E[p(X(t.))], 20, p € G(RY.

(4.38)

Remark 4.14 Let T > 0, H = L*(0,T;R"). Then, for any t € [0,7]
and any ¢ € Cp(R™) we have the following explicit representation for-
mula for P,

Peo@) = [ olor(@, VO DOINan(df), @ R

where 7 is defined by (4.10) and %7 by (3.20).
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In the following proposition we show that P, acts on Cj(R™). Later we
shall see that P; is a semigroup of linear bounded operators on Cj(R™).

Proposition 4.15 For any t > 0 and any ¢ € Cy(R™), we have Pp €
Cy(R™). Moreover P, € L(Cy(R™)) and

1Peello < [lllo- (4.39)
Proof. Notice first that for any ¢ € C(R™) we have
|Pro(z)] < Elp(X ()] < [[¢llo, = €R",

so that (4.39) holds.
Let now ¢ € C}(R"), 2,7 € R". Then, recalling (4.11) we find that

|Prp(x) — Prp(@)| < llolhEIX (8, 2) = X(8,7)] < [lo]e ]z — 7.

Thus Pip € Cp(R™). Finally, let ¢ € Cp(R") and ¢ > 0. Since C}(R")
is dense in C,(R"), there exists a sequence (¢,) C C}(R") such that
|l — nllo < 1/n for all n € N. Then, since

S|

[1Pep = Pipnllo < [l = @nllo <

we have Pyp € Cp(R™). O

Exercise 4.16 (i) Prove that if ¢ € Cp(R™) is non-negative, then for
all £ > 0 P, is non-negative as well.
(ii) Prove that P,(1) = 1.

(iii) Denote by m¢(x,-) the law of X (¢, x), that is m(x,-) = X (¢, x)»P.
Prove that

Pip(@) = [ e)mle,dy), € GRY. (4.40)

Now we are going to prove that

d
— Po="nPLe, ¢eCiRY, (4.41)

and J
e =1Lby, pe CF(R™), (4.42)
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where L is the following differential operator, called the Kolmogorov
operator,

1
Lo(x) = 3 T [OD2p(@)] + (b(e), Daple)), ¢ € CRE™), z € R,
Using (4.41) and (4.42) we will show that the parabolic equation

Duult,z) = = Tr [CD2u(t, z)] + (b(z), Dyult, z))
2 (4.43)

u(0,z) = p(x), =€ H,

has a unique solution given by u(t, z) = Pyp(x), and that the semigroup
law, called the Chapman—Kolmogorov equation,

Pt+s:PtP87 t75207 POZL (444)
holds.
Proposition 4.17 (Forward Itd formula) For any p € CZ(R") we
have
d
5 Blo(X(t,2)] =E[(Le)(X(t,2))], t20, xR, (4.45)

which is equivalent to (4.41).

Proof. Since C' is symmetric, there exists an orthonormal basis (ej) on
R™ and non-negative numbers (7%) such that Cep = yrex, k=1,...,n.
We set xp, = (z,e), k=1,...,n.

Let h > 0 and set X (t+ h,x) — X (¢, x) = 0} By the Taylor formula
we have

% [E(p(X(t+h,2))) = E(p(X(t,2)))] = Li(h) + Ta(h) + I3(h), (4.46)

where
1(h) = 1 EDep(X (1,2)), 1)
I(h) = o B(D2(X(1,2)) - 61, 0)
1 1
() = 1 B [ (1= (D2p(=(t. h,2,)) = DEA(X (t,2))] - 3, )
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and

2(t, b, x,§) = (1 = §)X(t,x) + EX(E + h, ).
On the other hand, we have

t+h
5 = /t b(X (r,2))dr + VT (B(t + h) — B(t))

and so,

1 t+h
Il(h) = E<Dw(p(X(ta w)):ﬁ /t b(X(T7 iL'))dT>
+3 B(Dyp(X(1,2)), VO (B(t +h) - B(1).

Since (recall Exercise 4.4), B(t + h) — B(t) is independent of D,y
(X (t,x)), we have that the second integral vanishes. Thus, letting h
tend to 0, we find

lim 11 (h) = E [(Dap(X(t, 2)), 0(X (1, 2)))] (4.47)

Concerning Iy(h) we have, setting
t+h
Firn= [ WX(r2))dr,

B(h) = 5 B (D2(X(6,2)) - Fisans 3 Fuan )
+E<D§¢(X(t, ) - Fyipn VC (B(t + h) — B(t))>

;h E(D2o(X (t,2)) - VC (B(t + h) — B(t)),

= Ir1(h)+ Iz2(h) + I23(h).

Clearly
lim [ = lim I =0. 4.4
lim 15,1 (h) = lim I 2(h) = 0 (4.48)
Concerning I 3 we have (recall Exercise 4.4),
1 n
ba(h) = 57 D WEDL . (X (8, 2)IE[(Bi(t + h) = Bi(t))’]

—_

7

E[Tr (CD2p(X (t,z)))].

l\')\»i
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Therefore 1
lim Io5(h) = 3 E[Tr (CD2(X (¢, 2)))]. (4.49)
Let us show finally that
}LILI%) I3(h) = 0. (4.50)

For this we set ) .
I= 3 E [ (g(6.h) b 1) de.

where
9(&h) = (1-€) [DXo((1 = )X (t,2) + EX(t + h,2)) — D2p(X(t,))]
By the Holder inequality we have

P <5 [ Elote I E ot
Thus, to prove (4.50) it is enough to show that
0 e [t mliae =o
(ii) % E |6,|* < ¢, for some ¢ > 0.

(i) follows from the dominated convergence theorem since }Lirr%) g(&,h) =0,

for all h € (0,1] and P-a.s. and ||g(&, h)|| < 2||¢||2. Let us prove (ii).
Recalling that, by (3.24),

E|B(t+h) — B(t)|* = (2n + n?)R?,

we have
4
1 4 8 t+h 8 4
SEG < E /t b(X(s,2))ds| + 5 BIB(t+h) = B(t)
8 t+h 4
< ﬁE / b(X (s,z))ds| +2n +n?
t

and (ii) is proved.
Now the conclusion follows from (4.47)—(4.50). O

Proposition 4.18 (Backward Ité formula) Assume that b is Lip-
schitz continuous and of class C?, and that o € CZ(R™). Then we have

% E[p(X(t,2))] = LE [p(X(t,2))], t>0, z€ H,  (451)

which is equivalent to (4.42).
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Proof. Let x € H, s > 0 be fixed. If h > 0 and t > s + h we have,
taking into account (4.19)

S =1 [Blp(X(t s + h,2))) — E(p(X (2, 5,2)))]

S| =

[E(p(X(t,s + h,x))) — E(p(X(t,s + h, X(s+ h,s,2)))].

S| =

Let us consider the random variable

9(y) = (X (t,s+h,y)), y € H,

which is of class C? in y by Lemma 4.2, since b is of class C?. So, we
have

En =7 [E(g(z)) — E(g(X(s + h, s, z)))].

> =

Setting 0y, = X (s + h,s,x) — x and using the Taylor formula we have

1 1
S = =5 B{Dyg(2),0n) — 5 BAD;g() - 6n, Op)

LB [ (1 )D2((1 ) + EX (s +h,5,2)) — ()] - 51, ).
0

=Ji+ Jo+ Js. (4.52)

Now, terms Ji, Js, and J3 can be estimated by arguing as in the proof
of Proposition 4.17 and we arrive at the conclusion. [
We can prove finally the result

Theorem 4.19 Assume that b is Lipschitz continuous and of class C2,
and that ¢ € CZ(R™). Then problem (4.43) has a unique strict solution
given by u(t,x) = Prp(z), t >0, x € H. Moreover

Pt+s:PtP37 t,SZO.

Proof. Existence. Let u(t,x) = Prp(z), t > 0, x € H, and set u(t,-) =
u(t). Then by the backward It6 formula (4.51) we have

d
o7 u(t) = Lu(t).
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Uniqueness. Let u be a solution of (4.43). Then for any ¢t > s > 0 we

have by the forward It6 formula (4.45)
4 Pi_su(s) = —P,—sLu(s) + P, 4 u(s) =0
ds t—s - t—s t—s ds — Y.

Thus the function s — P;_su(s) is constant and the conclusion follows.
O

Remark 4.20 Often one has to compute E [p(X (¢, x))] for some un-
bounded function . This can be done by introducing suitable approxi-
mations of . It is particularly important in the case when ¢(z) = |z|%.
Here a direct computation is possible by the next proposition.

Proposition 4.21 We have

% E [|X(t,2)] = TH[C] + 2E((X (t.2)), X(t,2)), 20, « € H.
(4.53)

Proof. In fact, since
t+h
X(t+ho) = X(t2) + / b(X (s, 2))ds + VC (B(t +h) — B(t)),
t

we have
2

t+h
X (t+ h,2)2 — | X(t,2)2 = |/t (X (5, 2))ds

HIVE (B(t+ h) — B())[]? +2 <X(t,x), /tHh b(X(s,:c))ds>
+2(X (t,2),VC (B(t + h) — B(t)))
42 </tt+h b(X (s, 2))ds,VC (B(t + h) — B(t))>

Taking expectation we find that

E[|X(t+ha)f ~|X(t2)P] =E ‘/:M b(X (s, 2))ds

t+h
+Tr [C] + 2 X(t,x),/t b(X(s,x))ds>
t+h
+2E </t b(X (s,2))ds,VC (B(t + h) — B(t))> :

Now the conclusion follows, dividing both sides of the identity above
by h and letting h tend to 0. O
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Remark 4.22 Usually the forward or backward It6 formulae are stated
more generally for ¢(X (¢, z, s)) instead of for E[p(X (¢, z, s))]. One can
show that the stochastic process u(t, s, z) = (X (¢, x, s)) is the solution
to a stochastic partial differential equation.

4.5 A generalization

For several applications the assumption that b is Lipschitz continuous
is too restrictive. Previous results can be generalized however under
the following assumption.

Hypothesis 4.23 (i) b is locally Lipschitz continuous.
(i) There exists a continuous non-negative function a such that

(b(z +y),2) < a(y)(1+|2?), for allz,y € R"

We can prove in fact the following result.

Proposition 4.24 Assume that Hypothesis 4.23 holds. Let x € H and
feC(]0,T]; H). Then the equation

u(t) =z + /Ot b(u(s))ds + f(t), ¢ €0,T), (4.54)

has a unique solution u € C([0,T]; H).
Proof. Setting v = u — f, equation (4.54) reduces to

oft) =+ [ b{os) + £(s))ds,

which is equivalent to the Cauchy problem

d
— = b(v(t) + ,
dt (t) ( (t) f(t)) (4.55)

v(0) =z + f(0).

Since b is locally Lipschitz continuous, there exists a unique solution of
(4.55) in a maximal interval [0,7*) included in [0,7]. To show global
existence we have to find an a-priori estimate for v.

In fact, multiplying both sides of the first equation in (4.55) by v(t),
and taking into account Hypothesis (4.23)(ii), we find that

1 d

5 7 PO = k() + £(1),v(t)) < alf(1)(1+ [v(®)).
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Set

k= sup a(f(t)).
te[0,7)

Then we have
() < K1+ [o()]),

N | —
S

which yields
T
PO < o+ ) + [ e,
0
the required a-priori estimate. [J

Now several of the previous considerations can be generalized; we
leave this task as an exercise to the reader.

Exercise 4.25 Let n = 1, b(z) = —2?"*! where m € N, € R and
f € C([0,T];R). Prove that the equation

u(t) =x — /Ot u(s)*™ds + f(t), tel0,T], (4.56)

has a unique solution u € C([0,T]; H).
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Invariant measures for Markov semigroups

We are given a Hilbert space H (inner product (-,-), norm |- |). We
shall use the following notations.

B(z,r) is the open ball in H with centre x and radius r > 0.
Cy(H) (resp. By(H)) is the Banach space of all uniformly continuous
and bounded mappings (resp. Borel bounded mappings) ¢: H — R
endowed with the norm

lello = sup |o(z)].
zeH

L(Cy(H)) (resp. L(By(H))) is the space of all linear bounded oper-
ators from Cy(H) (resp. By(H)) into itself.

C;F(H) (resp. B; (H)) represents the cone in Cy(H) (resp. Cy(H))
consisting of all non-negative functions, and 1 the function on H
identically equal to 1.

Cy(H)* is the topological dual of Cy(H).

P (H) is the space of all probability measures on (H, Z(H)) where
PB(H) is the o-algebra of all Borel subsets of H.

There is a natural embedding of &(H) into Cy(H)*. Namely, for
any u € Z(H) we set

Fuo) = [ elaudz), e CuH).

In the following we shall often identify p with F),.

5.1 Markov semigroups

Definition 5.1 A Markov semigroup P; on By(H) is a mapping

[0,+00) — L(By(H)), t~ P,
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such that

(i) Py =1, Pys = P,Ps for all t,s > 0.
(ii) For anyt >0 andx € H there exists a probability measure w(z,-) €
P(H) such that

Piol@) = [ em(a.dy) for allg € By(H). (5.1

(iii) For any ¢ € Cy(H) (resp. By(H)) and x € H, the mapping t —
Pip(x) is continuous (resp. Borel).

Obviously, by (5.1) it follows that for ¢t = 0,
mo(x, ) =65, x € H,

where ¢, is the Dirac measure at z.

We notice that in the literature one requires usually only (i) and (ii)
in the definition of Markov semigroup P;. In this case condition (iii)
means that P is stochastically continuous, see e.g. [10].

Definition 5.2 Let P, be a Markov semigroup.

(i) P, is Feller if Pip € Cy(H) for any ¢ € Cy(H) and any t > 0.
(ii) P; is strong Feller if Pop € Cy(H) for any ¢ € By(H) and any
t> 0.
(i4i) Py is irreducible if P1p(,, () > 0 for all x,20 € H, r > 0 and
any t > 0.

Let us give some general properties of a Markov semigroup P;. First,
notice that by (5.1) we have P, 1 =1 for all t > 0 and that P; preserves
positivity, that is Pip € B (H) for all p € B, (H).

Moreover, since, for any ¢ € Cy(H),

—liello < ¢(z) < llello, =€ H,

we have
|Pip(z)| < [lollo, =€ H.

Consequently || P (B, (m)) < 1, for any ¢ > 0. That is P, is a semigroup
of contractions on By(H).

Let us give now some properties of the family of measures m(z, -)
(called a probability kernel).

By (5.1) it follows that for any F € A(H) we have

m(x,E) = Plg(z), t>0,x€ H. (5.2)

Moreover, the following useful result holds.
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Proposition 5.3 Foranyt,s >0, x € H and any E € $(H) we have

Teys(z, E) :/Hﬂs(y,E)ﬂ't(x,dy). (5.3)

Proof. We have in fact, taking into account the semigroup property of
P, (5.2) and (5.1),

7Tt+8(x7E) = Pt—&-le(x) = Ptﬂs('aE)(:E) = /HWS(va)Wt(xady)'

0

Example 5.4 Let us consider the differential equation

{X’(t) = b(X (1)),
X(0) = z, (5.4)

on H = R"™ where b: H — H is Lipschitz continuous. As is well known,
there exists a unique solution X (¢, z) of problem (5.4). Set

7Tt(.7}, ) = 5X(t,:r:)7 x € R™
Then it is easy to see that the transition semigroup
Pip(x) = (X (t,x)), ¢ € By(R") (5.5)

is a Markov semigroup.

Exercise 5.5 (i) Prove that semigroup P, defined by (5.5), is Feller.
Is P, strong Feller?

(ii) Prove that P; is strongly continuous in Cy(H) if and only if b is
bounded.

Example 5.6 Let us consider the stochastic differential equation

dX = b(X)dt ++/C dB(t),
X(0) ==, (5.6)
on H = R" where B is a standard Brownian motion in a probabil-

ity space (Q,.%#,P) with values in H, b: H — H is locally Lipschitz
continuous, C' € L(H) and Hypothesis 4.23 is fulfilled.
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Then by Proposition 4.3 there exists a unique continuous stochastic
process X (-, ), the solution of problem (5.6). Set

m(z, B) = (X(t,2)4P)(E), z€R", E € BR").

Then the transition semigroup

Pip@) =Elp(X(t.0)] = [ e@m(@.dy). ¢ eB(H).  (57)

is a Markov semigroup as easily checked.

Exercise 5.7 Prove that the semigroup P;, defined by (5.7), is Feller.

5.2 Invariant measures

In this section P; represents a Markov semigroup on H. A probability
measure 4 € & (H) is said to be invariant for P; if

/ Produ = / wdp  for all p € By(H) and t > 0. (5.8)
H H

If P is Feller this condition is clearly equivalent (identifying p with F),)
to

Prpu=p forallt>0, (5.9)
where P/ is the transpose operator of P, defined as
<(707Pt*F> = <Pt§07F>7

for all ¢ € Cy(H), F € Cy(H)*. (V)
If p € #(H) is invariant for P; we have

pA) = Pr(A) = [ Pila@ulda). A e #(),
from which, recalling (5.8),
u(A) = /H mile, Ap(dz), A e B(H). (5.10)

A first basic result is the following.

(1) (.,.) represent the duality between Cy(H) and Cy(H)*.
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Theorem 5.8 Assume that u is an invariant measure for P;. Then for
allt >0, p > 1, P; is uniquely extendible to a linear bounded operator
on LP(H, p) that we still denote by P,. Moreover

I Pl por(apy <1, t>0. (5.11)

Finally, Py is a strongly continuous semigroup in LP(H, ).

Proof. Let ¢ € Cy(H). By the Holder inequality we have

Pie@l < [ lo(w)Pmi(a.dy) = Pel)@)

Integrating both sides of the above inequality with respect to p over H
yields

| 1Pe@lutde) < [ Pel@n(de) = [ 1e(@)Pa(d)

in view of the invariance of p. Since Cy(H) is dense in LP(H, ), Py is
uniquely extendible to LP(H, p) and (5.11) follows.

Let us show finally that P; is strongly continuous in LP(H, u). First
let ¢ € Cy(H). Then, by property (iii) in Definition 5.1 of P; we have
that the function ¢ — Pyp(x) is continuous for any = € H. Conse-
quently, by the dominated convergence theorem

lim Pip = in LP(H, p).

The same assertion follows easily when ¢ € LP(H, u) by the density of
Cy(H) in LP(H, p). O

Let u be an invariant measure for P;. We are going to study the
asymptotic behaviour of Py, for ¢ € L?(H, ). This is obvious when
P,y = ¢ for all ¢ > 0. In this case we say that ¢ is stationary. In
general, given ¢ € L2(H, ), one can ask whether there exists the limit

Jm  Prp(z), (5.12)

or, if not, if there exists the limit of the means

1T
TEIEOOT/O Pyp(x)ds. (5.13)

We shall prove indeed that this limit always exists in L?(H, u) (Von
Neumann theorem).
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If in addition it happens that

1 T
lim — P, = in L2(H 14
T;TMT/O vp(x)dt /Hcpdu in L°(H, p), (5.14)

for all ¢ € L?(H, i), P; is said to be ergodic. In this case the identity
(5.14) is interpreted in physics by saying that the “temporal” average
of Py coincides with the “spatial” average of .

It can also happen in particular that

lim Pyp(z) = / @du in L*(H, p). (5.15)
t——4o00 H

In this case P; is said to be strongly mixing.

Existence and uniqueness of invariant measures will be proved in
Chapter 7. We conclude this introduction by giving two examples of
invariant measures.

Exercise 5.9 Consider the ordinary differential equation,
Z'(t)=Z(t) - 2°(t), Z(0) =z,
and the corresponding transition semigroup

Pip(x) = o(Z(t,x)), ¢ € Cy(H).
Prove that P; is a Markov semigroup and that m(z, E) = 674 (E), E €
BR), t>0, zeR.
Show moreover that measures dg,d; and d_1 are invariant, ergodic
and strongly mixing.
Exercise 5.10 Consider the stochastic differential equation in R,
dX(t) = —-X(t)dt +dB(t), X(0)==x,
whose solution X (¢, x) is given by the Ornstein—Uhlenbeck process (see
Proposition 4.10),
t
X(t,z) =e 'z +/ e =9dB(s), t>0, zeR.
0
Prove that

€

ﬂt(x, ) =N *tm,% (1—e-2t)y & eR, t>0.

Show moreover that the measure y = N1 is invariant, ergodic and
2
strongly mixing.

Hint. Check that (5.8) holds for ¢(z) = €*, where h € R.
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In order to study the behaviour of limTHJroo% fOT P,pdt, we need
some general result about the averages of the powers of a linear oper-
ator, proved in the next section.

5.3 Ergodic averages

We are given a linear bounded operator 7" on a Hilbert space E (norm
| - ||, inner product (-,-)).® We set

1 n—1

Theorem 5.11 Assume that sup,cy ||T"] < +o0o. Then there exists
the limit
lim M,z := Myx forallx € E. (5.16)

n—oo
Moreover My, € L(H), M2 = My, and My (E) = Ker (1 —T).

Proof. First notice that the limit of (M,,x) certainly exists when either
x € Ker (1-T),o0r z € (1—T)(E). In fact in the first case we have
obviously

lim M,z =x forallz e Ker (1-1T),

n—oo

and in the latter we have

lim M,z =0 forallze (1-T)(FE),

because
(1= T)M, = My(1—T) = % (1—T™), neN. (5.17)
Consequently we also have
lim M,z =0 forallzc (1-T)(E), (5.18)

n—oo

where (1 —T')(E) is the closure of (1 —T')(E).

Now let « € F be fixed. Since || M,z || en is bounded by assumption,
there exists a sub-sequence (ng) of N, and an element y € H such that
M,z — y weakly as k — oo. By (5.17) it follows also that T'M,, z —
Ty =y, so that y € Ker (1 —1T).

) Later we shall take £ = L?(H, ).
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Now we prove that M,z — y. First note that, since y € Ker (1-T),
we have M,y = y, and so

M,z = M,y + Mn(x - y) =y+ Mn(x - y) (5'19)

We claim that x —y € (1 — T)(FE), which will prove (5.17) by (5.16).
We have in fact
r—y= lim (z — My, z),

k—o0

and x — My, x € (1 —T)(E) because

ne—1

1 h
:t:—]WnkaU:n—]c Z(l—T )z
h=0
1 nk—l
=— Y (A+T+..+T"H1-T)a.
" 1o

Therefore (5.16) holds.

Finally, since (1 — T)M,, — 0, we have M*> = TM®>, so that
TFM>® = M>, k € N, and M>® = M, M>, which yields as n — oo,
M™>® = (M*>)?, as required. [J

5.4 The Von Neumann theorem

In this section we assume that there is an invariant measure p for the
Markov semigroup P;. This will allow us to extend the semigroup P,
to L2(H, ), as proved in Theorem 5.8.

We denote by X the set

S ={feL?H,p):Pf=f, pae. foralt>0} (5.20)

of all stationary points of P;. Clearly ¥ is a closed subspace of L?(H, )
and 1 € X.
Let us consider the average

1 T
M(T)p = T/o Pipdt, e L*(H,pu), T > 0.

Theorem 5.12 There exists the limit

Tlim M(T)p =: Moo in L*(H, ). (5.21)
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Moreover My, s a projection operator on X, and

/ Moopdp = / wdjs. (5.22)
H H
Proof. For all T > 0 write
T=np+rp, npeNU{0}, rpr€[0,1).
For ¢ € L?(H, 1) we have
1 nr—l g1

1 T
M(T)p = T Z Pspds + T / Pspds
k=0 'k nr

TLT—I

1 1 1 /T
=7 > /0 Psyrpds + T/o Py i n(1)pds
k=0

1
nr 1 nr rT
=T nr ST (P)PM(1)p + T(Pl)nTM(TT)SO- (5.23)
k=0
Since ny -
fim =L fm =0

letting n — oo in (5.23) and invoking Theorem 5.11, we get (5.21).
We prove now that for all ¢ > 0

Moo Py = P,Myo = M. (5.24)

In fact, given ¢ > 0 we have

1 (T 1 t+T
My P = lim —/0 Piyspds = lim T/t Pspds

T—oo T T—o00
T t T+t
= lim — / Pscpds—/ Psg0d5+/ Pspds
T—o0 0
= Moo

and this yields (5.24).

By (5.24) it follows that M. f € ¥ for all f € L?(H, ), and more-
over that
which yields, letting T — oo, M2 = M. Finally, (5.22) follows, by
integrating (5.21) with respect to p. O
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5.5 Ergodicity

Let p be an invariant measure for P;.. We say that p is ergodic if

1 T
lim — / Pupdt =% for all p € L2(H, 1), (5.25)
T—oo T Jo

where
7= | el@n(da).

Proposition 5.13 Let u be an invariant measure for P;. Then u is er-
godic if and only if the dimension of the linear space ¥ of all stationary
elements of L*(H, ) defined by (5.20) is 1.

Proof. If p is ergodic it follows from (5.25) that any element in ¥ is
constant, so that dimension of ¥ is 1. Conversely assume that dimension
of ¥ is 1. Then there is a linear bounded functional F on L?(H, ;1) such
that

By the Riesz representation theorem there exists an element ¢g €
L?(H, i) such that F(¢) = (@, o). Integrating this equality on H
with respect to p and taking into account the invariance of My, (see
(5.22)), yields

/HMowdu:/H@du:ml}=<90,<po>, p € L*(H, p).

Therefore g = 1. [

Let 1 be an invariant measure for P;. A Borel set I' € #(H ) is said
to be invariant for P; if its characteristic function 1r belongs to X. If
w(T) is equal to either 0 or 1, we say that I is trivial, otherwise it is
nontrivial.

We now want to show that p is ergodic if and only if all invariant
sets are trivial. For this it is important to notice that X is a lattice, as
proved in the next proposition.

Proposition 5.14 Assume that p and v belong to 3. Then the follow-
ing statements hold.

(i) lel € X
(ii) T, o~ €%

@ o = max{p,0}, ¢~ = max{—gp,0}.
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(i) oV, o Ap e .4
(iv) For any a € R we have 1i,ch. o(x)>a) € -
Proof. Let us prove (i). Let ¢ > 0 and assume that ¢ € ¥, so that
o(z) = Pyp(x). Then we have
lo(@)| = [Prp(x)] < Pl (@), =€ H. (5.26)

We claim that
lp(z)] = P(l¢|)(z), p-as.

Assume by contradiction that there is a Borel subset I C H such that
p(I) >0 and

()] < Pile(x), zel

Then we have

[ e@)lutdr) < [ Pillph)@)u(do)
H H

Since, by the invariance of p,

| Ptleh@ntdn) = [ lel@ntdo),
H H

we find a contradiction.
Statements (ii) and (iii) follow from the obvious identities

1 1
90+=§(90+!so|), v =5l —lel,

eV =(p—9)"+9, oA =—(p—)" +o.

Finally let us prove (iv). It is enough to show that the set {¢ > 0}
is invariant, or, equivalently, that 14,y belongs to 3. We have in fact,
as it is easily checked,

sy = nlggo en(z), = €H,

where ¢, = (np*) A1, n € N, belongs to ¥ by (ii) and (iii). Therefore
{¢ > 0} is invariant. O
We are now ready to prove the following result.

Theorem 5.15 Let p be an invariant measure for P;. Then p is ergodic
if and only if any invariant set is trivial.

@ oV =max{p, ¥}, ¢ A =min{p,}.
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Proof. Let I' be invariant for pu. Then if u is ergodic 1r must be
constant (otherwise dim ¥ > 2) and so I' is trivial. Assume conversely
that the only invariant sets for p are trivial and, by contradiction,
that p is not ergodic. Then there exists a non-constant function ¢y €
>.. Therefore by Proposition 5.14 for some A € R the invariant set
{¢o > A} is not trivial. O

5.6 Structure of the set of all invariant measures

We still assume that P; is a Markov semigroup on H. We denote by A
the set of all its invariant measures and we assume that A is non-empty.
Clearly A is a convex subset of Cy(H)*.

Theorem 5.16 Assume that there is a unique invariant measure (i
for P;. Then u is ergodic.

Proof. Assume by contradiction that p is not ergodic. Then there is a
nontrivial invariant set I'. Let us prove that the measure ur defined as

1
pr(A4) = ) wANT), AeB(H),

belongs to A. This will give rise to a contradiction.
Recalling (5.10), we have to show that

pr(4) = [ mle, Aur(ds), A€ B(H),

or, equivalently, that

WANT) = /F (e, Ap(de), A e B(H). (5.27)

In fact, since I' is invariant, we have
Ptll":]_l", Pt]-FC :11"67 tZO,

and so
m(x, ') = 1p(x), m(x,I¢) =1re(z), t>0.

Consequently,

m(x,ANT°) =0, p-a.e. inIl and m(z, ANT) =0, p-ae. inl*
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and so

/F (e, A)p(de) = /F (e, AN T)u(de) + /F (@, AN T)u(de)

:/wt(:c,AﬂF)u(d:c) :/ mi(w, AN T)u(de) = p(ANT),
I H

and (5.10) holds. OJ
We want now to show that the set of all extremal points of A is
precisely the set of all ergodic measures of P;. For this we need a lemma.

Lemma 5.17 Let u,v € A with p ergodic and v absolutely continuous
with respect to . Then p = v.

Proof. Let I' € #(H). By the Von Neumann theorem there exists
T,, T oo such that

1 T
nh_)rgoT—n ; P1rdt = u(T), p-a.e. (5.28)
Since v < p, identity (5.28) holds also v-a.e. Now integrating (5.28)
with respect to v yields

1T
lim — / </ Ptlpdy> dt = v(I"), wp-a.e.
n—co Ty Jo H

Consequently v(I') = p(I") as required. O
We can now prove the announced property of A.

Theorem 5.18 The set of all invariant ergodic measures of P, coin-
cides with the set of all extremal points of A.

Proof. We first prove that if p is ergodic then it is an extremal point
of A. Assume by contradiction that y is ergodic and it is not an extremal
point of A. Then there exist p1, puo € A with uy # pg, and a € (0,1)
such that

p= o+ (1 —a)us.

Then clearly g7 < p and po < p. By Lemma 5.17 we get a
contradiction.

We finally prove that if p is an extremal point of A, then it is
ergodic. Assume by contradiction that p is not ergodic. Then there
exists a nontrivial invariant set I'. Consequently, arguing as in the proof
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of Theorem 5.16, we have ur, urc € A. Since

p=p(I)pr + (1 — () pre,
we find that p is not extremal, a contradiction. [J

Theorem 5.19 Assume that p and v are ergodic invariant measures
with p # v. Then p and v are singular.

Proof. Let I' € A(H) be such that p(I") # v(T'). From the Von Neu-
mann theorem it follows that there exists T}, T +oo and two Borel sets
M and N such that (M) =1,v(N) =1, and

1 (T
lim ?/ (P1.)(2)dt = u(T), ¥ z € M,
n J0

1T
lim ?/ (P1.)(2)dt = (), V z € N.
n J0

Since p(I") # v(I") this implies that M NN = &, and so p and v are
singular. [J
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Weak convergence of measures

We are given a separable Hilbert space H (norm | - |, inner product
(-,-)). We shall use notations from the previous chapters. In particular,
A(H) is the o-algebra of all Borel subsets of H and Z(H) is the set
of all probability measures on (H,#(H)). If B € #(H) we denote as
before by B¢ its complement.

Moreover, Cy(H) is the Banach space of all uniformly continuous
and bounded mappings ¢: H — R endowed with the sup norm

ll¢llo = sup |o(z)].
xeH

Cy(H)* is the topological dual of Cy(H ), endowed with the norm
IFl = sup {[F(2)] : [a| <1}, FeCy(H)"
We follow here [19].

6.1 Some additional properties of measures
Let us first prove that any Borel probability measure on H is reqular.
Proposition 6.1 Let yp € P(H). Then for any B € B(H) we have

w(B) =sup{u(C): C C B, closed} =inf{u(A): AD B, operz}. |
6.1

Proof. Let us set
A ={B e A(H): (6.1) holds}.

Obviously % contains H and @. Thus it is enough to show that %
is a o-algebra of parts of H including the open sets of H. Clearly if
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B € JZ then its complement B¢ belongs to £ . Let us prove now that
(Bn) C A = Uy~ By € . Fix € > 0. We are going to show that
there is a closed set C' and an open set A such that

Cc G B, C A, u(A\C) <e. (6.2)

n=1

Let n € N. Since B,, €  there is an open set A,, and a closed set Cj,

such that
€

Setting
A=J A S=]JCn
n=1 n=1

we have S C UpZ; B, C A and p(A\S) < §. However, A is open
but S is not necessarily closed. So we approximate S by closed sets
setting S,, = Uj—; Ck. Sy is obviously closed, S,, T S and consequently
©(Sn) T u(S). Therefore there exists n. € N such that ;(S\S,.) < 5.
Now setting C' = S,,. we have C C 52, B, C A and pu(A\C) < e.
Therefore |J,~ B, € #. We have proved that % is a o-algebra. It
remains to show that J# contains the open subsets of H. In fact, let A
be open and set

1
C’n:{xEH: d(w,Ac)Zn},

where d(z, A°) represents the distance from x to A¢. Then C, is a closed
subsets of A, and moreover C;, T A which implies u(A/Cy) | 0. Thus
the conclusion follows. [J

Now we show that any probability measure p € Z(H) is concen-
trated on the union of a countable family of compact subsets of H. We
have in fact the following result.

Theorem 6.2 Let p € P (H). Then there erists an increasing se-
quence of compact subsets (K,) of H such that

lim p(K,) =1

n—oo

Proof. Let (aj)nen be a dense subset of H. Then for any k& € N we
have

i = ) Blan /P,
h=1
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where B(ap,1/k) = {y € H: |y —an| < 1/k}. Consequently, for all
J»k € N there exists ny ; € N such that

Nk, 1
H UB(ahal/k) 21_77
h=1 J2
or, equivalently,

" (h(j Blan, 1/k) ) < j;k (6.3)

Set now,
oo Mk,j

K;j= () U Blan, 1/k).

k=1h=1
Clearly, K; can be covered by a finite number of balls of arbitrary radius
so that is totally bounded and consequently relatively compact.® Tt
remains to check that p(K;) > 1 — %, which will conclude the proof.
We have in fact taking into account (6.3),

i) = (O () 5170

k=1 h=1
%) Nk, 5 ']

c 1 1 1

<> wl| () Blan,1/k) ") < = 227;:*

k=1  \h=1 J = J

O

6.2 Positive functionals

A linear functional F': Cy(H) — R is said to be positive, if
p>0= F(p) >0.

A linear positive functional F' is continuous and we have || F'|| = F(1).
In fact from the inequalities

—llello < @(x) <ll¢llo, =€ H, ¢ € Cy(H),
it follows that

—llello F(1) < F(p) < [lollo F(1), ¢ € Cy(H).
(1) See [14, page 22].
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To any pu € Z(H) we associate as before the positive functional

/ p(x)u(dr), ¢ € Cp(H)

and we identify F}, with p.

By Proposition 1.5, the application p +— F}, is one-to-one. Obviously,
it is not onto. We are going to characterize those positive functionals F'
such that F' = F), for some measure p. We start with a straightforward
result.

Proposition 6.3 Let F' be a linear positive functional such that
F(1) = 1. If there exists p € &(H) such that either

F(p) < /Hgo(x),u(dx), forallp € Cp(H) with0 < ¢ <1, (6.4)

or
/ o(z)u(dx), for allp € Co(H) with0 < ¢ <1, (6.5)

then F = p.

Proof. Assume for instance that (6.4) holds. Then we have
F(1—-¢)< / (I —(x))p(dx) forall p € Cp(H) with 0 < p <1,
H

which, together with (6.4), yields F' = F),. O

We want now to show that the restriction Fi (defined by (6.6))
of a positive functional F' to a compact set K, is a measure. For any
non-negative ¢ € Cyp(H) we set

Fr(p) =inf{F(y): Y€ Cy(H), v >0, ¥ =¢pon K} (6.6)

and
Fr(p) = Fr(p") — Fr(¢™),
where
" =max{p,0}, ¢~ =max{—p,0}.
Obviously

Fr(p) < F(p) for all non-negative ¢ € Cy(H). (6.7)

Lemma 6.4 Fy is linear.
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Proof. It is enough to show that if p1, 92 € Cy(H) are non-negative,
we have

Fr(p1+ p2) = Fr(p1) + Fr(p2). (6.8)
For any € > 0 there exist 11 ¢, 2. > 0 in Cy(H) such that

Vie(@) = @1(z), toc(z)=p2(x), z€K
and
Fr(pi) +e > F(ie), i=1,2.
Therefore
Fr(p1492) < F(Y1+12) = F(Y1.)+F (o) < Fr(p1)+Fr(p2)+2e.

Since € is arbitrary, we obtain

Fr(p1+ ¢2) < Fr(p1) + Fr(p2). (6.9)

Conversely, given € > 0 there is . > 0 such that Y. = @1 + 2 on K,
and

F(:) < Fr(p1+ ¢2) +e.
We may choose 1. such that
Ye(z) < p1(x) + p2(z), x€ H.

Set now

—npz(a:) €T 1 T €T
v — | @) ) ) @ e =0

0 if o1(z) + p2(z) = 0.
Functions ; . are continuous since
Vie(r) < e(w) < p1(x) +p2(z), € H.

Finally, we have

Fr(p1) + Fr(p2) < F(Yre) + Flihae) = F(Ye) < Fr(p1 + p2) + €.
(6.10)
The conclusion follows from (6.9) and (6.10). O

Proposition 6.5 Let F' be a positive functional on Cy(H), and let K
be a compact subset of H. Then there exists a measure pux € Z(H)
such that

Fio) = [ elhulds), o€ CyH), (6.11)
where Fr is defined by (6.6).
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Proof. We first remark that, in virtue of the Tietze theorem (see [14,
page 15]) any function of C'(K) is the restriction to K of a function of
Cy(H). Then we can define a positive functional Fx on C(K) setting

Fg(p) = Fk(®), ¢€C(K),

where ¢ is any non-negative function belonging to Cy(H) which ex-
tends ¢.

In virtue of the Riesz representation theorem (see [14, page 265))
there exists a unique Borel measure fig on K such that

Fi(p) Z/Kso(y)[m(dy), ¢ € C(K).

Setting now
nk(B) = px(BNK), Be%(H),

we have that ux is a Borel measure (not a probability measure however
in general) on H. Moreover

Filp) = [ ¢@inlde) = [ plaur(da). ¢ e Co),

and (6.11) follows. OJ
Before proving the required characterization of those positive func-
tionals which are measures, we need a definition. We say that a positive
linear functional on H such that F(1) = 1 is tight if there exists an
increasing sequence of compact subsets (K,,) of H such that
lim Fg, (1) =1.
n—oo

Theorem 6.6 Let F' be a positive linear functional on Cy(H) such that
F(1) =1. Then F € Z(H) if and only if it is tight.

Proof. If ' € #(H) then it is tight by Theorem 6.2. Assume conversely
that F' is tight and let (K,) be an increasing sequence of compact
subsets of H such that lim,_,~ Fg, (1) = 1. Obviously the sequence of
measures (i, ) is increasing and bounded. Set

u(B) = lim i, (B), B e B(H).

n—oo

Then p is a Borel measure on H. In fact if A, T A in B(H), we have
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lim p(Ap) = lim lim pu,(Ap)

m—00 m—00 N—00

= sup sup in(Am) = sup sup pn(Apm)
meN neN neNmeN

= lim lim p,(4,)= lim u,(4) = u(A).

n—0o0 MmMm—00 n—oo

Moreover, by the assumption we have u(H) = 1. Finally, for any non-
negative ¢ € Cy(H) we have

F(p) > Fg,(p) = /H o(x)pk, (d).

Letting n — oo we find that
)= [ elau(do)

and the conclusion follows from Proposition 6.3. J

6.3 The Prokhorov theorem

A sequence () C Z(H) is said to be weakly convergent to a proba-
bility measure p (ur — p) if we have

lim [ o(z)ux(dx) = / o(x)pu(dz) forallp € Cy(H).  (6.12)
H H

k—o00

A subset A € H(H) is said to be weakly relatively compact if one
can extract from any sequence in A a subsequence which is weakly
convergent to an element of &(H).
Notice that if ur — p we do not have necessarily
lim p,(B) =p(B) forall Be #(H).

n—oo

Consider in fact the particular case when H = R, and set
pk =01k, k€N, p=do.

Then py — p, pr({0}) = 0 but u({0}) = 1.
A subset A C Z(H) is said to be tight if there exists an increasing
sequence (K,,) of compact sets of H such that
lim pu(K,)=1 uniformly on A,

n—oo
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or, equivalently, if for any € > 0 there exists a compact set K. such
that
wKe) =1—¢, peA

We are now ready to prove the Prokhorov theorem.

Theorem 6.7 Assume that A € Z?(H) is tight. Then it is weakly rel-
atively compact.®

Proof. Let (K,,) be an increasing sequence of compact sets in H such
that

1
uw(Kp)>1—— forallpue A, neN. (6.13)
n

For any p € A we denote by ug, the restriction of p to K,,. For any
n € N, the set of positive functionals {F,,. : p € A} is bounded
on C(K)*; consequently, in view of the Banach-Alaoglu theorem (see
e.g. H. Brézis [4, Théoreme II1.15]) it is x-relatively compact. Therefore
there is a sequence (p11,5) C A and a measure fi; in K such that

lim py =p1  weakly,
k—oo
and so

lim Spdﬂl,k = / pdjiy = Fy (gp), Y e Cb(H) (6.14)
k—oo J K, Ky

Analogously there is a subsequence (f2) of (u1 %) weakly convergent
to a measure fio in Ky. Iterating this procedure, we can construct a
subsequence (t, k) of (fm—1k) weakly convergent to a measure fi,, in
K, for all m € N, and we have

tim [ pdpns = [ pdion = Fulo), ¢ € G(H). (6.15)

k—o00

Since for ¢ € Cy(H),p > 0,

F(p) = /K odpm + /K . edfim,
m—1 m m—1

Km71 Km\Kmfl

the sequence (F,,(¢)), ¢ > 0 is nondecreasing.

() The converse is also true, see e.g. K. P. Parthasarathy, [22].
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Setting v, = ppk, k¥ € N, we have

lim edv =: F(¢), ¢ € Cy(H), neN.
k—oo J K,

Moreover
F(p) = lim F, (),

is a positive functional. By Theorem 6.6 there is a measure v such that
F = F,. It remains to show that v,, — v.
Let p € Cy(H), o > 0,6 > 0,k,n € N. We have

[ elawtan) - [ plain(an

—|Fto) - [ wlomlin)

< |F(p) = Fale)| +

Fule) = [ el@mlde)

+ [ el@md)

1
<|F(p) — Fu(e)| + + ﬁ”SDHO

Fule) = [ el@mldo)

by (6.7). Finally, let n. € N be such that

then we have

<2
8+
3

F(o) - [ plain(do

)

Fo@) = [ elom(do)

(3

and the conclusion follows letting & — oo. J
We conclude this chapter by giving a useful sufficient condition for
tightness of a subset A of Z(H).

Proposition 6.8 Let A C Z(H) and let V: H — [0,+00] be a Borel
function such that its level sets

Ky,: ={x€H: V(z)<a}, a>0,

are compact for any a sufficiently large. Assume in addition that

sup/ V(z)p(de): =k < +o0. (6.16)
neNJH

Then A is tight.
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Proof. Let ¢ > 0. Then we have

Q=

C 1
pg) = [ wlan) << [ Vi <5 pen
{V>a} a JH
Thus
lim p(K7) =0 uniformly on u € A.

a—00

This implies the tightness of A. [
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Existence and uniqueness of invariant measures

We are given a separable Hilbert space H, (norm |- |, inner product
(-,-)) and a Markov semigroup P; (see Chapter 5 for the definition)

Pip@) = [ plyymla.dy), 20, p € CyH),
on H. We shall assume throughout this chapter that P; is Feller, that is
peCy(H) = PpeCy(H) forallt>0.

In section 7.1 we shall prove the Krylov-Bogoliubov theorem on the
existence of invariant measures, whereas section 7.2 is devoted to
uniqueness and section 7.3 to application to some stochastic differential
equations in R".

7.1 The Krylov-Bogoliubov theorem

Assume that for some xy € H there exists the limit
tlim Pip(xg) = Fy, (@), (7.1)
—+00

for all ¢ € Cy(H). Then it is easy to check that F,, is a positive
functional from Cy(H) into R such that F, (1) = 1. Moreover F,, is
inwariant for P; in the following sense,

Fro(Prp) = Fypy(p) forall o € Cp(H) and t > 0. (7.2)
In fact, setting in (7.1) ¢ = Pg1), where 1) € C,(H) we find that

lim P Pap(xo) = Fuy (Pst)).

t—+00
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On the other hand,
lim P Pop(zo) = lim Pryp(zo) = Foo (V).
t——+o00 t——+o00

Therefore, (7.2) follows.

If in addition (m(zo,-))s>0 is tight then, by the Prokhorov theo-
rem, there exists u € Z(H) and t, | oo such that m, (zo,-) — p.
Consequently, for all ¢ € Cy(H) we have

Ptnso(fvo)Z/HsO(y)m(fvo,dy)—>/Hs0(y)u(dy)=Fxo(s0),

as n — oo. In other words, u = Fj, is invariant for F;.

We notice that the condition (7.1) is too strong in the applications,
however, tightness of the family (m;(zo, -))i>0 only, () ensures existence
of an invariant measure for P;. This is a consequence of the following
Krylov—Bogoliubov theorem.

To formulate the theorem, let us introduce the following notation.
For any T' > 0 we set

1 T
pr(E) = 7 /0 mi(zo, E)lt, E€B(H), T>0.  (7.3)

Notice that the integral above is meaningful since the mapping
[0, +OO) — R, t+— 7Tt($0, E) = PtlE(l‘o),

is Borel in view of Definition 5.1(iii).

Theorem 7.1 Let P; be a Markov Feller semigroup. Assume that for
some xo € H the set (ur)r=o, defined by (7.3), is tight. Then there is
an invariant measure for P;.

Proof. By the Prokhorov theorem there exists a sequence T;, T co and
a probability measure p € Z(H) such that

lim [ o(z)ur, (dx) = /H e(z)p(dx) for all p € Cp(H),

n—oo H

which, in view of the Fubini theorem, is equivalent to
1 Thn
lim — Pro(xo)dt :/ o(x)p(dz) for all p € Cyp(H). (7.4)
H

=50 T, o

Setting ¢ = Py, for s > 0, we have that ¢ € Cy(H) since P; is
Feller, and

() Even a weaker condition, see Remark 7.2 below.
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1 (T
lim — [ Prys(ao)dt = / Papdp, for all ¢ € Cy(H).  (7.5)
H

n—oo n 0

Let us prove that the left-hand side of (7.5) is equal to [, 1du. This
will prove that u is invariant. We have in fact, taking into account (7.4),

/ Pristh(xo)d =T /T o Py (xo)dt

Th+s

Tn 1 1 S
Pyp(xo)dt + - Pyp(xo)dt — - / Pyip(wo)dt
0 T, Jt, T, Jo

— /H1/J(x)u(d:c) as n — o0o.

Remark 7.2 Obviously if the set (m(zo,)t>0), is tight then the as-
sumption of Theorem 7.1 is fulfilled and so there exists an invariant
measure for P;.

7.2 Uniqueness of invariant measures

In this section we first introduce the notion of regularity of a Markov
semigroup P; and show that if P, is regular it possesses at most one
invariant measure. Then we prove that if P, is irreducible and strong
Feller it is regular.

Definition 7.3 P; is said to be regular if for any t > 0 all probability
measures mi(x, ), © € H, are mutually equivalent.

Proposition 7.4 Assume that the Markov semigroup P; is reqular and
possesses an invariant measure . Then p is equivalent to mi(x,-) for
allt > 0 and all x € H. Moreover, p is the unique invariant measure

OfPt.

Proof. Assume that p is an invariant measure for P;. Then for any
A€ #(H) and any t > 0 we have

:/HlAdM:/HPtlAd,U:/Hﬂ't(yaA)M(dy)' (7.6)

Let z € H. We claim that p is equivalent to m(z, -). In fact if for some
A € B(H) we have my(z, A) = 0 then m(y, A) = 0 for all y € H by
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the assumption of regularity of P;. Therefore p(A) =0 by (7.6) and so
<L m(z,-).

Conversely if pu(A) = 0 we have, again by (7.6), that m(y, A) =0
for p-almost all y € H. Again by the regularity of P; we conclude that
m(y, A) = 0 for all y € H. Therefore m(z,-) < p.

It remains to prove the uniqueness of p. Assume by contradiction
that there exist two ergodic measures p and v. Then p and v are
singular by Theorem 5.19. Let A, B € (H) be disjoint and such that
o (resp. v) is concentrated on A (resp. B). Since u(A) = v(B) =1 we
have, by the first part of the proof,

m(x, A) =m(x,B)=1, t>0,x€H,

which implies my(z, AUB) =2 for all t > 0, € H, a contradiction. [J
We now prove a result due to Khas'minskii, see e.g. [10].

Proposition 7.5 Assume that the Markov semigroup P: is strong
Feller and irreducible. Then it is regular.

Proof. Let t > 0 and let xg € H be fixed but arbitrary. We have to
prove that m(x, ) is equivalent to m(zg,-) for all x € H. For this it is
enough to show that if £ € Z(H) is such that m(xo, F) > 0, we have
m(x, E) > 0 for all z € H.

Assume that m(xg, E) > 0. Then, since for any h € (0,t) we have
by (5.3),

me(20, E) = /H (20, dy)mo_n(y, E) > 0,

there exists yo € H such that m;_,(yo, E) > 0. Since P, is strong Feller,
the function y — m;_p(y, F) is continuous, so that there exists r > 0
such that

mi—n(y, E) >0 for all y € B(yo,r).

Let now z € H be arbitrary, then we have

m(e,B) = [ mnledymon(y B) = [ medy)menty, B) >0
H B(y07r)
because 7y, (z, B(yo, 7)) > 0 by the irreducibility of P;. So, m(x, E) > 0
and we have proved that 7 (x,) is equivalent to m¢(zg,) as required.
]
By Propositions 7.4 and 7.5 we obtain a sufficient condition for the
uniqueness of invariant measure of P;.

Theorem 7.6 If P, is strong Feller and irreducible, then it possesses
at most one invariant measure.
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We end this section by proving an interesting property of invariant
measures when P; is strong Feller. Let us recall that the support of
a probability measure p € Z(H) is defined as the intersection of all
closed subsets of H having probability 1.

Lemma 7.7 Let € Z(H) and let K, be the support of pn. Then we
have

K, ={rxeH: w(B(x,r)) >0 forallr > 0}. (7.7)
Moreover, if p € C; (H) is such that

| etz =o. (7.8)
H

we have p(x) =0 for all z € K.

Proof. Assume first that x¢ € K, and, by contradiction, that there is
r > 0 such that u(B(zg,7)) = 0. This implies that the support of p
does not include xq, a contradiction.

Conversely, if zg ¢ K, it is clear that there is 79 > 0 such that
w(B(xo,m9)) = 0. So, (7.7) follows.

Finally, let ¢ € G, (H) fulfill (7.8). Then ¢ vanishes y-almost every-
where. We want to show that ¢ vanishes identically on K,,. Let xo € H
such that ¢(x¢) > 0 and assume by contradiction that zy € K. By the
continuity of ¢ it follows that there exists ro > 0 such that p(xg) > 0
on the ball B(xg,rp). But this implies that u(B(zg,r)) = 0, a contra-
diction. [J

The following result was stated in [17].

Proposition 7.8 Assume that P; is strong Feller and that i and v are
ergodic invariant measures for Py with supports K,, and K, respectively.
Then K,NK, = @.

Proof. We know by Theorem 5.19 that p and v are singular. Let A, B €
P(H) such that AN B =@ and p(A) = v(B) = 1. Then for any ¢t > 0

we have
0 = p(A) = /H (A p(de) = v(BY) = /H mi(w, BO)w(dx).

Since P is strong Feller the function 2 — m(z, A°) is continuous. So,
by Lemma 7.7, we have

mi(x, A°) =0 forallz € K,,.
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In a similar way we have
m(x,B) =0 foralze K,.

Assume now by contradiction that there is z9 € K, N K,. Then we
have
Wt(l’o,A) = 7Tt(IL‘0,B) = 1,

which implies that m;(xg, AU B) = 2, a contradiction. [J

Remark 7.9 For an interesting generalization of strong Feller semi-
groups (asymptotically strong Feller) see [17].

7.3 Application to stochastic differential equations

We consider here the stochastic differential equation
t
X(t) = 2 +/ b(X(s))ds + VC B(t), t>0, (7.9)
0

where C' € L(H) is symmetric and non-negative, b: R” — R™ fulfills
Hypothesis 4.23 and B(t) is a Brownian motion in a probability space
(Q,.7,P) with values in H = R™. We denote as before by X (¢, z) the
solution of (7.9) and set

m(x, ) = X(t,x)»P, t>0, x€ H,

Pp(z) =E[p(X(t,x))], ¢ Cp(R"), x€R", t>0. (7.10)

Moreover, A will represent the set (possibly empty) of all invariant
measures of P;.

In subsection 7.3.1 we study existence and in subsection 7.3.3
uniqueness of invariant measures. Finally, subsection 7.3.2 is devoted
to the special case when b is decreasing. In this case one can prove
both existence and uniqueness of the invariant measure without us-
ing the Krylov—Bogoliubov theorem (Theorem 7.1) and the strong
Feller property and irreducibility of the transition semigroup
(Theorem 7.6).

7.3.1 Existence of invariant measures

A useful tool for proving existence of invariant measures is provided by
some auxiliary mappings called Lyapunov functions.
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Proposition 7.10 Let V: H — [0,400]| be a Borel function whose
level sets
K, ={xeH: V(z)<a}, a>0,

are compact for any a > 0. Assume that there exists xg € R"™ and
C(zo) > 0 such that

E[V(X(t,x0))] < C(xg) for allt > 0. (7.11)

Then A is not empty.
If in addition there exists C' > 0 such that

E[V(X(t,x))] <C forall t> 0,z € H, (7.12)
then A is tight and

/ V(z)pu(dz) < C  for all p € A. (7.13)
Proof. Assume that (7.11) holds. Then for all @ > 0 we have

1
m(eo K = [ mlwosdy) < ¢ [ Vigmeo,dy)
{V>a} a JH

C(ﬂfo)'

a

_ é E[V(X(t,z0))] <

Therefore, the family (m(zo,-))s>0 is tight, so that there exists an in-
variant measure thanks to the Krylov—Bogoliubov theorem.

Assume now that (7.12) holds. Let u € A (we know that A is non-
empty by the previous step of the proof) and let ¢ > 0, ¢ > 0. Then,
by the invariance of u, we have

e 1+V(1:i)() utir) = [ P () @l
- / Bl Séﬁ(?i

Letting ¢ tend to 0 yields (7.13). Finally, by Proposition 6.8 it follows
that A is tight. The proof is complete. [J

>>] plde) < / CE[V(X(t2))p(d) < C.

Remark 7.11 Assume that the assumptions of Proposition 7.10 are
fulfilled. Then, in view of the Krein-Milman theorem (see e.g. [26]),
the set of all extremal points of A is weakly compact and non-empty.
Consequently, there exists an invariant ergodic measure thanks to
Theorem 5.18.
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Example 7.12 Assume that Hypothesis 4.23 is fulfilled and that there
exists k > 0 and a > 0 such that (@)

(b(z),z) < Kk —alz|* for allz € R™.
By the It6 formula, see (4.53), we have

% E|X(t,z)* =E((b(X(t,z)),X(t,x))) + Tr C

<Tr C+ 2k — 2aE| X (¢, ) |2
Consequently,

Tr C + 2k

EIX(t,2)? < fof? + ———,

x € H.

So, (7.11) is fulfilled with V(z) = |z|?> and, by Proposition 7.10 it
follows that A is non-empty. Moreover, again by the It6 formula, we
have p

- EIX(@, ) < Tr C + 2k — 24| X (t, z)|*

9 2
<Tr O+ 26— 2a (B[X (1,2)[2)
By an elementary comparison result we find that

a BlelP(1+e ™) +a(l — e %)
B Blxl2(1 — e‘ﬁ) +a(l+ e‘ﬁ)

E|X(t,2)]* <

t
1+e 28

!
B1l_ems

IN

t>0, zeR"

where
a= TrC+ 2k, [ =2a.

Consequently, (7.12) is fulfilled as well with V(z) = |z|? and, by Propo-
sition 7.10, it follows that A is tight and it contains ergodic invariant
measures.

() The same proof holds with 2 + € replacing 4 for some € > 0. For a generalization,
using suitable Lyapunov functions, see [20].
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7.3.2 Existence and uniqueness of invariant measures
by monotonicity

In this subsection we shall assume that

Hypothesis 7.13
(i) b is locally Lipschitz continuous.
(ii) There exists 3 > 0 such that

(b(z) —bly),z —y) < —Blo —y|*, z,yeR" (7.14)

Condition (ii) means that b is strictly decreasing. We notice that con-
dition (i) can be replaced by the continuity of b, see [10].

Exercise 7.14 Prove that Hypothesis 7.13 implies Hypothesis 4.23.

It is useful to consider problem (4.4) with a negative initial time s
(see [10]), that is

dX(t) =b(X(t)dt +VC dB(t), t>—s

X(—s) == (7.15)

Here B(t) is defined for all t € R as follows. We take another Brownian
motion Bj(t) independent of B(t) and set

B(t)  if t>0,
(t) = {
Bi(—t) if t<0.

Now Proposition 4.3 can be generalized in a straightforward way to
solve problem (7.15). We denote by X(t,—s,z) its unique solution,
that is the solution of the integral equation

t

X(t,—s,x)=x+ [ b(X(u,—s,2))du+VC (B(t) — B(~s)).

—8 .

By Proposition 4.7 the law of X (0, —t, z) coincides with that of X (¢, x).
We are going to show, following [10], that the law 7 (z, ) of X (¢, z)
is weakly convergent as s — 400 to the unique invariant measure v
of P;. In fact we shall prove a stronger result, namely that there exists
the limit
lim X(0,—s,z):=n in L?(Q,.7,P;R").

$——+00

The law n4P of n will be the required invariant measure of F;.
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Proposition 7.15 Assume that (7.14) holds. Then there exists a square
integrable function n: Q) — R™ such that for any x € R™ we have

lim X(0,—s,z)=n in L*(Q,.Z,P;R"). (7.16)

S§——+00

Moreover, there exists ¢y > 0 such that
E(|X(0,—s,z) — %) < cre”27|z|?, s> 0. (7.17)

Proof. Let x € R"™ be fixed and consider the solution X(t) =
X(t,—s,x) of (7.15). By the It6 formula we have

% E(X (1)) = 20(X (1)), X (£)) + Tx C.

It follows, taking into account (7.14), that

% E(IX(6)*) = 2(b(X (¢)) — b(0), X (1)) + 2(b(0), X (¢)) + Tr C

< “9BIX(1)[2 + 2b(0)] |X ()] + Tx C
< —BIX@P + ; BO)? +Tx C.

Consequently, setting

4
7=3 [6(0)|* + Tr C,

we have
v

E(|X(t, —s,2)") < e 4|z + 5

t>s. (7.18)
We now proceed in two steps.
Step 1. There exists 7, € L?(Q2,.#,P; H) such that ligl X(0,—s,x)
S—T0C
=mn, in L?(Q,.7,P; H).

Let s > s1, and set X(t) = X(t,—s,z) for all s > 0 and Z(t) =
Xs(t) — X5, (t). Then we have

d

o 2(1) = b(Xs(1) = 0(X, (1)), t 2 —s1,

Z(—s1) = Xs(—s1) — x.
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Taking the scalar product of both sides of the first equation by Z(t)
and taking into account (7.14) we obtain

Z(#)]? < -BlZ@)°, t=>0,

N
SN

so that
| Xs(t) = X, (O = |2(0) < e X (=51) — 2],
Recalling (7.18), we see that there exists a constant ¢; > 0 such that
E (1X,(0) = X (0)]?) < cxe @[22, 5> s1. (7.19)

Consequently (X,(0)) is a Cauchy sequence in L?(Q,.%,P; H). More-
over, (7.17) follows, letting s1 tend to infinity in (7.19). Step 1 is proved.

Step 2. 7, is independent of x.

Let x,y € H, and set

ps(t) = X(t,—s,x) — X(t,—s,y).

Then we have

% ps(t) b(X(t, —S, .Z‘)) - b(X(ta =S, y))
p(=s) =z —y.

Taking the scalar product of the first equation by ps(t) and arguing as
before, it follows that

o) < e P —y| ¢ > —s.

Therefore, as s — 400 we obtain 7, = 7, as required.

The proof is complete. [

We can prove finally that there exists a unique invariant measure
for P; which is in addition strongly mixing.

Theorem 7.16 Assume that Hypothesis 7.13 holds and let v be the
law of the random wvariable n defined by (7.16). Then the following
statements hold.
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(i) We have

lim Pyp(z) = /Hcp(y)y(dy), x € H, ¢ € Cp(R"). (7.20)

t——+o0
(ii) v is the unique invariant measure for Py.

(iii) For any Borel probability measure A € P (H) we have

lim Prp(z)\(dx) / o(z)v(dz), ¢ e Cp(R™).
t—+oo JRrn

(iv) There exists ¢ > 0 such that for any function ¢ € CL(H) we have

Pyo(x / p(y)v(dy) ‘ <cllgllie Pz, t>o0. (7.21)

Condition (i) expresses the fact that v is strongly mixing and (7.21)
yields exponential convergence to equilibrium of P;.

Proof. (i) If ¢ € C,(R™) we have

Pyp(x) = Elp(X (2, 2))] = E[p(X(0, —t,2))].
Letting ¢t tend to 400 yields

Jim Pip(z) =Elpm)] = | o(y)v(dy),
o0 R

because the law of n is precisely v.
(ii) For any t,s > 0 and any ¢ € C,(R™), we have

/Pt+s<p(x)u(dx):/ P,P,p(z)v(dx).
R™ R”

Letting ¢ tend to +o00 we find, by (7.20),

/n e(y)v(dy) = /]R Psp(y)v(dy)

so that v is invariant.
Let us prove uniqueness of v. Let A be an invariant probability
measure for P;, that is

- Pip(x)\(dx) = /n e(x)A(dx), ¢ € Cp(R™).
Then, letting ¢ tend to +oo yields, thanks to (7.20),

p(x)v(de) = | p@)Mdr), ¢ e Cp(R"),
Rn Rn
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which implies that A = v.
(iii) follows again by (7.20). Let us prove finally (iv). Since

Pio@) = [ (u)v(dy) = B(p(X (0. ~t,2) = o(0))

then, taking into account (7.17), we have

Prp(o) = [ u)(dy)| < [elhEl (X0, ~.2) - (o)

< lleliyere™a?, t>0.
O

7.3.3 Uniqueness of invariant measures

We assume here, besides Hypothesis 4.23, that the transition semigroup
P, has at least an invariant measure. To prove uniqueness we shall use
Theorem 7.6, more precisely we shall present sufficient conditions for
the irreducibility and strong Feller properties of P;.

Let us first prove irreducibility. To this purpose we shall use a simple
result on controllability of the deterministic problem,

_:c+/b Vs +o(t), >0 (7.22)

(here o is the control). Then we will compare (7.22) with the stochastic
integral equation,

X(t,x) —l‘—l—/b )))ds + B(t), t>0. (7.23)

Lemma 7.17 Assume that b is Lipschitz continuous and that C = I.
Let ©,z € HIR > 0, and T > 0 be fired. Then there exists o €
C([0,T]; H) such that u(0) = z,u(T) = z.

Proof. It is enough to set

T—1 t
=2z
T T

u(t) =

and
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Proposition 7.18 P, is irreducible.

Proof. Let x,z € H, R > 0, and T' > 0 be fixed. We have to prove that
P(|X(T,z) — z] < R) > 0.

By Lemma 7.17 there exists o € C([0,T];H) such that u(0) =
x,u(T) = z, where u is the solution of (7.22). Now by subtracting
(7.23) and (7.22) we have

X (t,2) — ult) = /0 (X (5, 2)) = bu(s))]ds + B(t) — o(t).
Therefore
X (1, 2) — u(t)] < M/Ot X (s, 2) — u(s)|ds + [B(t) — o(t)], (7.24)

where M is the Lipschitz constant of b. By the Gronwall lemma it
follows that

T
IX(T,2) — 2| g/o eT=9M| B(s) — o(s)|ds.

Now by the Holder inequality we have
[ X(T,2) — 2| VT "™||B — 0| 20,111

Consequently, we have

r
P(|X(T,z)—z|>r §P<B—a . Ze_TM><1,
(| X(T,2) — 2] > 1) | 20,7 10) Nit

since B is a Gaussian random variable on L?(0,T; R") with nondegen-
erate covariance, by Proposition 3.14.
In conclusion we have

P(|X(T,z) — 2zl <r)>0 forallr >0,

and irreducibility of P; is proved. [
We finally prove that P, is strong Feller.

Proposition 7.19 Assume, besides Hypothesis 4.23, that C = I and
that there exists N > 0 such that

(b(x) — b(y),z —y) < Nz —y>, z,y€R" (7.25)

Then P, is strong Feller.
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Proof. Step 1. For all ¢ € C3(R™) we have
|DyPro(z)] <t 2N pllo, z e R™ (7.26)

Set u(t, ) = Pyp(x). Then we know by Theorem 4.19 that u is the
strict solution of the Cauchy problem

Dyu = % Au + (b(x), Dyu)

u(0,z) = ¢(x), =z e€R™ (7.27)

To prove estimate (7.26) we use a classical argument due to Bernstein.
We set

t
2(t,2) = u’(t,2) + 5 [Dou(t,x)P’, t>0, w€H,

and look for an equation fulfilled by z. For this we compute successively
Dy(u?) and Dy;(|D,ul?). We find, after elementary computations,

Dy(u?) = % Afu?) - % Dyul? + (b, Dy(u2)) (7.28)
and

1 1 &
Di(|Dsuf?) = 5 ADsu?) = 5 3 |Ds Dayul
i,j=1

+(b, Dy (|Dyul?)) + (Dyb - Dyu, Dyu).  (7.29)

By (7.28) and (7.29) it follows that

1 1 & )
Dz = 3 Az — 3 MZ:I |Dy, Dy, ul® + (b, Dyz) + 2t(Dyb - Dyu, Dyu)

< = Az+(b,D;z) +2Nz. (7.30)

N |

Since 2(0, ) = ¢? we have
t
2(t,-) < Pi(¢?) + ZN/ P_s2(s,-)ds,
0
and therefore

t
12t )llo < ||¢||3+2N/0 [12(s, )llods.
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By the Gronwall lemma it follows that
lz(t,2)] < eN|gllo, t>0, z€R",
whiich yields
Dyu(t, @) < 2N ||pllo, ¢ 0, w €RY,
and (7.26) is proved when o € CJ(H).
Step 2. For all ¢ € Cp(R™), (7.26) holds.
Let (¢n) C CP(H) such that ¢, — ¢ in Cp(H). Set
un(t,x) = Prpp(z), x€ H, t>0.
Then by (7.30) it follows that, for any m,n € N,
| Dun(t, @) — Dum(t, 2)| <t on — omllo.
This implies that u(t,-) € CL(R™) for all ¢ > 0 and that (7.26) holds.
Step 3. Conclusion.

Fix t > 0, let z,y € R™ and let ¢ € By(R™). Let us consider the
(signed) measure (4 = m¢(x, ) —m(y, -), and choose a sequence (¢,) C
C}(R™) such that

(i) nh_)ngo on(2) = ¢(z) for ¢, y-almost z € R™.
(i) [lenllo < llello, n€N.

Then we have
Pipl@) = Pigy) = [ 0(2)6a(da)

and so, by the dominated convergence theorem,

Pipl@) = Puply) = Jim_ [ pu(2)Cy(do).
Now, using (7.26), we conclude that the inequality

|[Pap(a) = Pip(y)] < 712 M oo [ — o]

holds for all z,y € H. So, Py is continuous as required. [J
We can now prove a uniqueness result.

Proposition 7.20 Assume that b is Lipschitz continuous and that
C = 1. Then the transition semigroup P. has at most one invariant
measure.

Proof. P; is irreducible in view of Proposition 7.18 and strong Feller
by Proposition 7.19. Thus, the conclusion follows from Theorem 7.6. [
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Examples of Markov semigroups

8.1 Introduction

In this chapter we present some examples of Markov semigroups in
a real separable Hilbert space H. More precisely, in section 8.2 we
introduce the heat semigroup and in section 8.3 the Ornstein—Uhlenbeck
semigroup. We shall study several properties, such as irreducibility,
strong Feller property and regularity of these semigroups.

For several computations it is useful to introduce the space & (H)
of all exponential functions, that is the linear span in Cy(H) of all real
and imaginary parts of functions ¢, h € H, where

on(z) = em® e H.
The space & (H) is not dense in Cy(H ). However the following approx-
imation result holds.
Lemma 8.1 For all ¢ € Cy(H) there exists a two-inder sequence

(Prn) C & (H) such that

() lim linolo orn(z) =p(z) forallz € H,

k—oon—

, (8.1)
o <ligllo+— for alin,k €N.

(1) [lorn

Proof. We divide the proof into two steps.
Step 1. The case when H is finite dimensional.

Let dim H = N and let ¢ € Cy(H). By the Stone-Weierstrass the-
orem, for any R € N there exists a sequence (¢r,) C & (H) such that

1
lo(x) — Yra(x)] < for all z € Bpg,

n
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where Bp is the ball in H with center 0 and radius R, and

1
1YRnllo < [lello + - for all n € N.

Now the conclusion follows by a standard diagonal extraction argu-
ment.

Step 2. The case when dim H = cc.
Given ¢ € Cy(H), set
ng(.%‘):QD(ka‘), era keN
where P, is defined by Pz = S2F_,(z,ep)e, and (e) is a complete
orthonormal system in H. By Step 1, for any k& € N, there exists a
sequence (Yg.n)neny C & (H) such that
lim oy () = or(z), =€ H,
and [|pnllo < xlo < @llo + L. Now, for any = € H we have
klgglo nh_)n;() Vrn(x) = klg{)lo or(x) =p(z) forallz € H,

and the conclusion follows. [J

8.2 The heat semigroup
We are given a linear operator Q € L (H), we denote by (e;) a com-
plete orthonormal system in H and by (\x) a sequence of non-negative

numbers such that
Qe = \peg, keN.

Let us define
Uiglw) = | ¢@Nosaldy), ¢ € Co(H) t20. (82

Other equivalent expressions for U; are, as is easily checked,

Urp(z) = /H p(r + y)Nig(dy)

_ /ng(a: + Vi y)No(dy), ¢ € Cy(H), t>0.  (8.3)
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Proposition 8.2 U; is a Markov semigroup and we have

Uipw) = [ ol)ma,dy), o € By(H),

where
ﬂ—t(xv') :Nz,tQa t>0, zre H.

Moreover Uy is a strongly continuous semigroup in Cy(H).

Proof. Let us prove the semigroup law,

Ut+8()0 = UtU5907 t7 S Z 07 (84)
holds. In view of Lemma 8.1 and the dominated convergence theorem, it
is enough to prove (8.4) for any function oy, (z) = €/®" with =, h € H.

But in this case (8.4) follows immediately (recalling the expression for
the Fourier transform of a Gaussian measure (1.5)) from the identity

Uin(a) = [ €N iq(dy) = Pl @i (g5)

It remains to prove that Uy is strongly continuous. Let ¢ € Cy(H).
Since by (8.3),

Urp(z) = /Hgo(x +Vt 2)Ng(dz), =z € H,

we have

Uip(a) = ola)| = | [ [l +VE2) - (@) No(d:)

< /H‘Ucp(\/i z)Ng(dz),

where w,, is the uniform continuity modulus of ¢. (1) Consequently, for
any R > 0 we have

V(@) - ola)] < 2lploNo(Br) + [ wp(VE 2)Nq(d2),

and the conclusion follows letting R — oo and ¢t — 0. [
U; is called the heat semigroup. If H has finite dimension d and
Q =1, it is easy to see that

M w,(r) = sup{lp(z) — p(y)| : z,y € H, |z —y| <r}.
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Uiplw) = (2mt) /2 [ st )y, o € Gy(H), o € H. (36)
R

Consequently, if ¢ € Cy(H), u(t,z) = Upp(x) is the unique classical
solution to the heat equation

1
Dyu(t,z) = 5 Au(t,x), xe€H,t>0, 59

u(0,z) = ¢(x), x e H.
This means that the mapping [0, +00) x H — R, (t,z) — u(t,z) is

continuous, its derivatives ug, tz,a;, 4,5 = 1,...,n exist on (0, +-00) x H

and u fulfills (8.7).

Remark 8.3 Assume that (Q # 0. Then it is easy to see that U; has no
invariant probability measures. Assume in fact by contradiction that
there exists p € Z(H) invariant for U;. Then for any exponential
function oy, (z) = e“®" we have, taking into account (8.5),

i(h) = /Hffi(x’%(dx) = /HUtei“’h)u(dw) = e 5 Q).

for all ¢t > 0, a contradiction.

It is well known that in finite dimensions when Ker @@ = {0} the
heat semigroup (8.6) has a regularizing property in the sense that for
any ¢ € Cp(H) and any t > 0, we have Uyp € C;°(H).

In infinite dimensions this result is wrong, we can only show that
Uy is regular in the directions of the Cameron-Martin space Q'/2(H).

Proposition 8.4 Let ¢ € Cy(H) and z € H. Then there exists the
directional derivative

(DLUip(e), Q1%2) = lim 1 (Uiplar + hQ'%2) ~ Uip(x)

given by

<DxUtso<x>,Q1/2z>=¢li /H (h, (1Q) " ?y)p(x + y)Nig(dy).  (8.8)

Proof. Write

Upp(a + hQ'?2) = /H oz +hQY?z + y) Ny (dy)

= /HSD@U +Y)Npo1/2,.40(dy).
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Then, by the Cameron—-Martin formula (Theorem 2.8) we have

thQl/Qz,tQ(d?J)
dNtg(dy)

It follows that

(y) :e—* |2+ 2 (2,(6Q) /%y Wy e

L2 L2y )1/
Utcp(x+hQ1/2Z) — /HSO(J"—l_y)e 2t | ‘ +\/g( 7('5@) y>NtQ(dy)

Taking the derivative with respect to h and setting h = 0 yields (8.8).
O

8.2.1 Initial value problem

We consider now the heat equation,

Deult, ) = 3 Tr [QD2u(t,2)] = Lu(t, )(x), t>0, « € H,

u(0,z) = p(x). (8.9)
where
Lo(x) = 3 Tr [QDXe(@)l, @€ C}(H), =€ H.
Proposition 8.5 Let ¢ € C2(H) and set
u(t,z) = Up(z), t>0, € H.

Then u is the unique solution of problem (8.9).
Proof. Existence. By (8.3) we have

Dyu(t, ) = J | (Dagla + Vi), 2)No(dy).  (8.10)

Consequently, differentiating (8.8) with z = e, in the direction ey, it
follows that

(DZu(t, x)ey, ep) = 2 2(2 + V1t y) Neg(dy).

Therefore

1 o
iTr[QDutx ZDutxek,ek>
k=1

-

] (0 Dol + Vi) Nigldy).
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Comparing with (8.10) yields the conclusions.
Uniqueness. Let v : [0,7] x H — R be a continuous function such
that
Dtv(ta ) = L(t7 ')? U(O7 ) = .

Then we have
DU;_gv(s,) = —LUi_sv(s,-) + U—sv(s,+), s € 0,t].

Since

LUwp = ULy, o € CEZ(H),

we obtain

DUi_sv(s,-) =0, se€]l0,t].

This implies that DsU;_sv(s, ) is constant so that v(s,-) = Usp. This
proves uniqueness. [J

Remark 8.6 One could ask what happens if we consider problem (8.9)
with @ = I. Obviously definition (8.2) is not meaningful in this case
since I is not of trace class. However, one can show that problem (8.9)
can still have a solution but only for very special initial data ¢, see [10,
Proposition 3.1.2].

We study now irreducibility of Uy.

Proposition 8.7 If Ker Q = {0} then Uy is irreducible.

Proof. In fact, since the Gaussian measure N, ;¢ is nondegenerate for
all z € H and t > 0, it is full by Proposition 1.25. Now the conclusion
follows from (8.2). O

Let us see whether U; is strong Feller. If H is finite dimensional it
is easy to check that U is strong Feller if and only if Ker @ = {0}.
In the infinite dimensional case the strong Feller property never holds.
We have in fact the following result, see [11].

Proposition 8.8 Let Ker Q) = {0} and let H be infinite dimensional.
Then Uy is not strong Feller.

Proof. Let us choose a subspace Hy C H (with Borel embedding)
different from H and such that Q'/?(H) C Hy and Nyg(Hp) =1, t > 0.
For this it is enough to take a nondecreasing sequence (ay) of positive
numbers such that oy T +oo, and

o0
Z apAp < +00,
k=1
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and to define

Hy = {:c c H: Zak\xk|2 < +oo} )
k=1

Then Q'/?(H) C Hp and N;g(Hp) = 1 since

oo (o]
/ Z ak|xk|2NtQ(dx) =t Z apAp < +00.
Hy= k=1

‘We show now that
Ulp, =1p,, t>0. (8.11)

This will prove that U; is not strong Feller because 1p, is obviously
not continuous.
We have in fact

Ui (@) = [ Lay(e+0)Nigldy) + [ L@ +9)Nigldy).

Now (8.11) follows taking into account that for € Hy, Hy + x = Hy,
and for x ¢ Hy, (Hy+x) N Hy=@. 0

We say that a function ¢ is harmonic if Upp = ¢, t > 0. The
following generalization of the Liouville theorem holds (see [11]).

Proposition 8.9 Assume that Ker Q = {0} and that ¢ € Cy(H) is
harmonic. Then ¢ is constant.

Proof. We have in fact from (8.8)

1

(D:Usp(), Q22)] < — [[ello- (8.12)

=

t
Since Uy = ¢ this implies that
(Dyp(z),QY%2) =0 forall z € H.

Consequently ¢ is constant on the Cameron-Martin space Q/ 2(H).
Since Q/ 2(H) is dense in H and ¢ is continuous this implies that ¢ is
constant on H. [J

8.3 The Ornstein—Uhlenbeck semigroup

Let A be the infinitesimal generator of a strongly continuous semigroup
e () and let C € LT (H). We shall assume throughout this section that

) See Appendix A.
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Hypothesis 8.10 The linear operator QQ; defined by
t
Qix :/ e*ACe* vds, x € H,
0

is of trace-class for all t > 0.

Exercise 8.11 Let C' = I and let A be a self-adjoint operator in H
such that
Aep, = —aper, keN,

where (ex) is a complete orthonormal system in H and «j > 0 for all
k € N.

Find conditions on the sequence (ay) in order to show that @, is of
trace class.

For all t > 0, x € H, define

Rep(a) = [ 0(u)Nonr o, (d)
(8.13)
= [ el a+pNo, ). o€ Bi(H).
Notice that the space of all exponential functions & (H) is invariant for
R, for all t > 0. In fact, if pp(z) = elhr) e H, we have, recalling

(15).
1
Rthh = €_§<ch7h> ‘-PetA*h' (8_14)

Exercise 8.12 Show that R; can be defined on all Borel functions ¢
such that ,
p(z)] <7, w e H,

with e sufficiently small.
Show, in particular, that

Ri(|z]?) = |ez? + Tr Q;, t >0, (8.15)

Proposition 8.13 Assume that Hypothesis 8.10 holds. Then Ry is a
Markov semigroup. Its probability kernel is given by

m(z,:) = Netay o,, € H, t>0.
Proof. In view of Lemma 8.1 it is enough to prove that

Ritspn = RiRgpp, t,s > 0.
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for all () = e!®" h e H. In fact by (8.14) it follows that

R, Rypp(x) = exp {z‘<e<t+8>%, hy — ~((Qs + Qe )h, h>} :

1
2
Since 5
Qt —i—etAQsetA* _ Qt +/ e(t+s)AC€(t+s)A*ds
0

t+s N
=Q + / "0 du = Qus,
t

the conclusion follows. [J

Example 8.14 Assume that dim H = d, and consider the stochastic
differential equation

dX = AXdt ++/C dB(t)
X(0) ==, (8.16)
where B is a standard d-dimensional Brownian motion and C' € Lt (H).

We know by Proposition 4.10 that the problem (8.16) has a unique
solution given by the formula

t
X(t,z) = ez +/ =4/ C dB(s)
0

and that X (t, )P = N,ta, o,. Consequently, the corresponding tran-
sition semigroup is given by (8.13) and the Kolmogorov equation reads
as follows

1
Dy = B Tr [CD?u] + (Az, Dyu)
u(0,x) = p(x). (8.17)
By Proposition 8.7 it follows that R; is irreducible if and only if Ker

Q: = {0}. This happens in particular when Ker C = {0}. In fact if
xo € H is such that Qszg = 0 we have

t
0 = (Qrz0,0) = / |V Ce*Aao|2ds = 0,
0

which implies that x¢y = 0.
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8.3.1 Smoothing property of the Ornstein—Uhlenbeck
semigroup

We assume here that Hypothesis 8.10 holds. We shall prove that the
Ornstein—Uhlenbeck semigroup R, contrary to the heat semigroup,
may have smoothing properties in infinite dimensions. More precisely,
it may happen that Ry € Cp°(H) for all € By(H) and all t > 0. For
this we need the following assumption,

eA(H) c QI (H), t>o0. (8.18)

So, we assume that (8.18) is fulfilled and for any ¢ > 0 we set I'(t) =
Q;l/ze“‘, where Q;l/z is the pseudo-inverse of Qtl/Q. Let us recall that

if z € QY/2(H), then by Qt_l/zz we mean the element of minimal norm
of the hyperplane

{ve H: Q"% =2z}
It is easy to see that the operator I'(¢) is closable (see subsection A.1.1).
Since it is defined in the whole H we have I'(t) € L(H) for all ¢ > 0 by
the closed graph theorem, see e.g. [26].

Assumption (8.18) is related to the null controllability of the follow-
ing deterministic controlled equation in [0, 77, see e.g. [11],

y'(t) = Ay(t) + VC u(t), y(0) =z, (8.19)

where z € H and v € L?(0,T; H). Here y represents the state and u the
control of system (8.19). Equation (8.19) has a unique (mild) solution
y(-;u), given by the variation of constants formula

t
y(t;u) = ez —I—/ =D C u(s)ds, t>0.
0

We recall that system (8.19) is said to be null controllable if for any
T > 0 there exists u € L?(0,T; H) such that y(T;u) = 0. One can
show, see [27], that system (8.19) is null controllable if and only if the
condition (8.18) is fulfilled. In this case, for any x € H, |['(t)x|? is the
minimal energy for driving x to 0, that is

IT(t)z|? = inf {/OT lu(s)|?ds : u € L*(0,T;U), y(T;u) = 0} . (8.20)

Remark 8.15 It is important to notice that if C' = I (or even if C' has
a continuous inverse), system (8.19) is always null controllable. In fact,
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setting u(t) = —# ez, one has y(T;u) = 0. Thus in this case (8.18)
is fulfilled. Moreover, setting in (8.20)

1
u(t) = ~7 x>0,

we obtain a bound for the minimal energy, namely
T
IT(t)z|? < T_Q/ leAz|?ds, t>0, z€H.
0

Now, if M > 0 and w € R are constants such that
e < Met, t>0,

we obtain o
IT()|| < — sup €*%, > 0. (8.21)

\/7E s€[0,t]

We can prove now the result,

Theorem 8.16 Assume that Hypothesis 8.10 holds. Then the following
statements are equivalent.

(i) Condition (8.18) is fulfilled.
(i) If ¢ € By(H) and t > 0 we have Ryp € Cp°(H).

Proof. (i) = (ii). Let + € H and t > 0. Since by (8.18) etz ¢

1%/Q(H), the measures N4, o, and Ng, are equivalent thanks to the
Cameron-Martin theorem (Theorem 2.8) and moreover

dNetAm,Qt

= H, t>
N, (y) = pe(z,y), z,yeH, t>0,

where

pe(,y) = e BTOIPHCO2Q ™) e gy >0,

Consequently, we can write

1

—1
Rep(z) = /HSp(y)e—glr(t)xl2+<r(t)z,Qt ! 2y>NQt(dy), zyeH, t>0.

From this identity it follows easily that R;p is differentiable and that
for any h € H we have
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(D, Rup(w), by = /H () (LR, Q) — (D()h, T (t)a)]
xpe(, y) N, (dy),

= [ (Wh @ Pyp(en o . (8:22)

Thus R;p € C’g (H). Iterating this procedure, we can prove that Ryp €
Cye(H).

(74) = (7). Assume that (ii) holds and, by contradiction, that there
exists xg € H such that

ez ¢ Q7 (H).

Then, again by the Cameron—Martin theorem it follows that, for all
n € N, the measures Neiay /, o, and Ng, are singular. Thus for any
n € N there exists a Borel subset K,, of H such that

NetAxo/n,Qt (KTL) =0, NQt (Kn) =1, nelN
Setting K = (,— Ky, it follows that
Ne‘Axo/n,Qt(K) =0, NQt(K):17 n e N.

Consequently we have

Rl (o/n) = [ Nuazyjno,(dy) =0, neN.
K
whereas
Rl (0)= [ No(dy)=1, neN.
K

Therefore the function R;1, is not continuous at 0, which contradicts
the statement (ii). O

Remark 8.17 Condition (8.18) holds if and only if R, is strong Feller,
see [27].

Example 8.18 Let H = R?, and

= (1) e-(68)

Then we have
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10 « 1t
tA A tA

= (11)r e =(Gp).
It follows that

t 2
sA v sA* _ 1s o t t /2
/06 Ce ds—/0<ss)ds <t2/2t3/3>'

Therefore det Q; > 0 and so assumption (8.18) is fulfilled. Consequently
the solution of the Kolmogorov equation

1
Dyu(t, x1,x9) = 3 Dilu(t,ml,m) + z1 Dy u(t, x1, x2) := Lu(t, 1, x2)

U(O,ZL‘) = QO($), pE Bb(R2)v
(8.23)
is given by u(t,z) = Ryp(z), and by Theorem 8.16 u(t,-) is of class C*°
for any ¢ > 0. This proves that the operator L above is hypoelliptic.
One can show indeed that (8.18) reduces, in the present case, to the
hypoellipticity condition due to Hérmander.

8.3.2 Invariant measures

We assume here that the linear operator A is of negative type, i.e. there
exist M > 0,w > 0 such that

e < Me™“t, t>0. (8.24)
Under this assumption the linear operator
o0 .
Qoo = / e zdt, x e H,
0

is well defined.
Lemma 8.19 Q) is of trace class.

Proof. We have in fact for any x € H,

0006—2/ (sHh—1) A o (sHh—1) A" 1

= Z eF=DAQ eF=DA" 1,
k=1

It follows that
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Theorem 8.20 Assume that Hypothesis 8.10 holds. A probability mea-
sure p € P (H) is invariant for Ry if and only if p = Ng_ . If = Ng
then for any o € L?(H, i) we have

lim Rip(z) :/ng(y)NQoo(dy) in L*(H,p), =€ H, (8.25)

t——+o00
thus p is ergodic and strongly mizing.

Proof. Eristence. We prove that pu = Ng_ is invariant. For this it is
enough to check that

J Fren@ntae) = [ pn@pd). (5.26)
H H

for all p(z) = " h € H. In fact (8.26) is equivalent to
(Qooe"™ hy ") +(Qeh, h) = (Qushsh),  h € H,
which is also equivalent to

etAQooetA* + Qt = ron

which can be checked easily.
Uniqueness. Assume that p is invariant. Then we have

(e h) e 3 Q) = j(n), t>0, heH,
where fi is the Fourier tranform of u. As t — oo we find
fi(h) = e 3(Qoohht)

This implies, by the uniqueness of the Fourier transform of a measure,
that 4 = Ng_..

Finally, let us show (8.25). It is enough to take an arbitrary expo-
nential function ¢ = ¢y, h € H. In this case we have by (8.14)

lim Rypp(z) = lim e~ 3 (Qihh) il oh) _ (=3 (Qochih)
t—o00 t

—00

Since

e h @) = | g1 (@)Ng (do),

the conclusion follows. [J
By Theorem 5.8 we obtain the following result.

Proposition 8.21 For any p > 1, R; has a unique extension to a
strongly continuous semigroup of contractions in LP(H, ) (which we
still denote by Ry).
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For all p > 1 we shall denote by L, the infinitesimal generator of
Ry in LP(H, p) and by D(L,) its domain. Let h € H, then, by the very
definition of the infinitesimal generator (see (A.4)), we see that (3)

on € D(Lp,) <= h € D(A").
Moreover if h € D(A*) we have

1 . * i(h,x
Lppn(z) = | =5 (Ch,h) +i(A*h, z) | ") gy ()

= % Tr [CD2pp(z)] + (2, A*Dypp(x)), z€ H.  (8.27)

This identity prompts us to introduce the following subspace of & (H),

&A(H) := linear span {Re on, Smp, on(z) = . he D(A*)).

(8.28)
It is easy to see that &4(H) is stable for R; and it is dense in LP(H, p)
for all p > 1.

Theorem 8.22 For any p > 1, E4(H) is a core™™ for L,. Moreover,
1 *
Lyp(x) = 5 Tr [CD3p(x)] + (x, A*Dpp(x)), =€ H, ¢ € Ea(H).
Proof. Since &4 (H) is invariant for R; and dense in LP(H, 1), it follows

that it is a core for L,, by Proposition A.19. The above expression for
L, follows from (8.27). O

®) Recall that o (z) = '™, z € H.
) See subsection A.3.1
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L? spaces with respect to a Gaussian measure

9.1 Notations

We are given a separable real Hilbert space H (norm |- |, inner product
(-,-)), and a nondegenerate Gaussian measure ;1 = Ng on H. We denote
by (er) a complete orthonormal system in H and by ()\;) a sequence
of positive numbers such that

Qe = A\pep, keN. (9.1)

We set

n

P,z = Z(m, ex)er, meN (9.2)
k=1

and, for any x € H, x, = (z,e), k € N.

We denote by L%(H, ) the Hilbert space of all equivalence classes
of Borel square integrable real functions on H, endowed with the inner
product,

(00 1221, = /H o du, o€ LXH, p).

For any ¢ € L?(H, i) we set

el m) = (/H |s0(x)|2u(da:)>1/2.

Finally, we denote by L?(H, u; H) the space of all equivalence classes
of Borel square integrable mappings F': H — H, such that

1/2
1P laciun = ( [ IF@Pa(@n) <+
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The space L?(H, p; H), endowed with the inner product,

<F7 G>L2(H,M;H) = ~/H<F($)’ G(@W(dfﬁ)a F.Ge L2(H7:U’; H)’
is a Hilbert space. The elements of L?(H,pu; H) are called L? vector
fields.

In this chapter an important role will be played by the white noise
mapping W: H — L?(H,p) introduced in section 1.7. We will use
frequently the following identities

/I_IWfng/‘L:<fvg>v f’geH’ (93)

/ve d,U,ZS%UF, feH. (9.4)
H

We shall also consider the space & (H) of exponential functions intro-
duced in section 8.1. By Lemma 8.1 and the dominated convergence
theorem it follows that & (H) is dense in L?(H, ).

Exercise 9.1 Show that the linear span of all real and imaginary parts
of functions

piw) ="l jeN,
is dense in L?(H, ).

The content of this chapter is as follows. Section 9.2 is devoted
to the construction of a canonical orthonormal basis in L?(H, ) and
section 9.3 to the Wiener—It6 decomposition. Finally, in section 9.4 we
introduce the classical Ornstein-Uhlenbeck semigroup in L?(H, 1) and
prove the Mehler formula.

9.2 Orthonormal basis in L?(H, )

We shall first consider the case when H = R and g = Nj. Then we
consider the general case.

9.2.1 The one-dimensional case

Here we take H = R and p = Ni. An orthonormal basis on L?(H, )
will be defined in terms of the Hermite polynomials that we introduce
now.
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Let us consider the analytic function in the variables (t,¢) € R?
defined as

2
F(t,) =e 2, t¢eR
and let (Hy)neqoyun be such that

(0.) tn
F(t, ¢ = — H, (&), t,£eR. 9.5
GO=2 o ald), 16 (95)
Proposition 9.2 For any n € {0} UN the following identity holds
(_1)77, [ n _e
Hy§) =" ~reT D (%), cer (9.6)

Proof. Write

e S S LA R o
F(t,{)=eze 2 =Y e’ Dt(e2 )‘

Now the conclusion follows comparing this identity with (9.5). O

By Proposition 9.2 we see that for any n € NU {0}, H,, is a poly-
nomial of degree n with a positive leading coefficient. H,, are called
Hermite polynomials. We have in particular

Ho(€) = 1, Hy(€) = €, Ha(€) = Jg € -,
1 1
Hs3(¢) = 7 (&3 —3¢), Hy(§) = NG (&' —6¢% +3).

In the following proposition are collected some important properties of
the Hermite polynomials.

Proposition 9.3 For any n € N we have
§Hn(§) = Vn+ 1 Hpp1(§) +vVn Hpa(§), €€R, (9.7

D§Hn(£) = \/ﬁ anl(g)v § ER, (98)
DEH,(€) = EDgHn(€) = —nHy(§), € €R. (9.9)
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Proof. Equations (9.7) and (9.8) follow from the identities

o0 tnfl
and -
tn
D:F(t,€) =tF(t,€) = H! (&), t,Ee€R,
P9 = (1.6 = 3 (). tiee

respectively. Finally, equation (9.9) is an immediate consequence of
(9.7) and (9.8). O

Identity (9.8) shows that the derivation D¢ acts as a shift operator
with respect to the system (H,),efoyun- Moreover by (9.9) it follows
that the Hermite operator

1 1
T p = §D§<P—55D£S07

is diagonal with respect to system (Hy)pne{ojun-

Proposition 9.4 System (Hp),eqoyun is orthonormal and complete in
L3(R, ), where p1 = Ny.

Proof. We first prove orthonormality. Write
F(t,&)F(s,&) =e¢ —L(t2+52)+E(t+s)

Z Hy(§) Hn(§), t,s,£€R.

m,n=0

Integrating this identity with respect to p and taking into account that

/ F(t,€)F (s, &)u(dg) = (2m) 272+ / e~ Bk g = ¢t
R R

we find that

mEnZO = 2 [ 9 Hale) i), tseR
which yields
/H pw(dé) = 0pm, n,me{0}UN.

It remains to prove the completeness of (H,,). Let f € L?(R, u) be such
that

/]R FIOHL(Op(de) =0 for all n € {0} UN,
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2
Then, noticing that g(§): = f(f)ef% belongs to L%(R), we have by
(9.5)

71/2 ﬁ 7(275*5)2
0= [ JOFue) = (2m) 2 [ g5
which implies g * ¢g = 0, where * means convolution and

2

po(€) =T, £€R.

Taking the Fourier transform of both sides of the identity g * g = 0,
yields

2

gmpo(n) = g(me 7 =0, neR
and so, f=0.01

9.2.2 The infinite dimensional case

We shall construct here a complete orthonormal system on L?(H, i) in
terms of generalized Hermite polynomials. We shall need the following
basic lemma

Lemma 9.5 Let h,g € H with |h| = |g| = 1 and let n,m € N U {0}.
Then we have

[ W) HuWo)dpe = 8l )" (9.10)

Proof. For any t,s € R we have

2,42
/ F(t, Wy)F(s, W,)dp = e~ 2 / Wits Wy g,
H H

2452 2452 1 2
_ G_TS/ eWintsg dp=e" -2 6§|th—"—sg\ _ 6ts<h,g)’
H

because |h| = |g| = 1. It follows that

X g™

tolhg) Z /
e =
m,n=0 nlm!

[ HA W) i (V) dp
H

Since

ets(h,g) _ Z <h7g> £ M

m!

)
m=0

(9.10) follows. O
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Exercise 9.6 Prove that for any m € N there exists C,, > 0 such that
[ Wi < G111 (9.11)

Hint: Express the polynomial £2™ as a linear combination of Hermite
polynomials and use (9.10).

We are now ready to define a complete orthonormal system in
L?(H, ). Let T be the set of all mappings

v:N—={0}UN, n — v,
such that

[o.¢]
ly| :== Z Vi < F00.
k=1

Note that if v € I then ,, = 0 for all n, except possibly a finite number.
For any v € I we define the Hermite polynomial,

HV(x) - H HVk(Wek(x))7 z € H.
k=1

This definition is meaningful since each factor, with the exception of
at most a finite number, is equal to Ho(We, (z)) =1, x € H.
We can now prove the result.

Theorem 9.7 System (H.)yer is orthonormal and complete on
L*(H, p).

Proof. Orthonormality. Let v,n € I'. Then there exists N € N such
that

Consequently,

N
[y = [T o (Vo) Hy, (W, )
H HpZ

N
n=1

(where &, = TI5_1 0ynnn), since We,,...,We,, are independent by
Proposition 1.28.
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Completeness. Let oo € L?(H, i) be such that

/ poH dp =0 forallyel. (9.12)
H

We have to show that ¢g = 0.

Let us consider the signed measure on (H, #(H)) defined by ((dx) :=
Yo(x)p(de) and let ¢, = (P,)4C. It is enough to show that (, = 0 for
all n € N. We shall first prove that

Fw:aﬁwﬁWWM%>
= /H e Phml o () u(de) =0, YV h e P(H). (9.13)
Let h € P,(H). By (9.12) it follows that
/HF(tl,Wel) P, W )oodi =0, ¥ th,... b € R,
which implies that,

—-1/2 —~1/2
/Hetlwel+ +then(p0du:/Het1)\1 T1t+ iy, xngpodlul:(),

so that (9.13) follows from the arbitrariness of t1, ..., t,.
To conclude the proof we notice that the function

H&H¢m=éém“ﬁwwwmm,@hw&mRﬂ

is analytic in R", since for all (k1,...,k,) € N we have, setting k =
kl + ...+ k‘n,

8k
—— F(hi,... hy) = / $’1€1 .. 'xz’behlm—'—"'""h"m"¢0($)M(dl’).
oyt 0" H

h hin
(Note that the integral above is convergent since the function z —
2. zkn belongs to L2(H, p).)

Since F' is analytic by (9.13) it follows that the Fourier transform
F(ih) of ¢, vanishes so that ¢, vanishes as well. In conclusion we have
proved that ¢, = 0 for all n € N so that 19 = 0in L?(H, ), as required.
O

9.3 Wiener—It6 decomposition

For all n € {0} UN we denote by L2(H,u) the closed subspace of
L?(H, i) spanned by
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{H(Wy): feH, |fl|=1}.

In particular L3(H, ) is the space of all constants and L2(H, ) is the
space of all Gaussian random variables which belong to H.

Exercise 9.8 Prove that
Li(H,pu) =span {W;: f€H}.

We shall denote by II,, the orthogonal projector of L?(H, j1) on L2 (H, 1),
n € {0} UN. Arguing as in the proof of Theorem 9.7 we see that

L2(H, ) = @) 12(H, ). (9.14)
n=0

Formula (9.14) is called the Wiener-Ité decomposition or the cahos
decomposition of L?(H, ) and L2 (H, p) is called the nth component of
the decomposition. Notice that L2 (H, 1) does not depend on the choice
of the basis (eg).

Let us give an interesting characterization of L2 (H, ), n € {0} UN.

Proposition 9.9 For any n € {0} UN the space L2(H,u) coincides
with the closed subspace of L*(H, i) spanned by

Vi :={Hy: || =n}.

Proof. It is enough to show that if n,N € N, f € H with |f] = 1,
ki,...,kny € N, and k1 + -+ - + ky # n, we have

/H Hiy (Wey oo Hyoy (W, ) Hn (W) dpa = 0. (9.15)
We have in fact

Ii— /HF(tl,Wel)...F(theN)F(tNH,Wf)du
— 67%(t%+"'+t?‘”1)/ eWi1€1+~~+iNeN+tN+1fdlu
H

— etN+1(t1fl+m+thN)'

On the other hand, since

o RN
[ Hiy Wer ) Hig (We) H, (W),

| |
b VRN

the conclusion follows. [J
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Remark 9.10 Let p(§) be a real polynomial of degree n € N, and let
f € H with | f| = 1. Then we have

p(Wy) € @ L2 (H, ). (9.16)
k=0

In fact there exists ¢y, ..., ¢, € R such that p(§) = > }_o ckHi(§), and
so p(Wy) = > 3o ckHi (W), which implies (9.16).
We now prove an important property of the projection II,,.

Proposition 9.11 Let f € H such that |f| = 1, and let n,k € N. Then
we have

v%i<k>fﬂxmg% if k> n,
I, (W7) = "

0, if k < n. (9.17)

Proof. We give the proof for k = n; the other cases can be handled in
a similar way. Since v/n! H,, (W) € L2(H, u) by definition, it is enough
to show that for all g € H such that |g| = 1, we have

[ W =Vl (W) Ho (W) dys =0,

or, equivalently, that

[ WHHL(Wy)di =Vl [(£,9))" (9.18)
Now (9.18) follows easily from the identity
1 52
I:/émmﬂVd:——ﬁﬂ’, n 9.19
[ W)l = o= T (L) (019)

(by differentiating n times with respect to s and then setting s = 0),
which we shall prove now. We have, taking into account (9.10),

g2
I=e7 / F(37Wf)Hn(Wg)dﬂ
H

ngH

which yields (9.19).
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Now we can compute easily the projections of an exponential func-
tion on L2 (H, p1).
Corollary 9.12 Let f € H with |f| = 1. Then we have

2

1
I, (eWr) = —= s"e™ Hy(Wy), neN. (9.20)
vn! ’
Proof. We have in fact
sW . Sk k n Eul
I, (er) =3 1 Ia(WP) = s"e™ Hy(Wy).
k=0 """

9.4 The classical Ornstein—Uhlenbeck semigroup

We define a semigroup of linear bounded operators on L?(H;u) by
setting
> nt
U= e 2 Ty, t>0,pel’(H;p), (9.21)
n=0
where II,, is the orthogonal projection on the nth component of the
Wiener-It6 decomposition of L2(H, p).
It is easy to see that Uy is a strongly continuous semigroup, called
the classical Ornstein—Uhlenbeck semigroup. Its infinitesimal generator
L is given by

D(L) = {w € L*(H,p): i n?Mypf® < +OO}

n=0

oo
Lo=-) nllyp, ¢€D(L).

n=0

(9.22)

The following result shows that the semigroup U; coincides with the
Ornstein-Uhlenbeck semigroup defined by (8.13) with A = J I and
C = @Q, introduced in Chapter 8.

Theorem 9.13 For any ¢ € L*(H, ;1) we have

Upp(z) = /Hw(e‘%wr Y)N(1—e—)0(dy). (9.23)
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Proof. It is enough to check (9.23) for ¢ = s where f € H and
|f| = 1. In this case by (9.20) we have

© nt © nt 1 32
U, (est) — nzoe*THn (est) — 7;)6*7 m sheT Hn(Wf)
2 e 1 _tn
2 2 _ _
— e F(se /2, W) = e (1= Nese /Wy (9.24)

On the other hand, we have

_t -4
/Heswf(e 2$+y)N(1,e—t)Q(dy) — eS¢ 2Wf(x)/HeSWf(y)N(lfe—t)Q(dy)

which coincides with (9.24). O

Remark 9.14 Assume that ¢ € Cp(H). Then setting y = 1 — e~ 2,
we deduce by (9.23) the Mehler formula

Upp(z) = /H go(e_%:v +V1—etz)Ng(dz). (9.25)
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Sobolev spaces for a Gaussian measure

We are given a nondegenerate Gaussian measure ;1 = Ng on a separable
Hilbert space H. We use here notations of Chapter 9. In particular, we
denote by (er) a complete orthonormal system in H and by (\z) a
sequence of positive numbers such that (9.1) holds.

In section 10.1 we shall define the generalized gradient D on the
Sobolev space W12(H, i1). To define D we proceed as follows. First
we consider the usual gradient operator defined on the space & (H) of
exponential functions and show that it is closable. Then we define the
space W12(H, 1) as the domain of the closure of the gradient. (")

This procedure is the natural generalization of the definition of the
gradient (in the sense of Friedrichs) in L?(R"™) with respect to the
Lebesgue measure, the only difference being that the space & (H) is
replaced there by C5°(R").

Then we study some properties of the Sobolev space W2(H, p),
we present a characterization of W12(H, u) in terms of Wiener-Ito
decomposition and prove compactness of the embedding

W2 (H, p) © L*(H, p).

We notice that the analogue of this last result fails in L(R").

In section 10.2 we shall express the space W12(H, 11) in terms of the
Wiener chaos and in section 10.3 we shall study the adjoint D* of D.
Section 10.4 is devoted to the Dirichlet form associated to p and to the
corresponding semigroup Ry;. It happens that R; belongs to the class
of the Ornstein—Uhlenbeck semigroups introduced in section 8.3. With
the help of R; we prove in section 10.5, following [13], the Poincaré and

() For concepts of closure and closability of linear operators see Appendix A.
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log—Sobolev inequalities corresponding to the measure p. As a con-
sequence, we obtain the hypercontractivity of R;. Finally, in section
10.6 we introduce the Sobolev space W2?2(H, ;1) and characterize the
domain of the infinitesimal generator of R;.

We shall only consider spaces W*2(H, i), k = 1,2 for brevity. All
results can be generalized, with obvious modifications, to cover Sobolev
spaces WEP(H, 1), k=1,2, p> 1.

Throughout this chapter we shall write D, = D for brevity.

10.1 Derivatives in the sense of Friedrichs

For any ¢ € & (H)® and any k € N we denote by Dy the derivative
of ¢ in the direction of e, namely

1
Dip(x) = lim = [p(z +cer) —p(@)], we H.
Our first goal is to show that the linear mapping
D: & (H) C L*(H,p) — L*(H,i; H), ¢ — Do,

is closable. For this we need an integration by parts formula.

Lemma 10.1 Let ¢, € & (H). Then the following identity holds,

1
[ peevan=-[ ¢Dwdut o [ mpvdn  (01)
H H k H

Proof. In view of Lemma 8.1 and the dominated convergence theorem,
it is enough to prove (10.1) for

p(a) = D, (a) = 09,z e H,

where f and ¢ are arbitrary elements of H. In this case we have by
(9.4)

| Dug v du = igie Q) (10.2)
H

/ oD dp = igke_%<Q(f+9)’f+g>. (10.3)
H

() See section 8.1
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Moreover

. d )
H H dt Ju

t=0
= _Zi 6_%<Q(f+9+tek)af+g+tek>
dt 0
= i(Q(f + g), ex)e 24QUT9)S+a)
= i\o(fi, + gp)e2(QUFa)I+9), (10.4)

Now summing up (10.2) and (10.3), yields (10.4). O

Corollary 10.2 Let p,9p € & (H) and z € QI/Q(H). Then the follow-
ing identity holds, ®)

| (De) == [ (DV.2) g dp+ [ Womr o dp (105)

Proof. Let n € N. Then by (10.1) we have

L{(Dw,PnZ>wdu=l§2kA[Dk¢¢du

n n P
:—sz/DkaOdﬂ‘i‘Z)\i/xk@wdﬂ
=1 JH k=1 "k JH

—— [(Dv. Pz d— [ Worssap,. % dp.
H H
Now the conclusion follows, letting n — co. O
Proposition 10.3 The mapping
D: & (H) C L*(H,p) — L*(H,pi; H), ¢ — Dy,
is closable.
Proof. Let (¢,) C & (H) be such that
¢on— 0 in L?(H,pn), Dy, — F in L*(H,pu; H),

as n — oo. We have to show that F' = 0.

() The white noise mapping W was defined in section 1.7.
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Let 1) € & (H) and z € QY/2(H). Then by (10.5) we have

/H<Dson72>wdu= _/H<D¢7Z>90ndﬂ+/HWQ—1/2z onthdp.  (10.6)

Letting n — oo we find that

| (F@). 2@pn(dz) = o.
H

This implies that ' = 0 in view of the arbitrariness of ¢ and z. [J
We shall denote by D the closure of D and by W12(H, i) its domain
of definition. W2(H, ), endowed with the scalar product

(s Vywre(m) = /H [y + (D, D)]dp,
is a Hilbert space. o
When no confusion may arise we shall write D instead of D.

Exercise 10.4 Prove that for any k € N the linear operator Dy, de-
fined in & (H), is closable. Denote by Dy, its closure. Prove that

(Dg,ex) = D, € WH(H, p) (10.7)

and that -
Dp(x)> = > [Diup(@))?,  prae. (10.8)

k=1

10.1.1 Some properties of W1:2(H, u)

We are going to prove some useful properties of the space W12(H, p).
First we show that any function of class C'! which has a suitable growth
(together with its derivative), belongs to W2(H, 1) and that its gra-
dient coincides with D, p-almost everywhere. To prove this fact we
shall use Lemma 8.1 about the pointwise approximation of functions
of Cy(H) by exponential functions and the following straightforward
generalization of that lemma, whose proof is left to the reader.

Lemma 10.5 For all ¢ € C,}(H) there exists a two-indexr sequence
(¢rn) C & (H) such that

i) lim lim ¢p () = @(x) for allxz € H,

k—o00 Nn—00

(
(¢7)  lim lim Dy p(x) = Dp(x) for allz € H,
(

k—o00 N—00

iti) |lrnllo + 1 Dernllo < llello + D¢l + 5 for alln, k € N.
(10.9)
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Now we can show that any function of class C' of suitable growth
belongs to WY2(H, ).

Proposition 10.6 Letp € C}(H). Thenp € WY2(H, i) and Dp(z) =
Dy(z) for p-almost all x € H.

Proof. By Lemma 10.5 there exists a two-index sequence (¢ %) C

& (H) such that (10.9) holds. By the dominated convergence theorem
we see that

lim lim ¢p, =¢ in L*(H, p)

k—o00 Nn—00
and
lim lim Dgy,, = Dy in L*(H,pu; H).

k—o00 N—00

So, the conclusion follows. [

Exercise 10.7 Let ¢: H — R be continuously differentiable. Assume
that there exists x > 0 and ¢ € (0, (1/2) infzen A, ") such that

lp(2)| + |Dp(z)| < ke, 2z e H.

Prove that ¢ € W2(H, 1) and Dy (z) = Dp(x) for p-almost all z € H.
Hint: Recall Proposition 1.13. Then set

p(z)

—, x€H
1—}—%66‘96'2’

pn(z) =

and prove that
on — @ inL*(H,p), Don— Dy in L*(H,p; H).

10.1.2 Chain rule

Proposition 10.8 Let o € WY2(H, 1) and g € CL(R). Then g(yp) €
WY2(H, 1) and

Dg(p) = g'(¢)Dep. (10.10)
Proof. Let (¢,) C & (H) be such that
lim ¢, =¢ in L*(H,u), lim Dy, = Dy in L*(H,u; H).

n—oo

Then g(,) belongs to W12 (H, 1) by Proposition 10.6. Moreover, since
Dg(¢pn) = g'(#n) Dipn, we have Dg(p,) € L*(H, p; H), and so,

lim Dyg(¢n) = g'(¢)Dy  in L*(H, p; H).

So, (10.10) holds. O



142 Sobolev spaces for a Gaussian measure
10.1.3 Gradient of a product

Proposition 10.9 Let ¢, € WY2(H, i) and suppose that ¢ and D
are bounded. Then ¢ € WY2(H, 1) and we have

D(¢) = D(@)¥ + ¢D(¥). (10.11)
Proof. Step 1. We prove the result under the additional assumption
that ¢ € & (H).
Since 1 € WY2(H, i) there exists (1,,) C & (H) such that,
lim ¢, =¢ in L*(H,p), lim Dy, =Dy in L*(H,pu;H).

n—oo

Then we have D(pty,) = D(¢)¢y, + ¢D(1)y,) and so,

lim D(pt) = D)+ ¢D(¥) in L2(H, u; H).

n—oo

This shows that ¢y € W12(H, 1) and (10.11) holds in this case.
Step 2. We consider the general case o € WL2(H, p).

Let () C & (H) such that
lim ¢, =¢ in L*(H,p), lim Dy, =Dy in L*(H,u;H).
n—oo

n—oo

By Step 1 we have

D(pnt)) = Dipn Y + D).
Since 1 and D) are bounded, it follows that

lim D(pnt)) = D ¢+ Dy in L*(H, u; H).

n—oo

So, pp € WH2(H, 1) and (10.11) is fulfilled. O

10.1.4 Lipschitz continuous functions
We denote by Lip(H) the set all functions ¢ — R such that

[SD]I: = sup ’(p(.%’)—(p(y)’ < 400.

z,yeH |z -y
In this subsection we shall prove that any real Lipschitz continuous
function on H belongs to W12(H, u). To this purpose we recall an
analytic result.
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Proposition 10.10 Assume that E is a Hilbert space and that T: D(T)
C E — E is a linear closed operator in E. Let ¢ € E and let (¢y,) be a
sequence in E such that ¢, — ¢ in E and sup,cy |T'on|p < 0o. Then

¢ € D(T).
Proof. Since E is reflexive there exists a subsequence (¢, ) of (¢n)
weakly convergent to some element ¢y € E. Thus we have

¢nk - ¢a T(ﬁnk - "¢ WeakIYa

as k — oo. Since the graph of a closed operator is also closed in the
weak topology of E x E, see e.g. [26], it follows that ¢ € D(T') and

To=1. O
Proposition 10.11 We have Lip(H) C WY2(H, ).
Proof. Step 1. We assume that H is N-dimensional, N € N.

For any ¢ € Cy(H) define,

n

on(x) = /RN o(z —y)N1 1 (dy) = <2W>N/2 /RN e 5 V() dy.
Then
nh—>ngo on(x) =¢(x), x€ H.
It is clear that ¢, is continuously differentiable and that, since
on(2) = on(e1)] < [phlz —al, 2,21 € H,
we have || Dpy|lo < [¢]1 for all n € N. Moreover, since
()] < le(0)] + [phlzl, « € H,

we have

n N/2 _n |CC— |2
en(@) < 1o+ (55)  leh [ e EF lyldy, s e 8

so that there exists C; > 0 such that
lon(2)] < Cr(1 + |2]), =€ H.
Therefore, (¢,) C WV2(H, 1) (see Exercise 10.7) and we have

sup [/ IwnIQdu+/ IDwnIQdu}<OO-
neN /RN RN

Therefore p € W'2(H, 1) by Proposition 10.10.
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Step 2. H infinite dimensional.

For any k € K set oi(x) = o(Pyx). Then ¢, € WH2(H, p) for all
k € H by the previous step. Since

or(r) = ¢(x), Dyg(z) = PDp(Pyx), z € H,

we have

sup [/ |§0k’2d,u+/ |D‘Pk’2dﬂ} < o0
keN L/RN RN

and so, ¢ € WY2(H, 1) again by Proposition 10.10. [J

10.1.5 Regularity properties of functions of W12(H, u)

The Sobolev embedding theorem does not hold for W2(H, u). If ¢ €
WY2(H, ) we can only say that ¢log(|¢|) belongs to L*(H, pu), see
section 10.5 below. We want to prove here another regularity result,
namely that if ¢ € WH2(H, u) the mapping # — |x|p(z) belongs to
L*(H, p).

Proposition 10.12 Let ¢ € WY2(H, u) and let z € H. Then W,p €
L?(H, i) and the following estimate holds.

/H (Wap)2dp < 2|22 /H Pdu+ 4 /H (D, QY22 2dp. (10.12)

Proof. We first assume that ¢ € & (H). Then by (10.5) we have that
for any ¢, € & (H) and any z € H,

/H<D90, Q'?z) ¢ dp = —/H<D¢,Q1/22> o dp + /HWZ w4 dp.
(10.13)
It is easy to see, by a standard approximation, that (10.13) holds for
any v € WI2(H, p).
Now, set in (10.13) ¢ = Wp, . (obviously ¢» € W12(H, 1)). Since
D(WPTLZSO) = WPTLZDSO =+ Q_l/QPnZ 2

we obtain
/ (Do, Q"?2) Wp, .0 du = —/ (D(Wp,-9),Q"%2) ¢ du+/ W. We, - ¢ du
H H H

= —/ (D, Q"?2) Wp, . du—/<Pnz,Z> ©* dp
H

H

+/ W, WPnZSDZ dp.
H
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Letting n — oo we deduce that
/ (W= ¢)* du = 2/ (D, Q"?2) W, ¢ du +/ |27 dp.
H H H
Consequently (4

1
[V duss [ 0o dusz [ 1(De.@%) Pan
H 2 Ju H

+/ 2% dp,
H
which yields
W, )% du < 4 D, QY22 Pdu+2 | |2]2¢% du.  (10.14)
H H H

So, estimate (10.12) is proved when ¢ € & (H). Assume now that
@ € WY2(H, 1) and let (¢,) C & (H) be a sequence such that

lim ¢, =¢ in L*(H,pu), HILHSOD‘%:ESO in L*(H,u; H).

n—0oo

Then by (10.14) it follows that

[ Welom =) di <4 [ 1(D(om = 0n), Q"2) P
H H

+ 2/H 121> (om — on)” dps. (10.15)

Therefore, (W, ;) is Cauchy and so, W, € L?(H,u) and (10.12)
follows. [

Exercise 10.13 Prove that if o € WY2(H, ) then |z|p € L*(H, p).

10.2 Expansions in Wiener chaos

In this section we want to give a characterization of the space W12 (H, i)
in terms of the orthonormal system (H),er introduced in Chapter 9.
Notice first that for any h € N and any + € I" we have

DyH, (z) = %Z H (z), z€H, heN (10.16)

) By the obvious inequality: ab < 1 (a®+b?).



146 Sobolev spaces for a Gaussian measure

where 4(") = 0 if v, = 0 and if v, > 0,

Yo —1 ifh=n
AP = (10.17)
Y if h # n.
For any ¢ € L?(H, i) we write as before,
o= ¢,Hy,
~yel

where
= H, dpu,
Py /H P 1y ap
so that, by the Parseval identity, we have
/ Pdu =Y ley]*.
H yel’
Lemma 10.14 Let ¢ € C}(H). Then for any h € N we have
Th
Dhp =1 Vay, P (10.18)
vyel

and

Th
| 1Dl = 30 3 i 2. (1019)
H St An

Proof. Let h € N. It is enough to check that

T
DpoH dp = | o 10.20
/H npHyodp =\ 1 oy (10.20)

We assume for simplicity that 75 > 2. By (3.1) we have

xr
/ DypH o dp = —/ @ DhH7<h>du+/ i H. oy pdp
H H H A

:/HsO(w)Hij Q}%)

i#h
Th, Th vp — 1 Tk
— H,, _ - H, o—=]]duy.
- <)\h " 1(\/)\h> V o 2<v)\k>) :
Now, taking into account (9.7) we find,

Th Th Vh Th Yh —1 Tk
Shg, ()= [l H, ok
Ap " 1(\/)\h> Ap " <\/)\h)+ A " 2(\/)%)7

which yields (10.20) and consequently (10.18). Finally, (10.19) follows
from the Parseval identity. O
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Theorem 10.15 Assume that ¢ € WY2(H, ). Then for any h € N

we have
Drp =7 th oy H ) (10.21)
yel h
and
/ [DlPdp = (v, A" Nesl, (10.22)
H ~yel'
o~ Vh .
where (v, A Z —. Conversely if
=
1A e P < 4o, (10.23)

yel

then ¢ € WY2(H, ).
Proof. Let ¢ € WY2(H, ;1) and let (p,) C & (H) be such that

¢n — @ in L*(H,p), Don— Dy in L*(H,p; H).
By Lemma 10.14 it follows that for any h € N,

_ _
/H DhSOH’Y(h)d'u - nlinolo/}IDhgan'Y(h)d'u - )‘h Py

so that (10.21), and consequently (10.22), holds.
Assume conversely that (10.23) holds. Write
I'n: ={yel: (1, AY< N}, NeN.
Since A\, — 0 as n — 00, each set I'y is finite, moreover,
I'y 1T

For any N € N set

M = Z oy Hy,

vel'n

it is clear that ™) € WH2(H, ;1) and that

lim ™) — ¢ in L2(H, p).

N—oo
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Moreover, if N,p € N we have
R D D T I
H
YELN+p\I'v

By (10.23) it follows that (D)) is Cauchy in L?(H, pu; H) and this
implies that ¢ belongs to W2(H, 1) as required. [J

10.2.1 Compactness of the embedding
of Wl’z(Ha p) in L2(H, )

Theorem 10.16 The embedding W2(H, ) C L?(H, ) is compact.
Proof. Let (¢(™) be a sequence in W'2(H, u1) such that

[ [l + 106 du < .

where K > 0. We have to show that there exists a subsequence of (™)
convergent in L?(H, ).

Since L?(H,p) is reflexive, there exists a subsequence (p(™)) of
(™) weakly convergent to some function ¢ € L?(H, ). We are going
to show that cp(”k) converges indeed to ¢ strongly.

Write for any M € N,

/H o= o™ P =3 oy — IR+ D0 lpy — )

vel'n ve(l'n)e
1 _
<D ey =P+ 5 DA ey — o2 (10.24)
vel'n ~yel

By Theorem 10.15, it follows that for any k& € K

YA HIel™ )P < K,
~yel

which implies that

YA e P < K
~yel’

Consequently, by (10.24) we have

n n 2K
/ o — o Pdu < D oy — QP+ —. (10.25)
H 5 M
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Since the set 'y is finite and (go(”k)) is weakly convergent to ¢ we have
i _ M2
lim Y o, — VP =0,
vel'n

and so the conclusion follows by the arbitrariness of N and taking into
account (10.25). O

10.3 The adjoint of D

10.3.1 Adjoint operator

Let us first recall the definition of adjoint operator. Let E/, F' be Hilbert
spaces and let T': D(T)) C E — F be a linear closed operator with
domain D(T") dense in E. For any y € F' consider the linear functional

Ay(z) = (Tz,y)r, =€ D(T).

Define
D(T*) ={y € F: A, is continuous}.

By the Riesz representation theorem for any y € D(T*) there exists a
unique element z € E such that

Ay(x) = (z,2)p forallz € F.
We set T*y = z. It is easy to see that T™ is a closed operator in F'.
Remark 10.17 IfY is a core® for T then the previous considerations
hold if we define A on'Y instead of in D(T).

10.3.2 The adjoint operator of D

We shall denote by D* the adjoint operator of D.
Let us first consider the case when H has finite dimension n.

Proposition 10.18 Let H be n-dimensional and let F € C}(H; H).
Then F belongs to the domain of D* and we have

D*F(x) = —div F(z) + (Q 'z, F(z)), =z € H, (10.26)
where .
div F(z) = > DpFy(z), z€H
h=1

) See Appendix A.3.1.
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and
Fy(z) = (F(x),ep), =€ H.

Proof. Write "
F(z)= Z Fp(x)en, x€H,
h—

and let ¢ € & (H). Then by (10.1) with ¢» = F}, and z = e}, we have
/H<Dg0, €h> Fh d,u = — /H<DFh,6h> (2 d,u + /H<Q71$,€h> tho d,u.

Summing up on h yields

Ap(p): =/H<D<P,F> du=—/Hdistodu+/H<Q‘lw,F)wdu-

It follows that

[Ar(p)] <

([ 1w rean) ™+ ([ 1@ F>\2du)1/2]
([ toman) "

for all ¢ € & (H). Since & (H) is a core for D it follows that F belongs
to the domain of D* and (10.26) holds. [J

Exercise 10.19 Prove that for any & € N and any ¢ € W12(H, i) we
have

* Tk
Dyo = —Dyp + N ®.
k

In the infinite dimensional case we are not able to give a meaning
to formula (10.26) in general, but only for special vector fields F.

Proposition 10.20 Let v € WY2(H, p), z € QY?(H) and let F be
given by
F(x) =9(z)z, x¢€ H.

Then F belongs to the domain of D* and we have

D*F(z) = —(Di(x), 2) + Wo-1/2,(2)9(2), x € H. (10.27)
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Proof. Let ¢ € & (H). Then by (10.13) we have

Arlp) = [ (Dpz)vdn=— [ Do) pdp+ [ Woin, 0 du
H H H
so that Ap is continuous and the conclusion follows. O

Proposition 10.21 Assume that ¢ € WiQ(H, w) and that F belongs
to the domain of D*. Assume that ¥g and D1y are bounded. Then Yo F
belongs to the domain of D* and

D*(¢oF) = D" (F) — (Dyy, F). (10.28)
Proof. For any ¢ € & (H) we have

AwF(e) = [ (Do F) o dn = [ (6oDyg. F) dp.

Using (10.11) we can write

Ao F(p) = /H (D(to), F) dp — /H (Do, F) ¢ du

:/ o D*F du—/ (Do, F) ¢ dp.
H H

and the conclusion follows. [J

10.4 The Dirichlet form associated to p

In this section we write D = D for simplicity.
Let us consider the bilinear form,

a: WH(H,p) x WY2(H, p) — R,

(pr0) = alg. ) = 5 [ (Dg. DY)

Clearly a is continuous, symmetric and coercive. Therefore, by the
Lax—Milgram theorem there exists a unique negative self-adjoint
operator

Ly: D(Lo) C L*(H,p) — L*(H, 1)

such that

@(Wﬂﬁ):—/HL%N/JCZM:—/H@Ldeu.
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We want now to identify the operator L. For this it is useful to intro-

duce the negative self-adjoint operator A := —% ~! and to consider

the subspace &4(H) of & (H) defined by (8.28).
Let ¢, € &4(H). Then by the integration by parts formula (10.1)
it follows that

/H (Do DUY=3 /H Dy Dith dp

[oe) [oe) 1
——Z/HwDitbdquZ)\k /HWDwdu
k=1 k=1

== [ o1 (D*0lan+ [ (2.7 Do)pdp
H H

Notice that the term Q~!'D1 is meaningful since 1 € &4 (H) (this is
the reason for choosing &4(H) instead of & (H)).
Therefore it follows that

1
Lop =5 Tr [D?¢] + (2, ADg), ¢ € Ea(H). (10.29)

This fact leads us to introduce the following Ornstein—Uhlenbeck semi-
group

Rep(a) = [ oo+ y)No(dy), ¢ € BiH). (10.30)

where
t
Qi = / e zds = Q(1 — Mz, x € H. (10.31)
0

In the next proposition we list several properties of R;.
Proposition 10.22 The following statements hold.

(i) Ry is strong Feller.
(ii) w is the unique invariant measure of Ry. Moreover, it is ergodic and
strongly mixing,

i Rip(e) = [ pnldy) =7 inl*(Hp.  (1032)

(iii) Ry can be uniquely extended to a strongly continuous semigroup of
contractions in L*(H, u) (which we still denote by R;).
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(iv) E4(H) is a core for Ry and the infinitesimal generator of Ry is
precisely the operator Lo defined by (10.30).

(v) Ry is symmetric, so that its infinitesimal generator Lo is self-adjoint
in L?(H, ).

Proof. (i) First notice that the controllability condition (8.18) is ful-
filled since C' = I, see Remark 8.15. Now the conclusion follows from
Theorem 8.16.

Moreover (ii) follows from Theorem 8.20, (iii) from Proposition 8.21
and (iv) from Theorem 8.22.

Let us finally show (v) which is equivalent to

/ Ryp ) dys = / o R dp, o, € L2(H, o). (10.33)
H H

Since &4(H) is dense in L?(H,p), it is enough to prove (10.33) for
o, € Ex(H). Let o = ¢p, 0 = ¢, with h,k € D(A). Then we have

/ Rt%O w du = / 67%<ch7h>e7j<x,et’4h>ei<x’k> dlu

H H

— ¢ 3{(@Qute Qooe)h ) o~ F[(Qooe! k) +(Qooe k)]
o H@uh g Q) Q)

=/ © Ry dp.
H

The proof is complete. [

Proposition 10.23 We have D(Ly) C WY2(H, i) with continuous
and dense embedding. Moreover for all ¢ € D(Ls) we have

1
| meedi=—5 [ 1DePdp (10.34)
H 2 Ju
and for all ¢, € D(Ly)
1
| Lapwdn=—5 [ (De.Dv)dn = ~ap,0). (10.35)
H H

Proof. We first prove (10.34) when ¢ € &4(H). For this let us first
show the following identity,

La(¢?) = 20Lop + |Dy|?, ¢ € Eu(H). (10.36)
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We have in fact
D(¢%) = 29Dy, D*(¢”) = 20D’p+2Dp ® Dy,
which implies that
Tr [D?(¢?)] = 2 Tr [D?p] + 2| Do,
Consequently, since ¢? € &4(H), we have
Lo(¢?) = ¢ Tt [D*¢] + [Dl* + 200(z, ADy)

and so (10.36) holds.

Now integrating both sides of (10.36) with respect to u, and taking
into account that [y La(¢?)du = 0 (because p is invariant), yields
(10.34) when ¢ € &4(H).

Let now ¢ € D(Lg). Since &4(H) is a core there exists a sequence
(pn) C Ea(H) such that

On — ¢, Lop, — Lap in L*(H, p).
By (10.34) it follows that for n,m € N,

/H |Dpy, — Doy [ dps = —2/H Lo(¢n — om) (on — om) dps.

This implies that the sequence (i) is Cauchy in W%2(H, 1), and so,
© € WY2(H, 1) as claimed. Finally, (10.35) can be proved similarly, we
leave the proof to the reader. [

We end this subsection by giving another interesting proof of Propo-
sition 10.9.

Proposition 10.24 Assume that ¢ : H — R is Lipschitz continuous.
Then ¢ € WY2(H, ).

Proof. For any ¢t > 0 we have Ryp € C}(H) (by Theorem 8.16) and
for any h € N we have,

Dufepla) = [ ((Oen, QP y)ele!x +9)Noy ()
where I'(t) = Qt_lﬂem. It follows that

Ry(¢*)(z), x € H, 1>0,

1
[DuRip(@)l” < 5

which implies that
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1
| 1DiRee@Pdu< 5 [ o
H t JH

Consequently there is a sequence t,, — 400 such that Dy R;p converges
weakly to some element g € L?(H, i1). This implies that Dy, = gy, and,
due to the arbitrariness of h, that ¢ € W2(H, u). O

10.5 Poincaré and log-Sobolev inequalities
Let us fix some notations. Setting w = % infren )\—lk, we have clearly

w = [|Q]|~! > 0. Moreover, since

O __t
ety = Z e Pk (r,ep)er, x € H,
k=1

it follows by the Parseval identity that
er|? = Ze *k (z,ep)|?, x € H,

and consequently
e < e™!, £ >0, (10.37)

We start with the Poincaré inequality.

Theorem 10.25 For all ¢ € WY2(H, j1) we have
_ 1
/ o —pdu < 2—/ |De|*dp, (10.38)
H wJH

@z/ pdp.
H

Proof. Thanks to Proposition 10.23, it is enough to prove (10.38) for
@ € D(L3). In this case we have, by Proposition A.7,

where

d
— R LoR t>0.
dt tP = Lolvw @, =

Multiplying both sides of this identity by Ry, integrating with respect
to p over H and taking into account (10.34), we find

1 d

1
2 dt / ‘Rt80| dp = / LoRip Ryp dp = —— / ‘DRt<P| dp. (10.39)
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Now we need a suitable estimate for |[DR;p|?. First we notice that for
any h € H we have

(DRip(w). 1) = [ (Dole i +y), )N, (dy). = € 1.
H
It follows, by using the Holder inequality and (10.37), that
(DRig(a), W < 2 [ Dpea +y)*Ng, (dy)

= e ' Ry(|Dgl*) [Bf*, @,h € H.
The arbitrariness of h yields
[DRyp(x)|* < e”* Ry(|Dl?)(2), @ € H.

Now, substituting |DR;p(x)|? in (10.39) and taking into account the
invariance of the measure u, we obtain

d —2w —2w
S | Rz = e [ R(De)du =~ e [ Dfd
H H H

Integrating in ¢ yields

1 —2w
/ |Rt90’2dﬂ_/ Pldp> —o—(1—c” t)/ | Dg|dp.
H H w H

Finally, letting ¢ tend to +oo, and recalling (10.32), yields

1
(@)2—/Hs02du2 —%/ngoﬁdu

and the conclusion follows, since

/ o —P*dp =/ i — (@)°.
H H

A first immediate consequence of the Poincaré inequality is the fol-
lowing.
Proposition 10.26 Let ¢ € WY2(H, ) such that Do = 0. Then
Y =19

Next we show that the spectrum o (L) of Ly consists of 0 and a set

included in a half-space {A € C: Re A < —w} (spectral gap). We have
in fact the following result.
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Proposition 10.27 We have
o(L)\{0} Cc{AeC: Re X < —w}. (10.40)
Proof. Let us consider the space
LZ(H,p) = {so e L*(H,p): = 0} -

Clearly
L*(H,p) = L2(H, p) & R.

Moreover if @ = 0 we have
(Rip) = / Ripdp = / pdp =0,
H H

so that L2(H,p) is an invariant subspace of R;. Denote by L, the
restriction of Ly to L2(H, u). Then we have clearly

o(Ls) ={0}Uo(Ly).
Moreover if ¢ € L2(H, 1) we see, using the Poincaré inequality, that
1
/ Lap o dp=—5 / |De|dp < —w/ o dy, (10.41)
H 2 Ju H

which yields
o(Ly) C{AeC: Re A< —w}. O

The spectral gap implies the exponential convergence of R;p to the
equilibrium, as the following proposition shows.

Proposition 10.28 For any ¢ € L?(H, 1) we have
/H |Rip — | dp < e /H ol*dp, ¢ € L*(H, p). (10.42)

Proof. Let first ¢ € L2(H, p). Then by (10.41) and the Hille-Yosida
theorem (Theorem A.15), we have

[ 1Rl < e [ (ofdu. o€ L(H.p). (10.43)

Now let ¢ € L?(H, i) be arbitrary. Then, replacing in (10.43) ¢ with
» — P, we obtain

| 1B —ldu= [ |Ri(e —)Pdp
H H

<ct [ Jp—pPdp<e [ Jofdn

So, (10.42) is proved. [J
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We are going to prove the logarithmic Sobolev inequality. For this
we need a lemma.

Lemma 10.29 For any g € C?(R) such that g(p) € D(Ls) we have

La(g(9) = ¢ (D)o + 5 o' (9D, 9 € Ea(H), (1044

and
1
| L d @) dn=—5 [ §"@IDePdn, ¢ eaH). (1045
Proof. Let ¢ € &4(H). Since

Dg(p) =g (¢)Dy, D?*g(p) = ¢"(p)Dyp @ Dy + ¢'(¢)D*p,

we have

La(g(p)) = % 9" (@) |Del? + % g'()Tr [D*¢] + ¢'(0)(x, D).

So, (10.44) follows. Finally integrating (10.44) with respect to p over
H yields

], Latate)du =
H

by the invariance of . So, (10.45) is proved. [J
We are now ready to prove the log-Sobolev inequality.

Theorem 10.30 For all ¢ € WY2(H, ;1) we have

1
[t < = [ Do+ o 1081 F2ga )
(10.46)

Proof. It is enough to prove the result when ¢ € &4(H) is such that
w(x) > e >0, x € H. In this case we have

& [ Rl o8B = [ LR og(Rel )
H H

dt
+ [ LaReledn
H

Now the second term in the right-hand side vanishes, due to the in-
variance of . For the first term we use (10.45) with ¢/(£) = logé. (©)
Therefore we have

(©) Indeed, we should take a suitable regularization of g in order to use Lemma 10.29.
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& [ R ogreenau=— [ Rt(l 55 DR Py (10.47)

For any h € H we have

(DRy(o? _2/ o(e! :c+y (Dg(e! x—i—y) tAh>NQt(dy).

It follows by the Hélder inequality that

(DRi(*) (), W < 4e72 [ G2(eta + y)No, (dy)

< [ IDe(et s + )N, (dy).
which yields
DR < 4e 2 Ri(?) Rul|Dl?)

Substituting in (10.47) gives
o [ R oa(Re(Ndu > —2e 2 [ Ri(IDoP)d
dt H

s [ el

due to the invariance of u. Integrating in t gives

(1-c2) [ |Difdp
H

1
/Rt ) log (R (¢? )du—/Hsozlog(sog)duza

Finally, letting ¢ tend to +o0o, and recalling (10.32), yields,

1
Il gl p0) = [ *log(eD)du = == [ 1Dgfd

and the conclusion follows. [J

10.5.1 Hypercontractivity

We consider here the semigroup R; defined by (10.30) and its invariant
measure . We show now that Ry is hypercontractive, see [16].
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Theorem 10.31 For allt > 0 we have
HRtSOHLq(t)(H”U‘) < H‘)OHLP(H,M)a p=2 pE€ LP(H7 :u)v (1048)

where
g(t) =1+ (p—1)e*", t>0. (10.49)

Proof. It is enough to show (10.48) for ¢ > ¢ > 0 and ¢ € &4(H).
We set

G(t) = IRl oy FlE) = G0 = [ (Rep)
We are going to show that
G'(t) < 0. (10.50)
This will imply that G(¢t) < G(0), which coincides with (10.48). Since

Gt = G(1) ( T®) g F(t) + —— F(t)> ,

it is enough to show that

1 F'(t)
o) F(t)log F(t) +

<0. (10.51)

Notice now that

F'(t) = /H (Rep)1 0 (t) log(Ryp)du + q(t) | (Rep)™ ™~ Lo Rypdp.

(10.52)

.

Setting f (thp)T) and using (10 34) we find that

/f log(fi7 /qu“” L () d

1 q(t)
o L, £ om0 s

o))

1 gt -1
o £ estdn =2 s | DR

Consequently (10.51) is equivalent to

q(t) —
/H £ tog(f)dpn < 2. s

S [ DrPa Plos(P). (1059
H



Chapter 10 161

Since
qt) =1 1

¢(tat)
we see that (10.53) holds in view of the log-Sobolev inequality (10.46).
U

10.6 The Sobolev space W2(H, u)
To define W22(H, ;i) we need a result that it is a generalization of
Proposition 10.3. The simple proof is left to the reader.

Proposition 10.32 For any h,k € N the linear operator Dy Dy, de-
fined in & (H), is closable.

We shall denote by Dp Dy the closure of DpDy. If ¢ belongs to the
domain of Dy, Dy, we say that Dy Dy belongs to L2(H, ).

Now we denote by W22(H, i) the linear space of all functions ¢ €
L%(H, u) such that Dy Dyp € L?(H,p) for all b,k € N and

(e.¢]
S [ 1DuDi(a) Pu(dr) < +oo
hk=1"H

Endowed with the inner product

(0, Vw2 = (V) L2(a + /H (Drsp)(Dytp)dp
k=1

£ [ (DiDe() DiDw ) ta),

k=1

W22(H, 1) is a Hilbert space. -
If o € W22(H, 1) we define D2y as follows

(D2p(x)z, 2) = Z DyDyo(x)znzk, ©,z € H, p-a.s.
)

It is easy to see that 52@(16) is a Hilbert—Schmidt operator for almost
all x € H.

The following result it is a generalization of Proposition 10.12. The
proof is left to the reader as an exercise.
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Proposition 10.33 If ¢ € W2*2(H, ) then |z|¢ € WY2(H, i), and
x> € L*(H, ).

We can now characterize the domain of the infinitesimal generator
L4 of the Ornstein—Uhlenbeck semigroup R; defined by (10.30).

Proposition 10.34 We have
D(Ls) = {90 e W*2(H, p) : / [(—A)Y2Dy|?dp < oo} . (10.54)
H

Proof. We have

1

(—A)2Dy(z) ek

=75 2

k=1

?\H
e

By (10.19) it follows that

1 _
[ A2 Dgdn = 5 3 1 A Bl
H
~vel
Thus it is enough to prove that if ¢ € D(L) the following identity holds

STHLATYP ey = Z / | Dy Drpdp+ > (7, A2) o4 2

yel h,k=1 ~vel
(10.55)

We have in fact for any h € N,

Dy H, = H
h )\h ’Y(h h)?
where
Y if n # h,
YR =
Y, —2 ifn=h,
and we have set H_5(§) = 0. Moreover if h, k € N with h # k we have
TrVk
DyDyH, = H
nDiH, N
where
Yn ifn#hn#k
'yT(lh’k) =¢vy—1 ifn=h,

v —1 ifn=%k.
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It follows that

Vol —1) ’}’h —1)
=Y T o H ),
yel
and
h'Vk
DDy Hop = Z\W o .
yel’ )\h)\k
Therefore
S 2 wWn—1), 2
> [ iDuglan= [ T, (10.56)
h=1"H 7€l h
and
S [ IDuDigldi = X[ P X (AP (1057)
k=1 ~er ~er

Now (10.55) follows from (10.56) and (10.57). O
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Gradient systems

11.1 Introduction and setting of the problem

We are given a separable real Hilbert space H (norm |- |, inner product
(-,+)), a self-adjoint strictly negative operator A : D(A) C H — H such
that A~ is of trace class and a non-negative mapping U: H — [0, +o<]
(the potential).

We consider the Gaussian measure y = Ng where () = —% A=l and
the probability measure (Gibbs measure)

v(de) = Z7 e V@ y(ds), zeH,
where Z is the normalization constant
Z = / e V@) 1y (da).
H
Then we consider the following Kolmogorov operator
NOQO:LZQO_ <Da:U7D:U()0>7 RS gA(H)7

where Lo is the Ornstein—Uhlenbeck operator
1
Lop =5 Tr [Dig] + (2, ADag), ¢ € Ea(H),

studied in section 8.3.(1)

The goal of the chapter is to show that, under suitable assumptions
on U, Ny is essentially self-adjoint in L?(H,v). Then, denoting by N
the closure of Ny, we study several properties of the Markov semigroup
Pt = €tN2.

(1) & 4(H) is the space of exponential functions defined in (8.28).
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We will not attempt to develop a general theory of Gibbs mea-
sures; we will discuss only a significant situation, see section 11.2 for
a motivating example. For an introduction to spin systems and Gibbs
measures see for instance [25] and [10, Chapter 11].

11.1.1 Assumptions and notations

Concerning A we shall assume that

Hypothesis 11.1
(i) A is self-adjoint and there exists w > 0 such that

(Az,z) < —w|z|?, =z € D(A).

(i) There exists 8 € (0,1) such that Tr[(—A)?~1] < 4-o0.

We set QQ = —% A~" and consider the nondegenerate Gaussian mea-
sure 1 = Ng. We denote by (ex) a complete orthonormal system of
eigenvectors of @ and by (M) the corresponding eigenvalues. For any
x € H we set xp, = (z,ex), k€ N.

Moreover, we consider the Ornstein—Uhlenbeck semigroup R; in
LP(H, p) where p > 1 (introduced in Chapters 8 and 10, see in partic-
ular (10.30)),

Riplz / oz +y)No, (dy), z € H, t >0, p € By(H), (11.1)

where
Qi =Q(1 —e¥Y, t>0. (11.2)

We recall that, for any p > 1, R; is a strongly continuous semigroup
of contractions in LP(H, u) and that the space of all exponential func-
tions &4 (H ) is a core for its infinitesimal generator L, (Theorem 8.22).
Finally,

1
Lyp =5 Tr [D3g] + (1, ADa), ¢ € Ea(H).  (113)

Concerning the potential U: H — RU {400} we shall assume that

Hypothesis 11.2
(i) U belongs to WH2(H, i) and it is non-negative.

(ii) Setting
7 = / 2UW)
H

p(x) = Z e V@) p e H,

and
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we have
py /B € WA, p). (11.4)
Then we define the probability measure v on (H, #(H)),
v(dz) = p(x)p(dx). (11.5)

Let us explain the content of this chapter. After a motivating exam-
ple presented in section 11.2, section 11.3 is devoted to the definition of
the Sobolev space W12(H, v). In section 11.4 we introduce the linear
operator

Nop = Lap — <D$U7D1E(p>7 Y e @ﬁA(H)7 (116)

and show that it is symmetric in L?(H,v) and consequently, closable
(see Step 1 in the proof of Theorem A.21).

In order to prove that Ny is essentially self-adjoint we need some
other tools as the notion of cylindrical Wiener process and some results
on stochastic differential equations in Hilbert spaces which we introduce
in section 11.5.

Section 11.6 is devoted to proving, under the additional assumption
that U is convex and lower semicontinuous, that Ny is essentially self-
adjoint (the reader interested to the case when U is not convex can
look at [10, Chapter 10]).

In this section an important réle will be played by the Moreau—
Yosida approximations Uy, a > 0, of U (we shall recall some properties
of U, at the end of this section) and by the approximating equation, (2)

Aoa — Lopa — (DyUq, Dypo) = f, a>0. (11.7)

We shall show that the solution of equation (11.7) is given by the
formula

+oo
oulz) = / e NE[f(Xalt,2))]dt, =€ H,
0
where X, (¢, z) is the solution to the stochastic differential equation

{ dXo = (AXo — DylUa(Xo))dt + dW (2)

Xo(0) =, (11.8)

and W (t) is a cylindrical Wiener process in H.

Finally, in section 11.7 we study the semigroup generated by the
closure of Ny, the Poincaré and log-Sobolev inequalities and the com-
pactness of the embedding of W12(H,v) into L?(H,v).

() Indeed, we shall need a further approximation, see section 11.6.
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Remark 11.3 Once we have defined the space W2(H,v), we can
consider the symmetric Dirichlet form

alp ) =5 [ Dap. D), pb €WA(HY). (119)

Since a is obviously coercive, by the Lax—Milgram theorem there exists
a negative self-adjoint operator No in L?(H,v) such that

alp) = —5 [ Napdv. o€ D). (11.10)

One can show that Ny can be identified with the closure of the differ-
ential operator Ny above, see e.g. [24] and references therein.

11.1.2 Moreau—Yosida approximations

Let U: H — (—00,400] be convex and lower semi-continuous. Then
the Moreau—Yosida approximations U, of U are defined by,

1
Ua(x):inf{U(y)+m|x—y|2: yEH}, r€H, a>0.

Let us recall some properties of U,, for proofs see e.g. [3].
Lemma 11.4 Let a > 0. Then the following properties hold.

(i) Uy is convex, differentiable, and Uy (z) < U(z) for all z € H.
(ii) We have
|DUq ()| < |DU(z)|, forallz e H,

where | DU (x)| is the element of the subdifferential OU (z) (which
is a non-empty convex closed set) of minimal norm.
(iii) We have

lin% Ua(xz) =U(x), forallz € H,
lin% D,Uy(x) = D,U(x), forallze H.

11.2 A motivating example

Let us consider the linear operator in H := L?(0,1) defined as
{A:U = Dgzz:, x € D(A),
D(A) = H?(0,1) N Hg(0,1), (11.11)
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where ¢ € [0,1], H¥(0,1), k = 1,2, are the usual Sobolev spaces and
H}(0,1) = {z € H'(0,1) : z(0) = (1) = 0}.
It is well known that A is self-adjoint and that
Aey, = —1°k%e;, k€N,

where (e) is the complete orthonormal system on H defined as

er(é) = \/E sin(krg), €€[0,1], ke N. (11.12)

It is easy to see that A fulfills Hypothesis 11.1 with w = 7% and with
B equal to any number in (0,1). So, we have QQ = —% A7l and A\, =
5o, keEN

Remark 11.5 The measure p = N is the law of the Brownian bridge
in [0, 1], see subsection 3.4.1. Therefore u is concentrated on the space,

{z € C([0,1]) = 2(0) = 2(1) = 0}
(we shall not use this fact in what follows).

We are interested in the following potential

o [e@Pras, e e 1m,1)
Um(x): 2m Jo

+00, if v ¢ L*™(0,1), (11.13)
where m € N is given. We are going to show that U fulfills

Hypothesis 11.2. For this we need some preliminary result on random
variables in L?(0,1), interesting in itself.

Remark 11.6 The measure v, defined by
v(de) = Z e 2Ump(dx),

is the Gibbs measure corresponding to the stochastic reaction-diffusion
equation

dX = (AX — X?™ Ydt 4+ dW (t),

where W (t) is a cylindrical Wiener process in L?(0, 1), see subsection
11.5.1 below and [7].



170 Gradient systems

11.2.1 Random variables in L?(0, 1)

We set here H = L?(0,1). Let us first define the Dirac delta at ¢ for
any ¢ € [0,1] on L?(H, ). For any z € H and N € N we set

N
0 (x) = an(€) = D _(m, er)er(€), €€0,1],

k=1

where the system (ey) is defined by (11.12). Consequently,
N 1 )
¢ (z) = <l’ Zek(5)€k> = — (2,Q nng) = Wy (7)
E ’ ’ 75 TN, ?
=1 V2r e

where

N1
NNg = Z 7k ek, §€[0,1].

Notice that nye € WH2(0,1) for all £ € [0,1] and that

li = in H, f 11 1
Am nne=ne in H, fora £ €10,1],

where
1 > 1
Ne = N kz::l z ex(Qer, £€[0,1]. (11.14)

It follows that there exists the limit

lim W,

Jim Wy =Wy, in L*(H, p).

So, we define
d¢(x) = x(§) == Wy (), forall € [0,1] and for y-almost z € H.

Notice that, by the Parseval identity, we have
e = 5 > @ < =, ¢elo.1] (1L15)
el = on2 = g2 - 6n’ T ’

Exercise 11.7 Show that e is continuous in &.

Now, we shall write the potential U, as

Upn () /W2m )¢, x € H.
2m
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Proposition 11.8 U,, belongs to LP(H, ) for any p > 1.

Proof. Let us consider the case p = 1. Then, by the Fubini theorem
and taking into account (9.11) and (11.15), we find that

/(] 1 WE(o)de ) wldo) = [ 1 ([ warmtas) ) dg

1
< Cm/ (14 |ne™)d€é < +o0.
0

So, Uy, € L'(H, 11). The case p > 1 can be handled similarly. [J

Proposition 11.9 U,, belongs to W 2(H, 1) and®)

DyUpn(x)(€) = Wi Hz) = 2®™71H(¢),  p-ace. (11.16)
Proof. Set
2m
U, ( 2m/WnN§ )d¢, x € H.

Then U, n is a C' function and, for any h € H, we have

DUy n(x) - h = / Wt (@) h(a)dé = / 2m=L(e)h(&)dE.
It is easy to see that

lim Uy n = Uy, in L*(H,u),
N—oo

Jim DUy = DeUp  in L*(H,u; H).
Consequently, Uy, belongs to W12(H, 1) and (11.16) holds. OJ

Exercise 11.10 Prove that U, belongs to W1?(H, 1) for all p > 1.

We can now check that Hypothesis 11.2 is fulfilled. We first notice
that p = Z 'e=2Un is bounded. Moreover, we prove the result

Proposition 11.11 p and \/p belong to W2 (H, p) and
D.p=—2D,Upp. (11.17)

Proof. Since p = Z7'e™?Yn and U,, € WY2(H, i), we can apply
Proposition 10.8 to conclude that p € WH2(H, u) and (11.17) holds. In
a similar way, one can prove that \/p € Wh(H, p). O

) Throughout this chapter we shall write D = D = D,, for simplicity.
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11.3 The Sobolev space W12(H,v)
We proceed here to define the Sobolev space WY2(H,pu) as in
Chapter 10. So, we start by proving an integration by parts formula.

Lemma 11.12 Assume that Hypotheses 11.1 and 11.2 hold. Let p, €
& (H) and k € N. Then we have

/Dkgpwdyz—/ © Dy dl/—|—/ {M—Dklogp] v 1 dv. (11.18)
H H H [k

Proof. Write
| Deevdv= [ Do pdn
H H

Since ¥p € WH2(H, 1), we can apply the integration by parts formula
(10.1), and we get

1
/HDksowduz—/HsaDkwp)de | awo v v

1
—— [ eDwdv— [ ouDiogpdv+ [ s,
H H e JH

which yields (11.18). O
Before proving closability of the derivative, we need a lemma.

Lemma 11.13 Assume that Hypotheses 11.1 and 11.2 hold. Then we
have DyU = —% D, logp € L*(H,v; H).

Proof. Since . .
=——1 — = logZ
U 5 108p— 5 log 2,

and D, logp € L?>(H, u; H), we have

Dgp

1 1
Consequently,

D 2
/ | D, logp[zduz/ [Depl® du:4/ ]DZ,\/,E\Qdu.
H H P H

O

Proposition 11.14 Assume that Hypotheses 11.1 and 11.2 hold. Then
for any k € N the operator Dy, is closable on L*(H,v).
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We shall still denote by Dy, its closure.
Proof. Let (¢,) be a sequence in & (H) and g € L?>(H,v) such that

op — 0, Do, — g in L2(H, V).

We have to show that g = 0. Let ¢ € & (H). Then by Lemma 11.12 we
have

/DkandV:_/¢nDk¢dV+/%Sond}dy
H H H Ak

—/ Dy log p on Y dv. (11.19)
H

Moreover, taking into account Lemma 11.13, we have

lim / Dkgonwduz/ gudy,
n—oo /g H

lim / on Dy dv =10
H

n—oo

lim / Dy log p o ¢ dv = 0. (11.20)
n—oo H
We also claim that
lim [ zppppdry = 0. (11.21)
n—oo H
We have in fact
2
‘ / Tepnthdy| < / phdv / zp® pdp
H H H

1/2 1/2
< / ondv ( / deu) ( / wiw4du) — 0,
H H H

as n — 00. So, (11.21) follows. Now (11.20) and (11.21) yield

/ gudy = 0,
H

so that the conclusion follows from the arbitrariness of g. [
We now define W12(H,v) as the linear space of all functions ¢ €
L?(H,v) such that Dy € L?(H,v) for all k € N and

g:l/H |Dyo(x)Pv(de) < +oo.
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W12(H,v), endowed with the inner product,

(s V) wra(r) = (0, V) r2(rm) + D /HDW Dyt dv,
k=1

is a Hilbert space.
If p € WH2(H,v) we set

Dyo(x) = Z Dyp(z)er, v-ae.in H.
k=1

Since

o0
|Dap(x)|” = Z |Drpp(z)?, v-ae.in H,
k=1

the series is convergent for v-almost all x € H. We call D,p(z) the
gradient of ¢ at x.
In an analogous way we can define W*2(H,v), k > 2.

11.4 Symmetry of the operator Ny

Let us consider the linear operator
N()(p = Lg(p — <D:BU, Dx(,D>, p e gA(H) (1122)

We want to consider Ny as an operator in L?(H,v). This is possible
thanks to the following lemma.

Lemma 11.15 Assume that Hypotheses 11.1 and 11.2 hold. Then

(i) No respects v-classes. That is if p and 1 are two functions in &x(H)
such that ¢ = 1 v-a.e. then ¢ is identically equal to 1.

(ii) Nop € L*(H,v) for all p € Eo(H).

Proof. Let us prove (i). Let ¢,1 € &4(H) such that ¢ = 1, v-a.e.
Then we have

o(@)p(e) = B@)p(z), prac.

On the other hand, p(z) = Z 1e 2®) > 0 p-a.e. since U(z) < +oo
p-a.e. thanks to Hypothesis 11.2(i). So, we have ¢ = 1 u-a.e. Since the

measure p is full this implies that ¢ is identically equal to 1.
Let us finally prove (ii). Write

/ | Nog|?dv < 2/ |L2¢|2du+2/ (DU, Dyp)|2dv.
H H H
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Let a,b > 0 be such that
|Lop(x)| < a+blx|, z€H,

then we have

/ | Logp|?dv < 2a° + 2b2/ |22 pdp
H H
1/2 1/2
< 2a? + 2v? </ deM) (/ |:E|4d,u) < +o0.
H H

| DU Do) Py < el [ 1D,UPdy < +oc.
H H

Moreover,

So, the conclusion follows. [

Proposition 11.16 Assume that Hypotheses 11.1 and 11.2 hold. Then
for all g, € Eo(H) we have

/ Noy Ydv = —% / (Dgp, Dytp)dv. (11.23)
H H

Therefore Ny is symmetric in L*(H,v).
Proof. Let ¢,9 € &4(H). Then we have

[ Nog v = [ Lag b pdp— [ (DU Duphuia.
H H H
Since p € WY2(H, 1) we have p € WH2(H, 1) and

/ prduz—% / (D, Do () )
H H

1 1
=5 [ Do D) = 5 [ (Dup. Dilog phvv
2 Ju 2 Ju

1 1
— /<ng0,Dx1/J>dl/+* / (Dyp, DU )dy,
2 Ju 2 Ju

and the conclusion follows. [J
Since Ny is dissipative in L2(H,v), it is closable (see Theorem A.21);
we shall denote by N the closure of Ng.
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11.5 Some complements on stochastic differential
equations

11.5.1 Cylindrical Wiener process and stochastic convolution

Let us define a cylindrical Wiener process on the probability space
(Q,.7,P) where Q = # = L*(0,+00; H), .F = B( ), and P = Ng,
where 2 is any operator in L{ (#) such that Ker 2 = {0}. Then we
set (4

Br(t) = []ek, t>0, keN.

Clearly (k) is a sequence of independent standard Brownian motions
n (9, 7,P).

Now the cylindrical Wiener process W can be defined formally by
setting

= Z exBr(t), t>0.
k=1

Note that this series is P-a.s. divergent since
oo
= t=+00, t>0.
However, the stochastic convolution

WA(t):/Ot =) Aqw (s) Z/ (t=)Aepd B (s), (11.24)

is well defined as the next proposition shows.

Proposition 11.17 Assume that Hypothesis 11.1 holds. Then for each
t > 0 the series defined by (11.24) is convergent on L*(Q,.%,P; H) to a
Gaussian random variable W4 (t) with mean 0 and covariance operator
Q:, where

Qi =Q(1—e"), t>0.
We shall denote by p; the Gaussian measure Ng,.

Proof. Let t > 0, and n,p € N. Taking into account the independence
of the real Brownian motions (), we find that

n-+p

Z /\ets ex|%ds.

n-+p

Z/ (=4 e dBi(s

) See Chapter 1 for the definition of the white noise mapping W.
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Since

At
> /0 =M e Pds = Tr Q¢ < +oc,
k=1

the series
0o
Z/ =) e dBi(s),
k=170

is convergent in L2(Q,.%,P; H), to a random variable W4(t) € L?(Q, .7,
P; H).

By Proposition 1.16 it follows that W4(¢), as the limit of Gaussian
random variables, is a Gaussian random variable as well. By a simple
computation we find finally

E[(Wa(t), h)(Wal(t), k)] = (Qith, k), h,k € H.

Therefore the covariance operator of W4(t) is @y and consequently the
law of Wx(t) is Ng,. O

Now we are going to show that, thanks to Hypothesis 11.1(ii), Wa(+)
is continuous P-almost surely.

We shall use again the factorization method introduced in
section 3.1. Using identity (3.1) we can write the stochastic convolution
W4 as follows,

: t
Wa(t) = 22T /0 At — )2 1Y (5)do, (11.25)

s

where a € (0,1) and
Y(o) = / ") A (g — $)" %W (s), o > 0. (11.26)
0

To prove continuity of W4 we need an elementary analytic lemma which
is a generalization of Lemma 3.2.

Lemma 11.18 Let m > 1,7 > 0,a € (1/(2m),1) and g € L*™
(0,T;H). Set

G(t) = /O te(t_U)A(t—a)o‘_lg(a)da, t e [0,T].

Then G € C([0,T]; H) and there is Cy, 7 > 0 such that
G| < Cotllglznorn, €07 (1127



178 Gradient systems

Proof. Let t € [0, 7], then by Holder’s inequality we have (notice that
2ma — 1 > 0),

2m—1

t _1)_2m_ 2m
GOl < Mr ([[¢- )55 o) 7 gl (1125)

which yields (11.27).

It remains to show the continuity of F. Continuity at 0 follows from
(11.28). Let ty > 0. We are going to prove that F' is continuous on
[%0,T). Let us set for e < %

G.(t) = /0 t_ge(t’U)A(t —0)* g(o)do, tel0,T).

G, is obviously continuous on [e, T'|. Moreover, using once again Holder’s
inequality, we find

2m—1

2m 1
) e* " am ‘f|L2m(0,T;H)7 t> 0.

2m —1
2ma — 1

GO - Go(0)] < (

Thus lim. g G=(t) = G(t), uniformly on [%, T, and G is continuous as
required. []

Proposition 11.19 Assume that Hypothesis 11.1 holds. Let m > 1
and T € (0,+00). Then there exists a constant Cy, 7 > 0 such that

E( sup [Wa(t)*™| < Cpr. (11.29)
t€[0,T]

Moreover Wa(+)(w) is P-a.e. continuous on [0, T].

Proof. Let Y be defined by (11.26). Then, in view of Proposition 11.17,

Y (o) is a Gaussian random variable Ng_ for all o € (0,7], where

g
Syx :/ s72e24ds, x € H.
0

We set Tr S; = Cq . Consequently, for any m > 1 there exists a
constant D, o > 0 such that

E (Y (o)) < Dimac™, o €0,7]. (11.30)

This implies that

T D
2m m,o m—+1
/0 E(|Y(a)| )dagim_i_lT ,
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so that Y (-)(w) € L?™(0,T;H) for almost all w € Q. Therefore
Wa(-)(w) € C([0,T]; H) for almost all w € Q. Moreover, recalling
(11.28), we have

M 2m 2%m — 1 2m—1 T
sup [Wa(t)2™ < (T> (m) p2me / ¥ (0)[2do.
te[0,T] ™ 2ma —1 0

Now (11.29) follows, taking expectation. [J

11.5.2 Stochastic differential equations
Consider the following stochastic differential equation
dX(t) = (AX(t) + F(X(t)))dt + dW (),
{X(O) —reH, (11.31)

where F': H — H is Lipschitz continuous. We shall denote by K the
Lipschitz constant of F', so that

|F(z) = F(y)| < K|z —yl, @,yeH

By a mild solution of problem (11.31) on [0, 7] we mean a stochastic
process X = C([0,T); L*(Q,.Z,P; H)) such that )

X(t) = ez + /0 t eE=AR(X (s))ds + Wa(t), (11.32)

where W4 is the stochastic convolution defined before.
By C([0,T]; L*(Q,.%,P; H)) we mean the space of all stochastic
processes X (t) such that,

(i) X(t) € LX(Q, Z,P; H) for all t € [0,T].
(ii) The mapping [0,T] — L?*(),.#,P; H), t — X(t), is continuous.
C([0,T); L*(Q2, #,P; H)), endowed with the norm
1/2
X leqoriz@ ) = sup (E(X(0P) ",
te[0,7]
is a Banach space.

Proposition 11.20 For any x € H equation (11.32) has a unique mild
solution X.

(5) We do not need here that the process is adapted to W.
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Proof. Setting Zr = C([0,T]; L*(Q, %, P; H)), (11.32) is equivalent to
the following equation in Zp,

X(t) = o +~y(X)(t) + Wa(t), tel0,T],

where

F(X)(t) = /Ot IAR(X (s))ds, X € Zp, tel0,T).

It is easy to check that v maps Zr into itself and that
V(X) =v(X)llzp <TIX = Xallzp, X, Xa € Zr.

Now let T} € (0, 7] be such that 77 < 1. Then + is a contraction on Zr, .
Therefore, equation (11.32) has a unique mild solution on [0, 73]. By a
similar argument, one can show existence and uniqueness on [T}, 277]
and so on. [J

We shall denote by X (-, z) the mild solution to problem (11.32). Let
us study the continuous dependence of X (-, z) by x.

Proposition 11.21 Let z,y € H. Then for any x,y € H we have
X (t,2) = X ()| < "z —yl. (11.33)
Proof. In fact, for ¢ € [0, 7], we have
t
X(t,2) = X(t,y) = ez —y)+ / IAF(X (s,2)) = F(X(5,9))]ds.
0
Consequently
t
X(ta) = Xyl < o=yl + K [ |X(5,2) = X(5,9)lds
and (11.33) follows from Gronwall’s lemma. [J
Now assume that F is of class C2. Our goal is to prove that in this

case the mild solution X (¢,z) of (11.32) is differentiable with respect
to z and that for any h € H we have

D.X(t,x) -h=n"(t,x), t>0, z€H,
where 7" (t,x) is the mild solution of the equation

p ' (t,x) = An'(t, x) + Do F(X (t, ) - n" (¢, ),
n0,2) =h. (11.34)
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This means that 1" (¢, ) is the solution of the integral equation
t
n'(t,x) = eh +/ =AD,F(X(s,2)) - n"(s,x)ds, t>0.
0
It is easy to see, proceeding as for the proof of Proposition 11.20, that

(11.34) has indeed a unique mild solution 7" (¢, z).

Theorem 11.22 Assume, besides Hypothesis 11.1, that F is of class
C? with bounded first and second derivatives.®) Then X (t,x) is differ-
entiable with respect to x (P-a.s.) and for any h € H we have

D.X(t,x)-h=n"(t,z), P-as. (11.35)
where n"(t, x) is the mild solution of (11.34). Moreover,

P (t,2)] < B p), >0, (11.36)
where K 1is the Lipschitz constant of F'.

Proof. Multiplying both sides of (11.34) by n"(t,z) and integrating
over H yields

5 S 6 = (A 0,2), (6 2) + {DeF(X(0,2)) 1 (1,2), (1 )

< (—w+E)n"(t, @),

which implies (11.36) from the Gronwall lemma.

Let us prove now that n/(t,z) fulfills (11.35). For this fix 7" > 0,
x € H and h € H such that |h| < 1. We are going to show that there
is Cr > 0 such that

| X (t+ h,z) — X(t,z) — g (t,z)| < Cr|h|?, P-as. (11.37)

Setting
P (t2) = X(L o+ h) — X(ta) — (¢, a),

we see that r"(t, ) satisfies the equation

rh(t,z) = /0 t DAF(X (5,2 + h)) — F(X(s,z))]ds

t
—/ =ADF(X (s,2)) - gl (s, z)ds.
0

() In particular, F' is Lipschitz continuous.
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Consequently we have

0 = [ I [ DR ] - (07, + (s,
- /0 et=9AD, F(X(s,2)) - 1" (s, 2)ds,
where

p(&,s) =X (s,x+h)+ (1 —=&X(s,z).
Therefore

i, x) = /Ot elt=s)4 /01 DzF(p(f,s))df] (s, x)ds

- /Ot =94 [/ol(DxF(p(«S, s))

—D F(X (s, )))dél "(s,2)ds.

Setting yr = supycpo,r e=wH It and taking into account (11.36), we
find that

‘/ol(DwF (p(€.5)) = DoF (X (s,fﬁ)))df‘

1
3 ID*Fllo 1] X (s, 2+ h) = X(s,2)]

IN

IN

1
3 ID*F o ] (|7 (s, 2)| + 7 |B]).
It follows that

t
" (8, 2)| < (K + HD2FH0)/O ["(s,2)|ds + Tyr | D*F|lo |h[*.

Thus (11.37) follows from the Gronwall lemma. [J

11.6 Self-adjointness of N,

In this section we assume that Hypotheses 11.1 and 11.2 are
fulfilled and, in addition, that U is convex, nonnegative and lower
semicontinuous. We shall approximate U by its Moreau—Yosida ap-
proximations U,. However, U, is not regular enough for our purposes
(it is only C! with Lipschitz continuous derivative). So, we introduce a

further approximation. We set

Uao(®): = RoUa®) = [ Uale™a 4 ylus(dy). .60, (1139)
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where Rg is the Ornstein-Uhlenbeck semigroup defined by (11.1). By
Remark 8.15, R; fulfills (8.18) so that, in view of Theorem 8.16, U, 3
is C*° for any «a, 8 > 0. In particular, for any h € H we have

(DpUq (), h) = /H (DaUa(e™z +y), e h)pe(dy), B> 0. (11.39)

It is easy to check that D,U, g is Lipschitz continuous, of class C*°
and that its derivatives of all orders are bounded in H. Moreover, in
view of Lemma 11.4, we have

lin%] éinb D,U,p(x) = D,U(x), x€ H. (11.40)

Our goal is to show that Ny is self-adjoint or, equivalently, that for
any A > 0 and any f € L?(H,v) there exists ¢ € D(N>) solution of the
equation

Ap — Nop = f. (11.41)

We recall that, by a classical result due to Lumer and Phillips (see
Theorem A.21 in Appendix A), in order to show that N is self-adjoint
it is enough to prove that the range of A\ — Ns is dense in L?(H,v) for
one (and consequently for all) A > 0.

It is convenient to introduce the approximating equation

)\(,Daﬁ — L24pa75 — <Dan”g, Da:‘;pa,ﬁ> = f, Q, ﬁ > 0. (11.42)

To solve equation (11.42) we introduce the stochastic differential
equation

{ dXop = (AXpp — DelUns(Xop))dt + dW (1)

Xa,8(0) =z, (11.43)

where W (t) is the cylindrical Wiener process in H introduced in
section 11.5. Notice that equation (11.43) has a unique solution X, 3
in view of Proposition 11.20.

Now we are ready to prove the following result.

Proposition 11.23 For any f € CL(H), o, 3 > 0, equation (11.42)
has a unique solution ¢ 3 € Lip H N D(Ly) for any p > 2. Moreover

1
leaslln < 5 I1f11- (11.44)
Finally pap € D(N2) and
Nowa,g = Mo, — [+ (D2U — DiUa g, Datpa,s)- (11.45)
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Proof. We claim that the solution of (11.42) is given by

400
pap(@) = [ MBI (Xagplto)ldt, @€ H, 120,
0

where X, 3 is the solution to (11.43). First notice that ¢, g is of class
Cland fort >0, x € H

(Dupes@) 1 = [ € NBD (Xert2)), DaXorplt )l
Moreover, it is not difficult to see that ¢, g € D(Ly) for all p > 2 and
Xpa,8 = Lppa,p + (DaUa,p, Datpa) = f-

To go further, we need the following continuous inclusion,
LY(H,p) C L*(H,v).

We have in fact, by the Holder inequality,

2 2
</ sOQdV> :(/ s02pdu) S/ pldu, o€ L*(H,v).
H H H

We are now ready to show that ¢, 3 € D(N2). Since ¢, € D(Ly),
and &4(H) is a core for Ly, there exists a sequence (¢q,8.n) C Ea(H)
such that

lim Pa,B,n = Pa,Bs nlLHolo L490a,ﬂ,n = Lypo in L4(Hv M)

n—oo

Since D(L4) C WY4(H, j1) with continuous embedding (this fact is an
obvious generalization of Proposition 10.22), we also have

lim Dypa g = Depas in L*(H, p; H).

n—o0

Set
fo= A‘Pa,ﬁ,n - L4(Pa,6,n + <DzUa,ﬂ7 Dz@a,ﬁ,n>'

We claim that
lim f, = f in L*(H,v).

n—oo

For this it is enough to show that

fimg /H (D2Uq., Datpa,g — Dapa,pn)dv = 0.

n—oo

We have in fact, since there is ¢, 3 > 0 such that |D,U, g(x)| < cqp
(1+|z|), x € H,
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| {D2Ua s, Datas = Dipopn) Py < [ |DeU ol Ducpas

_Dm(Pa,ﬂ,andMS Ci’ﬁ /H ’stoa,ﬁ - ngpa,[)’,n|4d,u /H(l + ]m\2p2)d,u

Since f,, — f in L?(H,v), it follows that ¢, 3 € D(N3) and (11.45)
holds.

Finally (11.44) follows from (11.36). O

We are now ready to prove the main result of this chapter.

Theorem 11.24 N is self-adjoint in L*(H,v).

Proof. We shall prove that for any A > 0 the range of A — Ny is dense
in L?(H,v).
Let f € CL(H), a> 0,3 > 0 and let ¢, g be the solution of (11.42).
By Proposition 11.23 we have
Apa,g — Nowa g = f— (DU — DyUq g, Dppag)- (11.46)

Taking into account (11.44) we find that

1
| {D:U = DoUn, Do) Py < 5 1F11 [ 1DV = Dol sfdv
1 2 1 2
<5 W [ 1DsU = DolafPdy + 5 15 [ 1Dl = Dul s
A H A H

= 5 U+ Tag).
Since D, U, is Lipschitz continuous, there exists ¢, > 0 such that
|D,Uq g(x)| + |DpUn ()] < ca(l+ |z]), =€ H.
Consequently,
|D2Ua () = DelUa,p(@)* < dcg (1 +[al)?, x € H,
and since
At lahvide) = [ (1+[a)*p(@)n(dr) < +oc.
we can conclude, by the dominated convergence theorem, that

lim Io5 =0, a>0.
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Since, again by the dominated convergence theorem,
iy fa =,

we have proved that

lim lim (D,U — DUy 3, Depag) =0 in L*(H,v).

a—0[3—0

This implies that the closure of (A — Na)(L?(H,v)) includes C}(H)
which is dense on L?(H,v). Therefore the range of A — Ny is dense in
L?(H,v), and the conclusion follows from the Lumer-Phillips theorem
(Theorem A.21). O

By Proposition 11.16 it follows that

Proposition 11.25 Assume that Hypotheses 11.1 and 11.2 hold. Then
for all p,v € D(N3) we have

1
[ Nap v = =5 [ (D Do (11.47)

Proof. Let ¢,9 € D(N3). Since &4(H) is a core for Na there exist
sequences (¢p), (¥n) in &4(H) such that

lim ¢, = ¢, nan;ozbn =1 in L*(H,v).

n—oo

In view of (11.23) we have

/HNOQOn d)nduz—% /H< 2 Pn, Dotn)dv

Now, the conclusion follows, letting n — oco. [J
We shall denote by P; the semigroup generated by No. We can prove
now an interesting identity.

Proposition 11.26 Assume that Hypotheses 11.1 and 11.2 hold. Then
for all ¢ € D(N2) we have

/Rd(PtSD)2 v(dz) +/0t ds /Rd |D,Pyp|? v(dx) = /Rd ©? v(dz). (11.48)

Proof. Let ¢ € D(N3) and write

1 d
> & (Pip)? = NaPp Prp.
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Integrating this identity over H with respect to v and taking into ac-
count (11.47), yields

1 d

1
- = / ’Pt(P|2dV=/ NoPrp Prp dv = —- / | Dy Prp|*dv.
2 .dt Jg H 2 Jg

Now, (11.47) follows, integrating with respect to ¢t. [J

11.7 Asymptotic behaviour of P;
Proposition 11.27 For any ¢ € L?>(H,v) we have
lim P = /H pdv in L*(H,v). (11.49)
Proof. Let ¢ € L?>(H,v). By (11.48) we deduce that the function
[0,00) = R, t — /H(Ptcp)Zdl/
is decreasing. So, there exists y(¢) > 0 such that
m 1Pl 21,y = (-
It follows that
Jim (Pup, Pab) 2y = 5 [+ ) = 2(9) = 1(8)] for all .46 € 2(H,v).
This implies, in view of the symmetry of P, that there exists the limit

Jim (Pyp, ) raar,) - for all o, 4 € L*(H,v).

By the uniform boundedness theorem, there exists a bounded operator
G in L?>(H,v) and it is easy to see that

Jlim Pip =Gy forall € L*(H,v). (11.50)
Now, let ¢ € D(N3). Then from (11.48) it follows that

00
L 1DsPielands < el (1L51)

and
“+00 9 9
| IDe PN s < el (11.52)
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Set
a(t) = 1D P2y B = 1DPNogl 2 gr,ys > 0.

Then we have

Therefore
a(t) <l 10/ O < 2000211, IN261172(11,0)
so that a € WH1(0, +00). Consequently,
tli)rglo a(t) =0. (11.53)

Finally, let t,, T +o0o and ¢ € L?(H,v) such that P;, ¢ — v weakly. So,
Po—v, DyP, ¢ — 0.

This implies that v is constant and

w=/H<p(y)V(dy)-

The conclusion follows. [
From Proposition 11.27 it follows that the measure v is ergodic and
strongly mixing.

11.7.1 Poincaré and log-Sobolev inequalities

We assume here that Hypotheses 11.1 and 11.2 hold and that U is
convex. For any a > 0 and # > 0 we denote by v, g the probability
measure

Vo p(dx) = Z;,lﬁe*mjaﬁ(m) p(dz),

where

Zap = / e~ e W y(dy),
H

and U, g is defined by (11.38).
By the dominated convergence theorem we have
ili% éli% Vo3 =V weakly. (11.54)
Moreover, we denote by X, g(t,x) the solution of (11.43) and set
nzﬁ(t,m) = D, X, p(t,x). By (11.34) it follows that for any h € H,

we have
Il (t 7)) < e '|h|, we H, t>0. (11.55)
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Lemma 11.28 For all ¢ € WY2(H, v, ) we have

1
/H 0 = B gl dras < E/H |Dyo|?dvg g, (11.56)

where
@a,ﬁz/ @dya,ﬂ-
H

and

1
/H<p210g(<p2)dva,ﬂéa /}LI\DM\QdVa,ﬁﬂL||¢||%2(H,yu,5)log(l\wlli2<H,ua,5))-
(11.57)

Proof. To prove (11.56) we proceed as for the proof of Theorem 10.25,
using the basic ingredients (11.49) and (11.55). Similarly, to prove
(11.57) we proceed as in the proof of Theorem 10.30. [J

Finally, letting o, 3 — 0 and invoking (11.54) we find the following
results.

Proposition 11.29 Assume that Hypotheses 11.1 and 11.2 hold and
U is convex. Then, for any p € WLY2(H,v) we have

1
/Iw—@\Q dv < — / Dyl dp, (11.58)
H 2w JH

where @ = [ pdv and

1
] ¢ 108(eDdr < — [ Dol + el 0913 0m,):
(11.59)

By Proposition 11.29 (arguing as in the proof of Propositions 10.27
and 10.28) we obtain a spectral gap of Ny and exponential convergence
to equilibrium for P;.

Corollary 11.30 Under the assumptions of Proposition 11.29 we have
o(Ng) c{AeC: ReX <w},
where a(N3) is the spectrum of No. Moreover,
/ |Pip — @|2dr < 6_2“”5/ ©*dv, t>0.
H H

Finally, with the same proof as Theorem 10.31, we obtain the hyper-
contractivity of P;.



190 Gradient systems

Theorem 11.31 Assume that Hypotheses 11.1 anrd 11.2 hold and U
is convex. Then for all t > 0 we have

HRt(pHL‘J(t)(H,,u) < HQOHLP(H,u)a p=2, p€ LP(H’ :u)v (1160)

where
g(t) =1+ (p—1)e*', t>0. (11.61)

11.7.2 Compactness of the embedding
of WY2(H,v) in L?(H,v)

In this section we follow [8].

Theorem 11.32 Assume that Hypotheses 11.1 and 11.2 are fulfilled
and, in addition, that there exists € € [0,1] such that

/ |D, log p|*"¢dv < +oc. (11.62)
H

Then the embedding WY2(H,v) C L*(H,v) is compact.
Proof. Let (¢,) C WY2(H,v) be such that

/H|<pn|2du+/H|Dx<pn|2du <1, neN.

We have to show that there exists a subsequence (g, ) which is con-
vergent in L?(H,v). Notice that, in view of the log-Sobolev inequality
(11.59), the sequence (¢?) is uniformly integrable. Thus it is enough
to find a subsequence (g, ) which is pointwise convergent, since then,
by the Vitali theorem, one can conclude that (g,,) is convergent in
L?(H,v).

To construct a pointwise convergent subsequence, we proceed as
follows. First for any R > 1 we set

GR_{er: p(w)zjl%},

and notice that limp_., ¥(Gr) = 1. Then we consider a function 6 :
[0, 4+00) — [0,400) of class C*° such that

=1 if r € [0,1]
O(r)s =0 ifr>2
€[o0,1] ifrell,2],
and set

B —210gp($)>
on r(x) =0 ( Tos R on(x), =€ H,
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so that
<lpn(x)l, z€H

‘Pn,R(x) =0 if p(a:) < %

—pule)  ifpa) >
Finally, we prove that there exists Cr > 0 and « € (0, 1) such that

/ !¢n,Rl2dﬂ+/ | Datpn, | *dp < Cr. (11.63)
H H

Once the claim is proved, since the embedding W *+(H, u) c Li*e
(H, i) is compact, see [5], we can construct a subsequence (¢, r) which
is convergent in L'*®(H,v) and then another subsequence which is
pointwise convergent. Now, by a standard diagonal procedure we can
find a subsequence (¢, ) pointwise convergent as required.

It remains to show (11.63). We have in fact

| ennlPdu= [ lpun
H {PZE}

d
2 < R/ lonl2du < R (11.64)
p H

Moreover
2log P(x)) (Dz log p(x))
Dw n - *29/ "
i ’R( ) < log]? loglz ($)
—2log p(:ﬁ))
+0 < IOgR Doc(a@n(x) - n,R(x) + Hn,R(ﬂf)
and

dv
/ | Hp r|*dp S/ ) |Dypn,r|*— < R/ |Dpon|?dp < R. (11.65)
H {r>%} p H

Also, for any «a € (0,1) we have, using the Hélder inequality

9 1+«
J Pl edn < ()R [ 1D os o
H log R H

11—« 14+a
2

2 \'*te 2(1+a) 5.\ 2
<(oos) R([f I0rosp ) T ([ JeaPar) T
log R H H

(11.66)
Choosing v = % we have 2(11:“5) = 2+e¢. Then by (11.65) and (11.66),
(11.63) follows. I

Exercise 11.33 Consider the motivating example in section 11.2.
Show that in this case the assumption (11.62) is fulfilled.
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Linear semigroups theory

Throughout this appendix X represents a complex () Banach space
(norm [-|), and L(X) the Banach algebra of all linear bounded operators
from X into X endowed with the sup norm

IT)l = sup{|Ta] : = € X, || < 1}.

A.1 Some preliminaries on spectral theory

A.1.1 Closed and closable operators

Let T: D(T) ¢ X — X be a linear operator. The graph of T is de-
fined by
Gp ={(z,y) e X xX: ze D), y="Txzx},

where X x X denotes the product Banach space endowed with the norm
((@,y)l: =lz[+yl, (2,9) e X xY.

The operator T' is said to be closed if its graph %7 is a closed subset of
X x X.

It is easy to check that T is closed if and only if for any sequence
(z,,) € D(T) such that

lim z, -z, lim Tz, — v,
n—oo n—oo

where y € X, one has z € D(T) and y = Tx.
If T is closed, we endow D(T) with the graph norm setting

% pery = [ + [Tz|, = € D(T).

(1) All results of this section have a natural extension to real Banach spaces.
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It is easy to see that, since T is closed, D(T) is a Banach space.

The operator T is said to be closable if there exists a linear operator
T from X into X (necessarily unique) whose graph coincides with the
closure of %p. If T is closable we call T the closure of T.

It is easy to check that T is closable if and only if for any sequence
(x,,) € D(T) such that

lim z, — 0, lim Tx, — v,
n—oo n—oo

where y € X, one has y = 0.

Let A: D(A) C X — X be a linear closed operator. We say that
A € C belongs to the resolvent set p(A) of A if A — A is bijective and
(A — A)~! € L(X); in this case the operator R(A, A): = (A — A)~Lis
called the resolvent of A at A\. The complement o(A) of p(A) is called
the spectrum of A.

Example A.1 Let X = C(]0,1]) be the Banach space of all contin-
uous functions on [0, 1] endowed with the sup norm and let C1(]0, 1])
be the subspace of C([0,1]) of all functions w which are continuously
differentiable. Let us consider the following linear operator A on X,

Au=1', ue D(A),
{D(A) = ([0, 1]).

Then,
p(A) = 2, o(4) = C.

In fact, given A € C, the mapping A — A is not injective since for all
c € C the function u(¢) = ce® belongs to D(A) and (A — A)u = 0.
Consider now the linear operator,

{Bu:u’7 u € D(A),
D(B) = {u € C*([0,1]); u(0) =0}.

Then we have
p(B) =C, o(A) = &

and
£
(ROBINE) = = [ XD fndn, AeC, feX, ¢el01],
In fact A € p(B) if and only if the problem
{ Au(§) —u'(§) = f(£)
u(0) =0

has a unique solution f € X.
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Let us prove the resolvent identity.
Proposition A.2 Let A be a closed operator. If \,u € p(A) we have
R(AA) = R(p, A) = (u = M R(X, A)R(p, A). (A1)
Proof. For all x € X we have
(L= ANRNA)zx=(p—-—A4+A—-XNRNA)z=(p—A)RN Az —=x.
Applying R(u, A) to both sides of the above identity, we find
(b= AN)R(u, A)R(N\, A)x = R(\, A)x — R(p, A)x
and the conclusion follows. [J

Proposition A.3 Let A be a closed operator. Let \g € p(A) and let A

be such that |A — Ag| < m Then A € p(A) and

R(A, A) = R(Xo, A)(1+ (A = Ao)R(Ao, A)) " (A2)
Thus p(A) is open and o(A) is closed. Moreover

R\ A) = i(—l)k(A — X0)*RFL (N, A), (A.3)
k=1

and so R(A, A) is analytic on p(A).

Proof. Let \g € p(A) and |\ — N\g| < m. Equation Az — Az =y

is equivalent to
(A= Ao)z+ (X0 — A)z =y,

and, setting z = (Ao — 4)z, to
z+ (A=X0)R(Xo, A)z = y.
Since [|(A — Xg)R(Mo, A)|| < 1 it follows that
2= (1+ (A= Xo)R(X, 4)) 'y,

which yields the conclusion. [J

A.2 Strongly continuous semigroups

A strongly continuous semigroup of linear operators on X is a mapping

T:10,00) = L(X), t — T(t)
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such that

(i) T(t+s)=T(t)T(s) forallt,s >0, T(0)=1I.
(ii) T'(+)x is continuous for all z € X.

Remark A.4 Assume that T is a strongly continuous semigroup.
Then || T(+)]| is locally bounded by the uniform boundedness theorem.

The infinitesimal generator A of T(+) is defined by

D(A) = {:c € X:3 lim Ahx}
h—0+ (A4)
Ar = lim Apx,
h—0+

where

Ap=""""" h>0.

Proposition A.5 Let T be a strongly continuous semigroup and let A
be its infinitesimal generator. Then D(A) is dense in X.

Proof. For all z € H and a > 0 we set

a
Tg = — / T(s)xds.
0

a

Since lim,_,0 x4 = x, it is enough to show that z, € D(A). We have in
fact for any h € (0,a),

1 a+h h
Apxg = o / T(s)xds —/0 T(s)xds| ,
a

and, consequently x, € D(A) since
lim A =A,x.
h{% hq al

U
Exercise A.6 Prove that D(A?) is dense in X.

We now study the derivability of the semigroup T'(t). Let us first
notice that, since ApT(t)x = T(t)Apx, if x € D(A) then T'(t)z € D(A)
for all ¢ > 0 and AT (t)x = T'(t)Ax.

Proposition A.7 Assume that x € D(A), then T(-)x is differentiable
for allt >0 and

% T(t)xr = AT (t)x = T(t)Ax. (A.5)
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Proof. Let tg > 0 be fixed and let A > 0. Then we have

T(to + h)z — T(to)w
h

This shows that T'(-)x is right differentiable at ¢p. Let us show left
differentiability, assuming to > 0. For h € (0,ty) we have

= AhT(to)w h:>0 AT(to)l'.

T(to — h)l' — T(to)l’
h

since ||T'(t) is locally bounded by Remark A.4. OJ

= T(to — h)Apz "=° T(ty) Az,

Proposition A.8 Let T be a strongly continuous semigroup and let A
be its infinitesimal generator. Then A is a closed operator.

Proof. Let (z,) C D(A), and let z,y € X be such that
Tp =T, ATp =Y — Y
Then we have L
Apzy = f/ T(t)yndt.
h Jo

As h — 0 we get x € D(A) and y = Az, so that A is closed. O
We end this section by studying the asymptotic behaviour of T'(+).
We define the type of T'(-) by

1
o i o2 1T
t>0 t
Clearly wg € [—00, +00).
Proposition A.9 We have
. 1
wo = Tim_ log |IT(1)]| (A.6)

Proof. It is enough to show that
) 1
limsup — log ||T'(¢)| < wo.
t—o0 t
Let € > 0 and t. > 0 be such that

1
- log ||T'(te)]| < wo + €.
€
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Set
t=n(t)t- +r(t), n()eN, r(t)e]l0,t.).

Since ||T'(+)|| is locally bounded (see Remark A.4), there exists M. > 0
such that
|IT(t)]| < M. forallte|0,t.].

Write
1 1 n
7 log|[T()l|= 7 log|[T(te) OT(r(t))]

1

S i e O [T + log [T(r(t)])

1 ( M;
< (g7t + 375 )
te + 20 n(t)

As t — 400, we obtain
. 1 1
limsup — log ||T(¢)|| < — log||T(te)]| < wo + €.
t—o0 t ts

0

Corollary A.10 Let T be a strongly continuous semigroup of type wy.
Then for all € > 0 there exists N. > 1 such that

IT()]| < Neelot=)t 1> 0. (A7)
Proof. Let t.,n(t),r(t) as in the previous proof. Then we have
1T < N TE) "N (r(0)]] < 'Ot < My o)

and the conclusion follows. [J
We shall denote by ¢ (M, w) the set of all strongly continuous semi-
groups 1 such that

IT(t)]| < Me**, t>0.

Example A.11 Let X = IP(R),p > 1, (T(H)f)(€) = f(€ — 1), f €
LP(R). Then we have ||T'(¢)|| = 1 and so wp = 0.

Example A.12 Let X = LP(0,7),7 > 0,p > 1, and let
f(&—1t) if £e[t,T]

0 if ¢ € [0,¢).
Then we have T'(t) = 0 if t > T and so wy = —o0.

(T(#)f)(€) = {
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Exercise A.13 Let A € L(X) be a compact operator and let (\;);en
be the set of its eigenvalues. Set T'(t) = e*4. Prove that

wo = sup Re \;.
ieN

A.3 The Hille-Yosida theorem

Proposition A.14 Let T be a strongly continuous semigroup belong-
ing to G(M,w) and let A its infinitesimal generator. Then we have

p(A) D {A e C, Re A > w}, (A.8)
R\ Ay = /OO e MT(tydt, ye X, Re > w. (A.9)
0

Proof. Set
Y={AeC; Re\>w},

e}
F\Ny = /0 e MT(t)ydt, y € X, Re A > w.

We notice that the function ¢t — e T (t)y is integrable since T €
4 (M,w). We have to show that, given A\ € ¥ and y € X, the equation
Axr — Ax = y has a unique solution given by x = F(\)y.

Ezistence. Let A € ¥,y € X, z = F(\)y. Then we have

1 1 h
Apx = E(ekh — 1)z — —e)‘h/ e MT(t)ydt
0
and so, as h — 0,
lim Apz =X —y = Ax
h—0+

so that z is a solution of the equation Az — Ax = y.
Uniqueness. Let x € D(A) be a solution of the equation Az —Ax = y.
Then we have

/ e M) (A — A)dt = A / e (8)dt
0 0

o0 d
-\t
— —T(t)xdt =
/0 c dt ().”L‘ s

so that x = F(\)y. O
We are now going to prove the Hille—Yosida theorem.
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Theorem A.15 Let A: D(A) C X — X be a closed operator. Then
A is the infinitesimal generator of a strongly continuous semigroup be-
longing to 9 (M, w) if and only if

(1) p(A) D{NER; A > w}.

(17) [|[R"(NA)] < forallm € N, A > w.

M
(A —w)r
(1i1) D(A) is dense in X. (A.10)

Given a linear operator A fulfilling (A.10) it is convenient to introduce
a sequence of linear operators (called the Yosida approximations of A).
They are defined as

An, =nAR(n, A) = n?R(n, A) — n. (A.11)

Lemma A.16 We have

nh_)n(go nR(n,A)r =z forallz e X, (A.12)
and

nh_)rgo Apx = Az for allz € D(A). (A.13)
Proof. Since D(A) is dense in X and |[nR(n,A)| < T]L\{—Z, to prove
(A.12) it is enough to show that

nh_)ngo nR(n,A)xz =x for allz € D(A).
In fact for any x € D(A) we have
InR(n, A)x — x| = |R(n, A)Azx| < | Az,

n—w

and the conclusion follows.
Finally if € D(A) we have

Apz =nR(n,A)Ax — Ax,
and (A.13) follows. OJ

Proof of Theorem A.15. Necessity. (i) follows from Proposition
A.14 and (iii) from Proposition A.5. Let us show (ii). Let k£ € N and
A > w. Write
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" i
RO A = [T (=0 M Ty, y e X,
then
dk k _—At+wt
T ROA)| < M / the—A+ot gy

which yields the conclusion.
Sufficiency. Step 1. We have
let4n || < Men=s  for alln € N. (A.14)

In fact, by the identity

kik pk
tAn: —nt tanA nti QtR(nA)

€ )

it follows that
thk

tA, nt
et || < Me™ Ziw)kk!'

k= 0

Step 2. There exists C' > 0 such that, for all m,n > 2w, and
x € D(A?),

Im —n|
(m—w)(n—w)

Setting uy, (t) = e'4nx, we find that

|eihng — etAmy|| < Ct | A%z (A.15)

4
dt

= Ay (tn(t) — um(t)) — (n — m)AZR(m, A)R(n, A) i, (t).

(un(t) — um(t)) = An(un(t) — um(t)) — (Am — An)um(t)

It follows that

Un(t) = um (t) = (n — m)A?R(m, A)R(n, A) /0 t et 4y, (s)ds

t
= (n—m)R(m, A)R(n, A)/ elt=9)AnesAm A2y
0
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Step 3. For all x € X there exists the limit

lim e!ng =: T(t)z (A.16)

n—oo

and the semigroup 7': [0,00) — L(X),t — T(t) is strongly continuous.

From the second step it follows that the sequence (uy(t)) is Cauchy,
uniformly in # on compact subsets of [0, +00), for all € D(A?). Since
D(A?) is dense in X (see Exercise A.6) this holds for all z € X. Finally,
strong continuity of T'(-) is easy to check.

Step 4. T'(-)x is differentiable for all z € D(A) and

d
7 T(t)r =T(t)Ax = AT (t)x.

In fact let x € D(A), and v, (t) = %un(t). Then
vp(t) = e A
Since z € D(A) there exists the limit

lim v, (t) = ' Ax.

n—oo

This implies that w is differentiable and «/(t) = v(t) so that u €
C*(]0, +00); X). Moreover
A(nR(n, A)u,(t)) = ul,(t) — v(t).

n

Since A is closed and nR(n, A)u,(t) — u(t) as n — oo it follows that
u(t) € D(A) and v (t) = Au(t).

Step 5. A is the infinitesimal generator of T'(-).

Let B be the infinitesimal generator of T'(-). By Step 4, B D A.(?)
It is enough to show that if z € D(B) then x € D(A). Let z € D(B),
Ao > w, setting z = A\gz — Bz we have

z = ()\0 — A)R()\(), A)Z
= )\oR()\(), A)Z — BR()\(), A)Z = ()\0 — B)R()\o, A)Z

Thus x = R(A\g, B)z = R(\o, A)z € D(A). O

) That is D(B) D D(A) and Az = Bz for all z € D(A).
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Remark A.17 To use the Hille-Yosida theorem requires to check in-
finite conditions. However if M = 1 it is enough to prove (ii) only for
n = 1. If w < 0 we say that T'(-) is a contraction semigroup.

Example A.18 Let X = Cy([0,7]) the Banach space of all continuous
functions in [0, 7] which vanish at 0 and 7 endowed with the sup norm.
Let A be the linear operator in X defined as

{D(A) = {y € C*([0,7]); y(0) = y(0) = y(7) = y"(x) = 0}
Ay =1v", ye D(A).

It is easy to check that o(A) = {—n?; n € N}. Moreover any element of
o(A) is a simple eigenvalue whose corresponding eigenvector is given by

on(§) =sinné  for alln € N,

that is
Ap, = —n’p, forallneN.

Moreover if A € p(A) and f € Cy([0,7]), u = R(\, A)f is the solution

of the problem
{ Au(§) —u"(§) = f(§)
u(0) = u(m) = 0.

By a direct verification we find that

sinh(v/\€) T
\ﬂsmh(\f/\w)/g Slnh[\ﬁ\(ﬁ—ﬁ)]f(ﬁ)dﬁ

L simh[VA(T — O]
vV Asinh(v/ )

From (A.17) it follows by a straightforward computation that

u(§) =

/(f sinh[v/An] f (n)dn. (A.17)

1
IR(AA)|| < v for all A > 0. (A.18)
Therefore all assumptions of the Hille-Yosida theorem are fulfilled.

A.3.1 Cores

We follows here [12]. Let T'(-) be a strongly continuous semigroup in X
with infinitesimal generator A. A linear subspace Y of D(A) is said to
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be a core for T(-) (or for A) if it is dense in D(A) (endowed with its
graph norm). In other words, Y is a core for T'(-) (or for A) if and only
if Y € D(A) and for any = € D(A) there exists a sequence (x,,) C Y
such that z,, — = and Az,, — Az in X.

Proposition A.19 Let T(-) be a strongly continuous semigroup with
infinitesimal generator A, and let Y C D(A) be a subspace of X. As-
sume that

(i) Y is dense on X.
(i) T(t)(Y)CY forallt>0.

Then Y is a core for T.

Proof. Let # € D(A). Choose A larger than the type of T'(-). Set
y = \x — Az, and denote by (yx) a sequence in Y such that y, — y
in X. Set x,, = R(\, A)y,. Then clearly

Ty — 2, Ar, — Ar in X.

However x,, does not belong necessarily to Y, since Y is invariant for
T'(t) but not (in general) for R(\, A). Then we consider an approxima-
tion x, . of z, that belongs to Y by setting

Ne
Tne = e TT(E) (thr — )Yn,
k=1

where N, and T'(t7), k =1,..., N, are chosen such that
Tne — Tn, Axrpe— Axy, ase — 0.

Finally, setting

we have z, 1 € Y and
‘n

—x, Ar,1 — A, asn — oo.
‘n

Therefore Y is a core for A. [

A.4 Dissipative operators
Let A: D(A) C X — X be a linear operator. A is said to be dissipa-
tive if

Re (Az,z) <0 for allz € D(A). (A.19)
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The dissipative operator A is called m-dissipative if (A—A)(D(4)) = X,
for all A such that Re A > 0. For instance if A is the infinitesimal
generator of a contraction semigroup 7'(-), then it is m-dissipative. We
have in fact, for all x € D(A),

Re (Ax,x) = }llli)% Re ((I'(h)x —x,z)) <O0.

A self-adjoint operator is an m-dissipative hermitian operator.

Proposition A.20 Assume that A is m-dissipative. Then A is the in-
finitesimal generator of a contraction semigroup.

Proof. Consider the equation
Ar — Ax =y,

where y € X and Re A > 0. Multiplying both sides of the equation by
x and taking the real part we find

Re Az|* + Re (Az, z) = Re (x,v).

By the dissipativity of A it follows that

1
2] < = |yl
e A

Therefore A fulfills the assumptions of the Hille-Yosida theorem and
the conclusion follows. [J

We prove now an important result due to G. Lumer and R. S.
Phillips, see e.g. [23].

Theorem A.21 Let A: D(A) C X — X be a dissipative operator with
domain D(A) dense in X . Assume that for any A > 0 the range of \— A
is dense on X. Then A is m-dissipative.

Proof. We proceed in two steps.
Step 1. A is closable.

Let (x,) C D(A) be such that
xn — 0, Az, —vy,

for some y € X. Since A is dissipative for any A > 0 and any u € D(A)
we have

1
lu| < X |Au — Aul. (A.20)
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Let now z be any element in D(A). Setting u = z+ Az, in (A.20) yields
1
|z 4+ Azp| < " IA(z + Axy) — Az 4+ Axy)|,
which is equivalent to
1
|z + Az | < |2+ Azp, — X Az — Axy).
Letting n tend to infinity yields
o < Jz - 1 Az~
z z—— Az —y|.
S b\ Yy
Now, letting A tend to oo, we obtain
|2 < [z =yl
which yields y = 0 since one can choose z arbitrarily close to y by the
density of D(A). B B
Let us now denote by A the closure of A. It is easy to see that A is
dissipative.

Step 2. (A — A)(D(A)) is closed for any X > 0.

In fact, let A > 0 and let (y,,) be a Cauchy sequence on X. Moreover
let 2, € D(A) be such that

ey, — Azp = y,, n €N

Since A is dissipative we have for any m,n € N

‘xn - xm‘ < % ’yn - ym|
Therefore the sequence (x,) is Cauchy and consequently is convergent
to some element z € X. Since A is closed z € D(A) and the conclusion
follows.
Now the theorem is proved since (A — A)(D(A)) is both closed and
dense in X. [J
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